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PREPACK TO THE KI.E.AIENTS 


'rill-: f»]^iinon^ of tlio inocI(‘rns ccmoorriiii^ tho author of the 
P^IJouuaiKs f>f ficoiiH^tr^', M]iich iiiiilpi* Kiielid’s iiiimt*, aro 
very <lifforei»t and contrary to one another. Peter Ramus 
ascrihi's Oie Propositions, as well as their Demonstrationsj to 
'JMft.‘on ; others think the Propositions to he I’hiclitl’s, hut that 
tilt' j^oinonstrations are 'iMieon's ; and others maintain, that 
all tlie Propositiiuis and their l^eimaistrations are Pluelid’s 
<nvn. John l'.ntc(> and Sir Henrj- Savile are the aut!iors of 
Jrreatc.■^t note wlio assert tliis last; and tlie grt'att'r part of 
^:‘Oineters have ever since been of this opiin\»ii, as they thoniiht 
noKst prob*'bIe. Sir Henry Savilo, after the several 
arguments h<^ brings to provo il^maki's this coneJu^ioii (pajije 
Pij Pr;ele(;{-) "^I'liat t'xceptiii" a ,A'ery few interjjolations, 
explications, ainl additions, Theoii altcrt‘d nothing in Kiiclid.” 
Jiiit, civnsidcrin^ and comparing to*^<‘ther the Dcfnii- 

t ions no,7 I)<MnoiJstrat ions as tl^ev are in tlie (rreek editioais we 
now have, I J]ii»und that Tlieon, or whoever was the editor of 
tlie ])restTit (In'^k text, by adding some tbin|L?s, suppressing 
f>tTR‘rs, and mixing liis^ own with Kucli<rs I3einonstratioi^, 
has cliaiigtnl m»>re things to the worse thuai is commonly sup- 
pijsed, and those not of small in nnent, t'specially in the fiftli 
and eh‘V<'nth botiks of the Khmunits, which this editor has 
'^g^eatly A'itiated ; for in.',taiiee, by substituting a shorter, hut 
Ijisiillicii'iit Heinonstratioii of the IHtli l'roj>. of the oth ll<»ok, 
f’n ]>L»ce of the legitimate oiif^wiiieli l%uel*d had gi\i*ii ; and 
by taking out of this Hook, liesitles «>lher things, the good de¬ 
finition wdiieh Kud(»xus or Kuelid had given coin])onnd 
rati<»!,, and giv'hg an absurd in jilaci' o^it in the nth L)e- 

finitimi of t]-o (?tb Hook, wbieh neitlu'r Km-lid, Arcbiiiunh's, 
A])olloniu: , nor any go<»ineter before 'riieoifs time, ever made 
use of^ and of which there is not to be found the least appear- 
imcc in any^ of their writings; and^ as this JDefrnition dul 
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nmcTi embarrass be^hniers, aiitl is qtiitf useless,,it .is 
thrown out of the Kleinents, and anotlu'r, ^Vhiell^ without 
doubt, Kiiclid liad is put in its proper ]>l*^ce am^nt i' v 

Definitions of tlie /)th Ihsik, by w'hicli tlie tloctrinc of^ eoin- 
^iouihI ratios is rendered plain and easy. JJesIdes, anion^ tlii 
Definitions of tht‘ 11th IJook, bliere is this, \ liieli is the tenth, 
viz. Kcpial and similar solid fi^ure^ are tliose whioh are 
contained by .->*niilar jilanes of On* same niunber and nia^ni- * 
tilde ' this ])rop(»silion is a '^Fln'orcan, in>t^a 1' ^nition ; 

because the i’qualit\ of figures of any kind imisl h*' (hanon- 
strattal, and not assumed ; and tluM'efort', though lids ^\^ rt' a 
true ])ropositi<»nj il ou^ht to have Imm'ii deinonstrati‘<l. lJut 
indeeil this Pri>position, uliicli makes tlie 10th didiiiition of 
the lllh Ihiok, is not tiaie uni^ ersiill\, except in the case in 
Avhich each of tlu» st>lid an^liss of the fio-iua's is eontained b^ 
no more than three plane angles ; for in other cases, t\M> solid 
figures may be contained by similar planes of tlie same nunilaa' 
and ma^nitudej and yet be une<]iial to tme another, as shall be 
made ovidiait in the Xot«\s subjoined to these J^lemenls. Jn 
like manner, in the Denionstratiuii of flie 2(>th Proj). of P*e 
11th Dook, it is taken for granted that those s<»hd angles p 
equal to one another A\'hieh are contained by jihine angles t>f 
tlie same number and magnitude, placed in the same order: 
but neither is this universally true, except in the case in 
which tlie solid angles are contained by no more th*' .. lhr(*e 
plane angh‘s ; nor of ibis case is there any deinoiisiration in 
the Klements we now liave, though it« he quite necessary 
there should he one. J^ow, upon the 10th Definition of this 
Hook depend the —/itli and 28t]i Propositions of it ; and 
the 2,'>lh and 2f)tli dopi-nd otlier c'igTit, viz. the 27th, Mist, 
M2(l, MMd, Mlth, MOth, M7tli,^and 40th of tlie same Honk : and 
the 12th of tin' 12tli Hook dejieiuls upon llu’ Hth of the same: 
and this Htli, and the Corollary of J’rojiosition 17th and Pro ' 
]><)sition lOtli of the 12th liook, diqiend up<ai the IHli Def.d- 
tion <)f ilie 11th Hook, whfeh^u; not> a right definilion; be¬ 
cause there may be solids contained by the saiiu' number of 

w m 

similar jilaiie figures, which an-'iiot similar to one another, 
in the true sense of similarity reccaverl by geoiiietcrs ; and all 
these Pro]iosition,s havT*, for these reasons, l>een iiisutliciently' 
demonstrated since Thcon’s lime hiilicrto. Ht»sides, there are 
several other things, wdiieh ha^'e nothing <»f Kuclid's accuracy, 
and which plainly show that his Elenn iits have lieen innch 



rRfiFACK TO TIIK El-RMENTs. 


V 


corruplotl J)y unskilful geoinetors ; and though these are not 
/ffoss us the others now montioned, they ought by no means 
to**! ‘uiflin uiifforrected. 

^l_'^ou tlu'sc accounts it apj)eared uef cssary, and I liopc will 
‘‘prov'c accc})tabh5 t(> all lovers of accurate reasoning and of ina- 
thcmaticul learning, to reiniwe such blemislios, and restore the 
principal Hooks of the Elements to th^ir original accuracy, as 
fur as I was a^le; especialh' tin ElSilicyts are the 

found|^^»i ol’^a science, by wliich the investigation and dis- 
coverv of useful truths, at least in niatheniatical learning, is 
pr<Ui'i(*te<l as far as the liiiiiU'^d pow'crs t#f the mind uIIoav : and 
whicli likew ise is of t]»e greatest use in the arts both of jieacc 
"and war, 1t» many of which geometry is absolutely necessary. 
This I liave cmleavtuired to do, by taking away tlie inaccurate 
and false reasonings which unskilful editors have put into the 
]jlaee orsome of tlie genuine Demonstrations of Euclid, who 
iias ever Ix-im justly celebrated as the most accurate of geo¬ 
meters, and h) lesioring to him those things which Theon or 
other? liave snjjjin^sscd, and wliich hiu'C tliesf* many ages hceii 
b .vied in oblivion. 


‘‘ la this Edili<»n, Ptolenij^s Pro]>osition concuTning a pro- 
j»erty iif <]tiadrllatera1 figures in a circle, is added at the end 
of the sixth Hook. Also the Xoto on tlie i21hh l*ro]>osi!ion, 
Hook is alt<‘n'd, and maile more explicit, and a more ge¬ 
neral Deiuonstration is ixiven, instead of that wliicli was in 

* . . , 

tl)(‘ Aliite on the Definition of Hook I Itli ; besides, the 

translatioi' is much ametuhal h\ tln^ fin\nul!Y assistance of a 

* » 

l<*fHPtied eeiitlemiui. « 


* I'.irngrnplj (it IS as iiMrrt }i\ l)i, Siinw'n tt» llie Pirfare 

fi'i ihr s'M'OMil tditu'ii in 
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Krt jHi/s Dili. is tlio in o^iler oi* tlu; books written by ’ 

the ancient geonn^tcrs to facilitate ami jiroruote ^he of 

resolution or iiiiiil\sis. In the gem'ral, a tiling is said to be 
givt‘11, wliicli is eitlier actually exliibiteil, or can }»e fonmiout, 
that is, M Inch is either kium a by liyjiothesis, or that can be de- 
nionstraleil to be known; ami the projKisition.s in the book of- 
KncliJ's Data shew Avhat tilings can be found out or known 
from those tlnit bv livjiothesis an^ already known ; so that in 
the analysis or investigation of a prohlcni, from the tlu.-gs tliat 
are laid down to he known or given, hy the lielp of these })ro- 
jiositions other things are demonstrated t(» he niveii, and from 
these, other things an* again shewn to be given, and 
until that nhieh was proposed to be foUiid out in the jiroblein 
is demonstrated to be given; and wlien this is uone the pn>- 
bloin is solved, and its composition is made and derived from 
the comjiositions of the Data whicli were made use of in the 
anal\ sis. And tlius the Data of Enelid are of tlie most general 
and nect'ssury Use in the solution of jirohlems of everv kind. 

Kuclu) is reckoned to be the author of the Jiook of tin 
Data, l»olh by the ancient ami modern geometers: and there 
seerns io be no doubt (if his having written a hook on this sub¬ 
ject, but which, in tlie course; of so many ages has been I’ Hch 
vitiaU'd by unskilful editors in several places, both in the order 
of the jiropositions, and in the di*fiuitions and demonstrations 
themselves. To correct the errors which arc now found in it, 

f 

and hriim it m*arer lo the aceuraev with wliieh it was no douV 

O • 

at first written hy Euclid, is the design of tins edition, *dal 
so it may he* rendered more useful to geometers, at least to 
beginners wlio desire to learn tlie investigatory method of the' 
ancients. And fortlieir sake, the compositions of most of the 
Data are subjoined to their demonstrations, that the compo¬ 
sitions of j)roble^/is solved by ^lelp of tlie J)uta may he the more 
euvsilv made. 

•r 

Mauinxis’, the philosopher's jircfacc, which, in the Greek 
edition, is prefixed to the J)uta, is here left out, as being of 
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no use-to unilcrstand them- At the eml of it he says, that 
Euclid hoif not us<?fl the syntlictical but the analytical method 
in d/jiivf«?ing them : in which lie is quite mistaken ; for in the 
analysis of a theorem, the thing to bo demonstrated is assumed 
iv tile Analysis ; but in the deinoiistrafions of the Data, the 
thing to be demonstrated, which ’s, that something or other is 
given, is never once assumed in the demonstration, from which 
it is manifest, that every <»ne^of them*is demoHstrated syn- 
tneticall^^, tlw^ij^i indeed, if a ])ropc>siti(Hi of thc*Data be 
turned into a pndilem, (^for example, tlio }i4ih or l{5th in the 
former editions, which here are the M,'>lh and {{(5th,) the de¬ 
monstration of the proposition becomes the analysis of the 
jiroblom. 

^V’^iJKKKiN this edition differs from the Greek, and the rea¬ 
sons of the alterations from it, will be shewn in the Notes at 
the end the Data. 
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\n\. lU)lil-:HT SLMSOW 


OF Er( Lfi). 

liic colchniU'd niallicuiiilician, .uTordiiig* to lh^^ ac- 
count of Paj^pus and Proclus, was lioru at Alexandria, in 
Kjyypt, wiion* he Ihuirislu'd and taiiiilil inalheinatic.^ witli 
n;roat a]»])lause, under the rei^n of PUihuiiy [-agos, ah ait 
years before ('lirist. Some .Vr.dnau liistorians, lioive;! t, 
inform us, tliat he was horn at Tyre, that liis^ father's name 
was Nauerates, an iuhabifant of Damas. The particular 
jdaee of his nativity ajipears, therefore, to hi* uncertain: but 
uhetlicr or m^t Alexandria liad the liononr <d' gi' iio, birth to 
tills celebrated inatlicnuitician, all historians agree, that he 
nourished and taught inathemalics lluye at the time above 
meutioiu'd ; whielieit j, fnnn that jieibtd to ihV coiujuest of 
it \i\ tlu‘ Saracens, seems to have been the resideie'o, i.“'not 
flii‘ birth-place, of all tin* most eminent mathematicians of 
tliat lime, bluclid redueed into ri'gularity and order all tlic 
fiiiulaincntal principles of jinrc mat hematics, which had been, 
d<‘livercd down by Thales, Pythagoras, Kudoxns, and ot^5^r 
inathi’rnalicians bebirc him, and added inanv others of his 
own: on wliich a^xonut it is said he was the lirst who re¬ 
duced urithiiH‘tic and geometry into the form of a sci<*nce. 
He likewise applied himself to the study of mixed mathema¬ 
tics, ]»articulurly to astnmomv and optics. 

His works, as,wc learn fn]5n I'apjnis and Proelns, are the 
Klementsj Data, Introduction to Harmony, Phamomena, Op¬ 
tics, Cato])trics, a 'I'n'atise mi tlie Division of Siijierlieies, 
IWisniK, Loci ad SujHTru icnij I'allacics, and Four IJiMiks^of 
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(ionics. * /iihe most celebrated of these, is the first work, the 
K'.e^^eiits of Cioometry ; of which there have been iinniberless 
editions^ in aH languages ; and a fine edition of all his works, 
iu»v extant, was printed in by l^uvid Gregory, Savilian 

t^rofessor of Astronomy at Oxford, 

The Klenients; as coiiiinonly ])iiblished, consist of fiftc'on 
books, of which tlie lar^t two, it is siis]icclod, are not kbiclid’s, 
blit a ciniinient •of Ilypsicles of Alexandria, w'ho''lived two 
blind ridk*y'< Mi\®aft<*r him. They are dividiul into three jiurts, 
VIZ. tlv* ('ontianplatioii of »Snperfieies, Numbers, and Solids: 
tlie first four I? iks treat of planes only ; the fifth of the jiro- 
jiortioiis of magnitudes in general ; the fith of the proportion 
*of plane figures; tlie 7^1^, Hth, and Dth, give ns the funda¬ 
mental ])ro])erties of luimbei S ; the 1 Oth eontains the theory 
of cftiniueiisurable and incoinmc*nsurable lines and s]nices ; 
tlie 11th, 12th, KJth, 14lh and IJitli, treat of the doctrine of 
solids. 

There is no doubt but, befort" Kuelid, Kh'ineuts of Ge<i- 
inetry*wiav eouijnled by Hip})ocrates of Cliios, Kudoxus, 
Lion, and m^iiy others, mentioiu'd bj' l^rocliis in tlic bogin- 
niAig of his second book ; for he affirms tliat Kuelid new or¬ 
dered many things in the Kleinepts of Kudoxus, completiul 
many things^iii those of Theatetns, :ird besides, strengtheneil 
such propositions as before were too slightly or but superfi¬ 
cially es^i.blishcd, with the most firm and convincing demon¬ 
strations. «. 

Jlistor\ is silent as^to the time of Knclid’s deatli or his age. 
Hut J*ap]nfs represents liini as a person of a cuurleoiis and 
agrffiible beliavioiir, and fti great i*steem with Ptolemy Lagoj^ 
king of Kgypt ; \vho one day asking liiin, whether there was 
not any shorter ivay of coming at geometry than by his Klo- 
cnents, Kuelid is said to have answered, “ Uial there no 
road to 


OF DH. ROHEHT SIMSON. 

J>K. HonKKT Siiusox, I^rofessor^of IMatheiuiitics in the TJni- 
• versity of Glasgow, was ihe eldest son of INlr. John SImsoii, 
of Kirtonhall in Ayrshire, and was born on the l lth of Oc- 
toiler Heing designed by bis father fur the ehnrch, hi* 

was sent to the University of <Jhisgow about ihe year 17 lH, 
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Avhcre lie was tlistin^nislied by his proficiency Ir ■ classical 
learning, aiitl in the scicnccs- 

ILiving jirociircd a copy of Kiiclid’s K]oineiit.s, with the aiil 
only ol a few preliminary explanaticuis from some more id- 
vanced students, he entered on the study of that oldest ami 
best introduel ion to mathematics. In a sliort time he read 
and understood the first six, with the Jlth and 12th hooks, 
and aftei wards proceedini*: still farther in his malhematieel 
pursuits, by his pm^ress in tin* more diHicult bi.^. dies lie 
laid the foundation of liis future einiiionce. II is rt‘j iitatioii 
as a iiialhemalician in a few years luTume so hij^h, and his 
general character so much respected, that in 171 fh when lie 
Avas only twenty-two years of age, the Tnemhers of the col¬ 
lege A’oluntarily made him an offer of the mathematical chair, 
in Avhich a vacancy in a short time Avas expected to take 
place. P^rom his natural modesty, hoAvever, he fidl much re¬ 
luctance, at so early an agi*, to ad\'anee ahnijitly from the 
state of u student to that of a professor in the same colh'ge, 
and therefore solicited jieruiissioii to spend one A’car at least 
in Liondon, AAdiere, besides other oh\dous adA’anfages, he ini^ht 
liaA'e opportunities of heconiiiig acquainted Avitli some of - lIic 
eminent Tnatliematiclans <.>f -Hiigland, A\*lm were then the most 
distinguished in P^iirop.!. In this request he w/*s rcadilv in¬ 
dulged; and Avithout delay he jiroceeded to Jjoiidon, A\dH'rc 
he remained about a year, diligently enijiloyed in tke^nnprove- 
inent of liis matlieinatical knowledge. 

When the Aaeancy iu the jirofessorshSp of ^ilatliematies at 
Glasgow did occur, the IJiiivtTsity, while JMr. Siinson was 
still in Tjondon, appointed liim to‘fill it ; and the minute of 
election, Avhicli is dated March 11, I 7 I 1? conelmle<I*'i\n'tlj this 
very proper condition, ‘‘ That they Avill admit the said IXIr. 
llobert Simson, proA'iding ulM'uys that he giA'o satisfactor> 
proof of bis skill in mathematics, ]>revions to his admis^i^^iu” 
Pie Avas duly admitted professor of inallieniatics on the 2()th 
of JCovemher of *that yoar. 

liis manner of teaching Avas iinconinionly clear and sne- 
cc''s.ful ; and among his scholars, se\^eral rose to distinet’on as 
mathematicians', among Avt*,nn niav he mentioned the cele- 
brated I3r. Matthew Stewart, ])rofessor of Alathernatics at 
Edinburgh : the two rev. Drs. Williamson, one <>f whom suc¬ 
ceeded Dr, Sirnson at Glasgow; the rev. Dr. Trail, furinerly 
professor of Mathematics at Aberdeen; Dr^ James l\Ioor, 
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(jn'4\k^]wofessor iit Cilasgow ; niul professor Robison of KcHn- 
bf'.rgh, witli many others of distiiiguibhcil merit. In the year 
Dr. fS. being then 71 years of age, found it necessary to 
•cny>loy an assistant in teacliing ; jrhI in on his recom¬ 

mendation, the rev. Dr. Williamson was a])p«)intcd liis assist¬ 
ant and sncccssor- 

Ilis only piihlicatioii, after resigning his was a new 

and improved-edition of Euclid's Data, which in 17^52 was 
aiiiB(K5fl to tin* second edition of the Klemcnts. lint from 
llia^ period, although nuich solicited to bring forward some 
ot* bis otbiT works on tlie ancient geometry, and nutwilli- 
slaiiding In* was fully apj»rised of the universal curiosity ex¬ 
cited respecting his diseoverv^ of Euclid’s Porisms, he resisted 
every im])ortunity on the subject. 

* Through Dr. Jurin, then secretary of the Royal Society, 
Dr. Siinson had some intercourse with Dr. Halley, and other 
distinguished members of that societv* And about the same 
time and afterwards lie bad frequent correspondence with ^Ir. 
IMuclaurin, Mr. James Stirling, Dr, James Moor, Dr. JMat- 
Hhew >Sto^^irt, Dr. WJlliuiii Trail, Mr, M'illiainson of Dishon, 
^ainl with ^Ir. J<»hii Nourse, his bookseller and publisher iii 
Eondon. 

Dr- S.^was originally possessed vf great intellectual powers, 
an accurate and distinguishing undertandiiig, an inventive 
gtaiii!s,#aiul a retentix'c memory ; and these jiowers being ex¬ 
cited by an ardent C!iriosity,(^)roduccd a singular capacity for 
iuvestiguUng the •truths of mathematical science. By such 
talents,‘'and with a correct taste, formed bv the study of the' 
ISreek geometers, he \?'as also peculiarly qnalitied for coti#nu- 
nicatkig his knowledge, both in his lectures and in his writ¬ 
ings, with perspicuity and oleganct*. 

Ile Avas esteemed a good classical scholar; and though the 
*,sim]>licity of geometrical demonstration does nut admit of 
iiiucli variety of style, yet in his Avorks a good taste in that 
respect may be distingiiisbod- In his Latin prefaces also, iji 
Avliiclt there is some liistory and discussion, the purit)' of lan¬ 
guage has been generally aiiproA^ed, It is to be regretted in¬ 
deed, that he had not had tipportuiiity of employing in 
early life his Greek and mathematical leaftiing, in giving an 
edition of Pappus in the original languiige. 

Strict integrity and priA^ate AA^orth, Avith corresponding 
•purity of morals, gave the highest A^alue to a character which. 
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from Ollier qualities and attainments, was much rcs]H;«^ed and 
esteemed. On all occasions, even in tlie gayest hours of 
cial intercourse, the J3oetor inainlained a constant attefltion 
to proj)ricty* lie had smous and just impressions of reli¬ 
gion ; but he was uniformly reserved in exj)rcssing particular 
opinions abmit it ; and from his senti))ionts decorum, lie 
never introduc(Hl^religi<mMs a subject of conversation in mixed 
Society^ and fill attem]>ts to do so in his clubs^vere, by him, 
cheehed with gravity and decision. * 

lie ivas seriously indisposed only for a few weeks l)efor=" hi, 
deatli, having through a very long life enjoyed u uniform stah' 
of good health. lie died on the 1st of October, when 

llis lilst year was almost completed. 

'liu‘ writings and publications of Dr. S. were almost exclu¬ 
sively of the pure geometrical kind, after the gt'iiuiiu* munn«*r 
<»f the ancients. lie lias only tu'o j)i<'ces printed in lITe vo¬ 
lumes of the Philosophical Transactions: viz. 

1. Two goncral Projiositions of Pappus, in many oi' 

Euclid’s Porisms arc included, vol. 32, ann. —TficM; 

two ])ropositions Averc afterwards incorporat(*d in^o tlic au¬ 
thor’s ]>osthumous works, printed in 177<>. I'V Philip, Eark 
Stanhojic. . 


2. On the Extraction <4“ tlx* Approxiuuitc Roots^of Nuin- 
hi*r.s hy infinite Scries; vol, 43, ann. 17f*3. 

The separate ])ul)lications in his life-time were: 

3. Conic Sections, in ]73r>, 4t(t. 

4. The Loci Plani of A])ollonius, restored ; in 1743, 4to. 

„ 5. Euclid’s Elements; in 17”>3, 4to, and since tliTit time, 
matiy editions in 3vo, Avith the additioli of Euclid’s Data. * 

(J. After his death, Earl Stanlxipe Avas at the expcuisc* <if 
printing in 1773, under the title of “ Opera Rclirpia,” several 
of Dr. S.’s posthumous pieces: Avhich Averc (1) A])ollonius’s 
Determinate Section : (2) A Treatise on Porisms ^: (3) A 
Tract on Logarithms: (4) On the Limits of Qu*antities and 
Ratios: (5) Some Select Oeoinetrical Problems. 


^ A part of tins Trcalisr was iranblatct! hy the 
in his IMathcnialic'ol Tracts. 


Rev. John Liuvstm, and is 



THE 


ELEMENTS OF EUCLID. 


HOOK I. 


DEFllTITIONS. 


J. A^Pdi NT is that which hath no parts, or which hath no Sec Notes, 
magnitude. 


II. A line is length without breadth. 

\ 

TII. The extremities of a Hue are points. 


lAi A straight line is that Avhicn lies evenly l>ctwcen its ex¬ 
treme })oints. .* 


V. A superficies is that which hath only length and breadth. 

(f 

j 

f 

VI. Tlie extremities'V)f a superficies arc lines. 

VII. X plane superficies is that in which any two points be- Sec N. 
ing tiikcjg, the straight line between them lies wlmlly in 

that .superficies. 


VIII. “ A ])lunc angle is the inclination tif two lines to one .See N. 
“ another yi a plane, which meet together, hut are not in 
“ the 8ume direction.” 



2 


KUCLID’s ELEMENTS. 


JX. A plane rectilineal angle is the inclinati'>n of two straight 
lines to one another, which meet together, but-are not in 
the same straight line. * 


N.Ii. ‘ When several angles arc at one ])oint E, any one of 
‘ them is expressed by three letters, 6f whicli the letteii tliat 
‘ is at ^he verte.: of the angle, that is, at the jioint in which' 
' tiie straight lines that contain the angle meet one another- 
‘ is pnt between thi‘ other tAvo letters, 

‘ and one of tliese two is somewhere 
^ upon one of lliosc straight liiiON, and 
‘ the other upon the other line ; I'hus, 

* the angle which is contained by the straight lines Alt, Clt, 

' is named the angle Alt(^ or i WA ; tlnit which is contained 
' by AB, DB, is named the angle ABl), or l)Ba‘; and that 
" which is contained by I)B, CB, is called the angle UUV, or 
' t^Bl) ; but, if there be only one angle at a ])oiiil, it may be 

‘ expressed by a letter placed at that point; as the angle at 
‘ E/ 



i 


X. When a straight line, standing on another 
straight line, makes the adjacent angles <‘(]ual 

to one anoth.r, each of tlie angles is r illed a [ 

right angle; and the straiglit line Avhich stands 
on the other, is called a ])erpcndiciilur to it. 

XI. An obtuse angle is that which is greater 
than a right angle. 

XII. An acute angle is that which is less than a 
right angle. 

XIII. “ A term or boundary is the extremity of any thing. 

XIV. A figure is that which is enclosed by one or nior'j 
boundaries. 

. 

XV. A circle is a pla’ie figure contained by one, 
line, which is called the circumference, and 
is such, that all straight lines drawn from a 
certain point within the figure to the circum¬ 
ference, are equal to one another. 




BOOK I,—DKFINITIONS. 



XVI. And tliife jToint iv called the centre of the circle. last fiir. 

XVII. A diamotor of a circle is a straight limi drawn through Sre N, 
the centra, and terminated both ^vays by the circumference. Sav last li.r. 


* Xt^in. A semicircle is the figure contained by a diamejtcr and Sro last 
• the part of the circiiMifercncc cut off by the diameter. 


XIX. “ A segment of a circle is the figure contained by a 
straight line, and the circumference it cuts off/’ 

X\. Rectilineal figures arc those which arc contained by 
straight Miies. 

XXI. Trilateral figures, or triangles, Iw tlircc straight lines. 

XXI I. Quadrilateral, by four '4ruight lines. 

XX III. Multilateral figures, or polygons, by more than four 
slr'Mght lines. 

XXI Of three-sided figures, an equilateral tri¬ 
angle is that which has three equal shies. 


X^V. An isosceles triangle is that which has only 
two sides equal. 


% 

XXVI. A scalene triniigle is that which has three 
unequal sides. 


XXVII, A right-angled triangle is that which has 
a right angle. • 






XXVIII. All obtuse-angled triangle is that which 
lias an obtuse angli^ 
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KUCLlj/s ELEMENTS. 


XXIX. An acute-angled triangle is that which has 
three acute angles. 



XXX. Of four-sided figures, a square* is that which 
has all its sides equals ^^d all its angles right 
angles. 

XXXI. An oblong is that which has all its angles 
right angles, but has not all its sides equal. 


XXXII- A rhombus is that which has all its 
sides equal, but its angles are not right 
angles- 

See N. XXXJII- A rhomboid is that which has its opposite 

sides equal to one another, jut all its sides arc 
not cquab nor its angles right angles. 

XXXIV. All other four-sided figures besides these, ar^' called 
Trapeziums. 

XXXV. Parallel straight lines are such as arc in _ 

the same jilane, and whicli, being pnaluced ever _ 

so far both ways, do not meet. 




POSTULATES. 


I. Let it be granted, that a straight line may be drau n 
from any one point to any other point. 

II. That a tcrminqjcd straight line may be produced to any 
lengfh in a straight line. 

III. And that a circle may be described from any centre, at 
any distance from that centre. 




^OOti I.—AXIOMS. 


AXIOMS- 

I. Things wliich are equal to the same arc equal to 

one anothA. 

II. if equals be added to equals, the wholes arc equal. 

III. If equals be *ikcn from equals^ the remainders are 
equal. 

0 

IV. If equals be added to unequals, the wholes arc unequal. 

V. If equals be taken from uncquals, the remainders arc 
unequal. 

VI. Things wliich arc double of the same, arc equal to one 
another. 

VII?^ Things* which are halv^os of the same, arc equal to one 
another. , 

VIII.» Magnitudes which coincide with one another, that is, 
which exactly hilt the same space, are equa’ to one another. 

IX- The whole is greater than its part- 

X. Two straight lines cannot enclose a space. 

XI. ^ All x^^ht angles arc equal tb one another. 

XII- If a straight line meet two straight lines, so as to 
“ mojie the two interior angles on the same side of it taken 
togci'ier, less than two right angles, these straight lines 
being continuall]^ produced, shall at length meet upon 

. “ that side on which are the angles which are less than two 
rigfit angles-” See the notes on Prop. XXIX. of Book I. 
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ritorosiTKiN i. 


PnoBLKM .—To dvscnhe an ajuilalauA tritin^lv upon 

Jiniiv ,\h(u^ht line. <t 


'f iriven 


I 


♦ S WrAu^ 
late. 


• 1 Post, 


• 15 Ddi- 
iiitiun. 


* i Axiom. 


Let AB be llie j^ivcii straight line; it is required to describe 
an equilateral triangle upon AB. 

From the centre A^ at the distance AB^ 
describe * the circle BCD ; and from tlie 
centre B, at the distance BA, describe the 
circle ACE ; and from the point in wliich 
tlie circles cut one another^ draw tlie 
straight lines * CA, CB^ to the points A, B : ABC shall be an 
equilateral triangle. 

Because the point A is the centre of the circle l.CD, AC is 
equal* to AB ; and because the jx int B is tlic centre of tlie 
circle A('E, BC is equal to BA : but it has been proved that 
CA is equal to \B; therefore CA, CB are each of theni equal 
to AB: hut things which are equal to the same thing arc 
equal* to one anotlier ; therefore CA is equal to (’B ; tvhere- 
forc CA, AB, BC are equal to one anotlier; and the triangle 
ABC is therefore equilateral, and it is described upon the 
given straight lincAB. Which was required to be done. 



PROPOSITION II. 

Pmob. —From a givcti point to draw a xlrai^hl liv' equal lo a 

ghnni sir night line 


♦ 1 Post. 

• 1 1 

• 2 Post. 

• 3 


Let A be the given point, and BC the given straight line ; 
it is required to draw from the point A, a vslraiglit line equal 
to BC. 

From the point A to B, draw * the straight line AB; and 
upon it describe* the equilateral triangle DAB, and produce* 
the straight lines DA, DB, to E and F; from the centre B, at 
the distance BC, describe ♦ the circle C(tll, and from the ecu- 
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tro at tlic distance DO, describe the circle (rKL: Ah shall 
be equal to 

Decause tlfb point D is the centre of the 
circle (‘tjll, DC is equal* to IMi; and because 
1) is the centre of the circle OKL, DIj is 
equal to IX^ ; and + 1K\, 1)15, parts ot them, 

* are equal ; therefore tlie remainder AD is, 

^equal to the remainder,* iUi : but if has been 
shewn, that is ocjdal to 15(i; wherefore AD and DC are each 
<»f *1110111 equ'.d to 150 : and things that are equal to the same 
thing arc equal f to one aiiotlier; tlierefore the straight line 
AIj is equal to 15('. Wherefore, from the given point A, a 
straigTit line AD lias been drawn equal to tlie given straight 
line I5C. Which was to be done. 

PROPOSITION III. 

Ihion.— l^rom the of' two giec;/ sirmi^hl lines, to cul 

of}' a part equal to the less. 

Let A15 and C be*t]ie two given straight lines, whereof AR 
is tlie greater ; it is riMpiired to cut off fnmi All, the gi’eater, 
a ]>ar^ equal to fh the less. 

From thojioiiit j'f, draw * the straight line 
Al> equal to C^ aiwl from llie centre A, and 
at tlie distance Aft, describe* the circle DDF: 

AK shall be equal to C. ** 

Because A is the‘.c*entrc of the circle DDF, AD is equal + to 
AD •but tj^' straight line C islil^nvise equal to+ AD ; ivheiicc 
AR and (’ are each of them equal to AI); wherefore, the 
slraiglit line Al? is equal to * P, and from All, the greater of 
two straight lines, a part AD has been cut off, equal to C the 
less. tV''’ch was to be done. 

PROPOSITION IV. 

Tiikdrkm ,—Ifjwo triangles hatwiwo sides of the one, e(iual 
to two siih's of the other, each to each, and have likewise, 
(he angles *'oniainvd h]j those sides etjwi! to one anmlher, they 
shall likewise hare their bases, or third sides, y a7id 
the tivo triangles shall he Ciptal, a^td their other angles shall 
he equaf each to each, viz, those to which the equal sides 
iU'c oppbsile. 




* U> Dtf- 
f Constr. 

• :i Ax, 

t 1 Ax. 


♦ 2 . 1 . 

* 3 Post. 

t 15 Dcf, 
f Constr. 

• 1 Ax. 
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Euclid's elements* 


1 * 


t Hyi>- 
t iiyp- 


• 10 Ax. 
f 8 Ax. 


Let AB(', DEF be two triangles^ which hs^ve the two sides 
A15, A(; equal to the two sides DE, DF, each to each, viz. AB 
to DE, and AC to DF ; and the angle 
BAC equal to the angle EDF : the base 
BC shall be equal to the base EF ; and 
the triangle ABC to the triangle DEF ; 
and the other angles, to which the equal 
sidc^ are opposite, shall be equal, each to, 
each, viz. the angle ABC to the angle DEf, and ♦'*e angle ACJt 
to DFE. 

For if the triangle ABC be applied to DEF, so that the point 
A may be on D, and the straight line AB upon DE, the point 
B shall coincide with the point E, because AB is equal + to 
DE : and AB coinciding with DE, A(^ shall coincide with D^, 
Iiecausc the angle BAC is equal + to the angle EI'-F ; wliere- 
fore also the point C shall coincide with the jjoint F, l)ecause 
the straight line AC + is equal to DF : but the point J5 was 
])n»ved to coincide with the point E ; wherefore the base BC' 
shall coincide with the base EF ; because, the ])oiiit B Cwlii- 
ciding with E, and C with F, if the base BC does mt. coincide 
with the base EF, two straight lines would inclose a sjjaee. 
whicli is irnjwssible: * therefore the base BC coincides fvith 
the base EF, and therefore is equal t to jt. Wherefoie the 
wliole triangle ABC coincides with the whole triangle DEF, 
and is equal to it; and the other angles of the one, coincide 
with the remaining angles of the other, and arc equal to them, 
viz. the angle ABC to the anglo DEF, and the angle ACB to 
DFE. Tliereforc, if two triangles have two sides of the one, 
<;qual to two sides of the other, each to each, ami have like¬ 
wise the angles contained hy those sides equa^ to one another, 
their bases shall likewise be equal; and the triangles sliall he 
equal, and their other angles, to which tisc etpial sides are 
opjmite, shall be equal, each to each. Which wus*'‘to Ikj do* 
monstrated. 


A D 



PROPOSITION V. 

• 

Theor.— The angles at the base of an isosceles triangle arc 
equal to one another; and if the equal sides he produced, 
the angles upon the other side <>f the base shall be cquaL 

Let ABC be an isosceles triangle, of which J.hc-w^ AB is 
equal to AC ; and let the straight lines AB, AC be produced 
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to D and £ ; the angle ABC shall be equal to the angle ACB, 

^ and the angle CBO* to the angle BCE. 

, In BD take sciy jH)int F ; and from AE, the greater, cut off 
AG equal* to AF, the less, and join FC, GB. * 3. I. 

Ilecax’se AT is equal tot AG, and AB to*J AC, the two f o»nstr. 
sides FA, AC arc equal to the two G\, AB, each to each: ♦ 

«nd they contain the angle FAG common to the two tri- 
lyiglcs’AFC, AGB; therefore the base FC i/equal to the • 4-l. 
base GB, and the tranglo AFC to the triangle AGB; and 
the •remaining angles of the one, arc equal* to the re- *4.1. 
mainiiig angles of the other, each to each, to 
which the equal sides are opposite; viz, the 
angle ACF to the angle ABG, and the angle 
AFC to the angle AGB :^and because the \vhole 
AF is eqiialjio the whole AO, of which the 
parts AB, AC are equal, the remainder BF i.s 
equal*tothe remainder (MJ; and FC was])r*wed 
to be equal to GB; therefore the two sides BF, FC arc equal 
to tile tu'o C’W, (iB, each to eacli : and the angle BF(! was 
proved to be equal to the ang!^ C(iB, and the base BC is com¬ 
mon to the two triangles BFC, CGB; wherefore these triangles 
are ijqual,* and their remaining angles, each to each, to which * 1- 

the esfual sides are xippositc: therefore the angle FBC is equal 
to the angle <K'B, ahd the angle BCF to the angle CBG- And, 
since it has be«n deinonstrutcd, that the whole angle ABG is 
oxpial to the whole A(;F, tlic parts of which, the angles CBGj 
BCF are also equal; therefore the rettiaining angle ABC is 
equal + to the rtyuvuiiing angle ACB, wdiich are the angles at | 3 Ax. 
the base iwf«tho triangle ABC: ai^d it has also been proved that 
the angle FB<' is equal to the angle GCB, wliich are the angles 
upiui the other side of the base. Therefore, the angles at the 
base, ^'c. v- e, n. 

("oKo_.AUY.—Hence, every equilateral triangle is also equi¬ 
angular. • 



* ,3 Ax. 


PROPOSITION VI. 

Theor.— hvo angles of a triangle be equal to one another, 

the sides <i/ao which subtend, or are opposite to, //#e equal 
ahglcs, shall be equal to one another. , 

Let ABC. be a triangle, liaving the angle ABC equal to the 
angle AQI: the side AB shall be equal to the side AC. 



]0 

• 3. }. 


t 

* 4, 1. 


Scu N. 


t IIvi' 

• 6 . 1 . 

f y Ax. 


t Hyi>. 

*5. 1. 


t J*yp. 

1. 

1 U A\. 


KUCI^I1)*S eliSmknts. 

For if AU be not equal to AC, one of them is greater tliiiu 

the other: let AB be the greater ; ftnd from it cut * off DB 

* 

equal to AC, the less, and join DC : therefore* because in the 
triangles DBC, ACB, DB is equal to AC, and B(' coinnum to 
both, the two sides DB, BC are equal to the two^'AC’, WB, each 
to each ; and the angle 1)B(; is et^ual to the 
angle + ACHt ; therefore the base DC is equal to 
the butfc AB, and the triangle DBC is equal to 
the triangle * ACB, the less to the greater, 
which is ahsurd. Therefore AB is not uiiocjual 
to AC, that is, it is equal to it. Wherefore, if 
two angles, &c. y. k. i). 

Corollary. —Hence, e^Try equiangular triungie 'is ulstf 
equilateral. 



PROPOiSITlON VII. 


Tiikou. — Upon (he same base, and on the same side of iV, 
there caiuwt he hvo triangles that haf^c their sides irhleh are 
terminated in one ejctremity\f the base, equal to one anornt r, 
and likewise those which are terminated in the ^}iher ca- 
iremitij, 

• 

If it be possible, upon the same base AB, and upon the# same 
side of it, let thcTe be two triangles ACll, ADB, which have 
their sides (’A, DA, terminated in the extremit#/ A of the base, 
equal to one another, and likewise their sides CB, DB, that arc 
terminated in B. * ^ 

Join CD ; then, in the case in which thoVar- 
tex of each of the triangles is ivithout the other 
triangle, because AC is equal + to AD, the angle 
ACD is equal* to the angle ADC: but the angle 
A CD is greater + than the angle B(:i) ; therefore 
the angle ADC is greater also than BCD ; nmch 
more then is the angle BDC. greater than the angle B(’D. 
Again, because CB is equal + to DB, the angle BDC is equal * , 
to the angle BCD ; but it has been demonstrated to be greater 
than it ; which is impossible. 

Rut if one of the vertices, as D, he within the oilier triangle 
At!B, prodVice AC, aD to 10, F : therefore, because, AC is 
equal + to AD in the triangle ACD, the angles ECD, FDC, 
upon the other side of the base CD, are equal * to/»nc another: 
but the angle ECD is greater t than the angle BCD; wherefore 
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the angle FDC is likewise greater tlian BCD ; much more 
then is the angle BDC greater than the angle BCD. Again, 
because CB is^qual-t to 1)B, the angle BDC 
is equal * to the angle BCD ; hut BDC haj; 
been pnoved^o be greater than the same BCD; 
which is impossible. The case in \vlf5ch the 
vertex of one triangle is upon a side of the 
jothor; needs no demonstration. 

Therefore,^ipou tke same base, and on the same side of it, 
thrt'e cannot ^)e two triangles that have tlicir sides, which are 
terminated *in one extremity of the base, equal to another, 
and likewise those Avhicli are terminated in the other ex- 
•tremifv- ii. />. 



t Hyp- 
• 5. K 


PROPOSITION VIII. 

Thi:ok. — If hvo iriav^Ics' haw two sides of the o/^c, equal to 
^fl'o .udes uf the other, each 16 each, and hare lihewi.se their 
t)ascs equal; the an^lc winch is andained htj the two sides 
of' the ont\ .shall 6e equal to the an^lc contained by the two 
side.s equal lo them, qr the other, 

• 

Let ABC, DKK he two triangles, having tne two sides AB, 

A(’ equal to tM;^two sides DC, DP, each to each, viz. AB to 
DK, and AC to 1)F ; and also tlie base BC cquid to the base 
CP : the angle BAC sliall be^eqiial to 
the angle PU)P\ • 

An- if rift triangle ^VBC beapjiHed 
to DIM*', so thi^t the ]>oiut B may 
he on K, and the straight line BC 
upon yp, the point C shall also coin¬ 
cide willPtlie point P, because lU! 
is e<pial + to KF. •Therefore BC coinciding with Vl¥, BA f Hye. 
and AC shall coincide with Kl) and DP: f(>r if the base BC 
coiiicifles with the base EP, but the sides BA, CA do not coin¬ 
cide Avith the sides ED, PD, but have a dilFercnt situation, as 
E(i, F<;; then upon the same base KF, and upon tlie same side 
of it, tlicre can be two triangles that*have their sides which 
are terminated in one extremity of the base, equal to one 
another, and likewise their sides terminated in the other 
extremity ; but this is * impossible; therefore, if the base BC * 7. J- 


A D G 
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coincides with the base EF, the sides BA, AC cannot but coin- 
cidc with the sides EI>, DF ; wherefore likewise the angle BAG 
* 8 Ax- coincides with the angle EDF, and is equal * to It. Therefore, 
if two triangles, ^&c. Q. e, d, 

'•A 

PilOPOSITION IX. 


r t 

I*ROB .—To bisccl a given rectilhieal ajnglc ; Ikal lo ilivide 

it into two equal angles. 


• 3. 1. 

* 1 . 1 . 


■}• Constr. 


f Constr. 
* 8 . 1 - 


Lct BAG be the given rectilineal angle ; it is .required to 
bisect it. 

Take any point D in AB, and from AC, cut * off AE’ equal 
to AD ; join DE, and upon it describe * an equilateral triangle 
DEF ; then join AF; the straight line AF shall bisect the 
angle BAG. 

Because AD is equal t to AK, and AF is com¬ 
mon to the two triangles DAF, EAF, the two 
sides DA, AF are equal to the two sides 
EA, AF, each to each; and tiro base DF is 
equal t to the base EF ; therefore tlie angle 
DAF is equal* to the angle EAF: wherefore, 
the given rectilineal angle BAG is bisected by the straigh' line 
AF. Which was to be done. 



PROPOSITION X. 


PnoB.-—To bisect a givenJiuiie sh aighl line , 

it into two equal j)arfs. 


that i.v, to (liviilc 


* 1 - 1 . 
• 9. 1. 


f Constr. 

f Constr. 
* 4, 1. 


Let AB be the given straight line; it is required to divide 
it into two equal parts. 

Describe* upon it an equilateral triangle 
ABC, and bisect* the angle A(;b, by the st’^ight 
line CD : AB shall be cut into two equal parts 
in the point D. 

Because AC is equal t to CB, and CD common 
to the two triangles ACD, BCD, the two sides AC, CD are 
equal to Bfc, CD, cach*tO each ; and the angle ACD is equal + 
to the angle BCD ; therefore the base AD is equal to the base* 
DB, and the straight line AB is divided into two equal parts 
in the point D. Which was to be done. ^ 



D B 
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^ PROPOSITION XT. 

Prob. — To draw a siraight line at right angles to a given 
^str^ight'linc,Jrwn a given point in the same. 

I. jt AB be a given straight line, and C a point given in it; 
it is required to draw a straight line from th^ point C..at right 
angle*- to AB. • 

Take anyrpoiiit 1b in AC, and make* CB equal to CD; 
and upon DC, describe * the equilateral triangle DFK, and 
join FC : the straight line FC, drawn from the given point 
C, shall be at right angles to the given 
straight line AB. 

Because DC is equal t to CE, and FC 
common t<tthe two triangles iJcF, ECF, 
the two sides DC, CF are equal to the ^~ii c E~B 
two EC, CF, each to each; and the base 
DF is equal t to the base EF ; tliercfore the angle DCF is 
e<J!fal * to the angle E(-F ■ and tliey arc adjacent angles. 
But whc^i tlie adjacent angles which one straight line makes 
witli another straight line, are equal to one another, each of 
thefn is called a right * angle; therefore each of the angles 
DCl^ ECF, is a #ight angle. Wherefore^ from the given 
p(»int in the given straight line AB, FC has been drawn at 
riglit angles to AB, Which was to be done. 

Con.—By help of this problem it •may be demonstrated, 
that two straight Inies canitot have a common segment. 

Jf it bej)ossil7le, let the two straight lines ABC, ABD have 
the segment AB common to both of them. From the point 
B, drawt BE mt right angles to AB; and because ABC is a 
straight line, the angle CBK is equal * to the 
aiigle*£BA; in the same manner, because E 

ABD is a straight line, the angle DBE is 
equal to the angle EBA ; wherefore + the ^ 

angle J)BE is equal to the angle CBE, the ^ 

less to the grpatcr; which is impossible: 
tliercfore, 1»vo straight lines cannot have a common segment. 

PKOrOSITION XII. 

PiioB.— To draw a straight line perpendicular to a given 
straight Ibic of an unlimited length, from a given point 
without it. 


See N. 


* a. I. 

* 1 . 1 . 


f Conslr. 


Constr. 
* B. 1. 


• 10 Def. 


t 11. 1. 

• 10 Dcf. 


f I Ax. 
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* 3 Tost. 

* 10 . 1 . 


f Constr. 


* 15 Dt f. 

* 8 . 1 . 


f 10 Def. 


f 10 Pef. 

* II. 1. 

* ] 0 Def, 


* 2 Ax, 


Let AB bo tlie given straight line, ivhich "niny be proilticed 
to any length both Avays, and let (’ be a ])oixit without it; it is 
required to draw a straight line j)erj)eiidi- ^ 

cular to AB, froni the point i\ Vs. 

Take any point D u^on the other side of \ / J2 

AB, and from the centre C, at the distance IJ 

CD, de\cribo* the circle liOF, meeting AB 
in F, G; bisect* VG in II, and join^C^I; the straight line 
(’ll, drawn from the given jioint C, shall be pcf|)endicular to 

the given straight line AD. ' 

Join CF, Cfr : and hecaii^e FII is equalt to THr. and IK 
common to the two triangles Flit’, (JIIC, the two sidf*s I'lJ, 
UC are equal to the two (ill, HC, each to each ; ami tlie bn-si 
(’F is equal* to the base CO: llicrefore the angle CUF is 
equal* to the angle CIKi ; aiiJl they are adjaeciit angles: but 
w’hoii a straight line, standing on another straiglit line, niahes 
the adjacent angles equal to one another, each of tliom is a 
right angle, and the straiglit line A\hicli stands upon tlie 
other, is called a pcrpendicula '1' to it : therefore, from tl^e 
given point (', a perpendicular ( H has-been drawn to the 
ijiveii straight line AB. Which wai» to be done. 

PUOFOSITIOX Xlll 

Til FOR.— The angles n hivh one straight Vine imkes irlih an^ 
other upon one side of it, are either two right angles, or are 
iogclher equal to bvo right fte 

Let the straight line AB njake with CD, ‘upon one side of 
it, the angles CRA, ABD: these shall either be two riglit 
angles, or shall together be equal to two right* angles. 

For if the angle CBA be equal to ABD, each of them is a 
riglit t angle: but if not, from the point B draw BF tA right 
angles* to CD; therefore the 

angles CBF, KBD * arc two E 

right angles : and because 
the angle CBE is equal to the 

two angles CBA, ABE to- f) — ]§ C ^ ^ 

gether, add the anglttEBD to ’ ^ 

each of these equals; therefore the angles (’BE, EBD are 
equal* to the three angles CBA, ABE, EBD. Again, because 
the angle DBA is equal to the two angles DBE; p:BA, add l,o 
each of these erpials the angle A BC; ^.'therefore the angles 
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DUA, ABC are eqnalt to the three angles 3>BK, EBA, ABC : + 2 Ax, 
but the angles CfB*E, EBf> have been demonstrated to be equal 
to the same*thiroc angles; and things that are equal to the 
same thing, are equal * to one another; therefore the angles * l Ax. 
CJiK, EbT) aH! equal to the angles DBA> ABC : but CBE, EBT) 
are two right angles; therefore, DBoV, ABC arc together 
poqual^t to two right angles. Wherefore, the angles which + I Ax, 

one straight line, ike. (*>. /?- n. 

• • 

« AopOSITION XIV. 

Til KOic— //!*// ft poittf in a sirttighi Utic, ttvo oilier ,\fraisrht 
Unes^ upon, (he opposife ,suie,s of if, inake the atljnccnf angles 
• logeilier equal to hvo righl angles, Ihese two straight lines 
shall he. in one and ike same sirais^hl line, 

c 

At the {•oint 1*, in the straight line AB, 

let tlie two straiglit lines BC, BI) upon the 

opp(»site side of AB, make, the adjacent 

angles ABC, ABD cijlial together to two 

angles? BT) shall be in the same 
^ ^ , • 
straight li»c with (‘B. 

For if BI) be n(»t in the same straight line with CB, let 
BK in the same straight line Avith it: therefore, because 
the straight line AJJ makes Avilh the straigh(^Iinc ( BE, upon 
one side of it, the angles ABC, ABE, these angles are to¬ 
gether equal fb^wo right angles ; but tlie angles AB(^ ABD * 13. 1. 
are lilcewise together equal t to two right angles ; therefore, t HyP' 
the angles CBA, ABE are equiil + tothe angles CBA, ABD: take f * 
away the emnnum fingle ABC, and the remaining angle ABE is 
eqyiJ * to*tfle remaining angle A?BD, the less to the greater, * 3 Al. 
Avhich is impossible; therefore BE is not in the same straight 
line with BC. And in like manner, it may Iwi demonstrated, that 
no otlieijcan be in the same straight line with it but BD, AA’^hieh? 
therefore, Js in the same straight line Avith CB. Wherefore, if 
at a point, &c. (*>. K? n. 

• PKOPOSITION XV. 

Thkou .—IJilwo straight Hues cut one another, the vertical, or 

. opposite, angles shall hc^'qual. • 

• % 

Let tlie tAVO straight lines AB, CD cut one another in the 
point E : the angle AEC shallfllpbqnal to the angle DEB, and 
CEB to AFiD. * 


A 



C B D 



m 


EUCLIDS ELEMENTS. 


Because the straight line AE makes with CD the angles 

* 13. 1 . CEA, AED^ tliCsSe angles arc together oqud* to txvo riglit 

angles. Again^ because the straight line 1\E ^Inakcs with ' 
AB the angles DEB, these also are 

* 13.1, together equal * to two right angles ; and 

CEA, AED have been demonstrated to be 
equal to two right angles ; wherefore the 

t 1 Ax. aiigles CEA, AED are equal t to the angles 

AED, DEB: take away the common a»gle AED, and the rt*-. 

•3 Ax. maining angle CEA is equal* to the remaiu^lig angle DEB. 

In the same manner it can he demonstrated, that the angles 

CEB, AED are equal. Therefore, if two straight lines, &c. 

Q. E. J). 

CoH. 1. From this it is manifest, that if two straight lines 
cut one another, the angles Which they make at the point where 
they cut, arc togetl>cr equal to four right angles. 

Cor. 2. And consequently, tliatall the angles made by any 
number of lines meeting in one point, are together equal to 
four right angles. 



% PROPOSITION XVI. 

i 

Theoh — If one side of a triangle he produced^ the f^xtvrwr 
angle is greater than either of ' the inla ior oppositi angles. 


Let ABC be a triangle, and let its sideUIC be produced to 
D ; the exterior angle ACD shall be greater than either of the 
interior opposite angles CBA, BAG. 

* i(» j. Bisect* AC in E ; join BE and produce it to.P, and make 

f 3. I. EF equal t to BE, and join FC. 
t Constr. Because AE is equal f to EC, and BE t 

toEF; AE, EB are equal to CE, EF, each 

* 15. I. to each ; and the angle AEB is equal * to 

the angle CEF, because they arc oj)posite 
vertical angles; therefore the base AB is 

* 4 , 1 . equal* to the base CF, and the triangle 

AEB to the triangle CEF, and the remaining angles to the re¬ 
maining angles, eacli to each, to which the etpial sides are 
oppositf: wherefore chc angle BAE is equal to the angle ECF; 
■f 0 Ax. but the angle ECD is greater f than the angle ECF, therefiirc 
the angle ACD is greater than BAE. In the same manner, 
if the side BC be bisected^ AC be produced to O, it may 
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be demonstrated^ that the angle BCG, that in, the angle * 
ACT), is greater than the angle ABC. Therefore, if one side, 
&C. Q. £. Di • 

• • PROPOSITION XVIL 

Tijkor.— Any Ifvo aji^les of a iriaigk are together less thnn 

two right angles, 

I Lc^ ABC be any triangle : any two of its angles together 
slmll be less^mii two riglit angles. 

l^roducc PC to D; and because ACD is the 
exterior angle of the triangle ABC, ACD is 
greater * than the interior and opposite angle 
ABC ; to each of these add the angle ACB ; 
therefore the angles ACD, ACB are greater t 
than the angles ABC, ACB: but ACD, ACB 
are together equal * to two right angles; therefore the angles 
ABC, BCA are less than two right angles. In like luanner, it 
may be demonstrated, that BAC, ACB, as also CAB, ABC, are 
Icfa* than two right angles. Therefore, any two angles, Ac. 

Q. E. D. ,, 



PROPOSITION XVIII. 


Thbok.—-T/< e greater side of every iriangh is opposite to the 

^ greater angle. 


Let ABC be a triangle, of which the side 
AC. is greater than the side AB: the angle 
ABC shall be greater than the angle BCA. 

^Becau&*AC is greater than*AB, make* 

AD equal to AT}, and join BD: and because 
ADB is the exterior angle of the triangle BDC, it is greater * 
than tjie interior and opposite angle DCB ; but ADB is equal * 
to ABD, uccause the side AB is equal t to the side AD; there¬ 
fore the angle ABD Is likewise greater than the angle ACB; 
therefore much more is the angle ABC greater than ACB. 
Therefore, the greater side, &c. q, is, d. 



PROPOSITION XIX. 

• • 

Theor. —The greater angle of every triangle is suSlended by 
the greater ride, or has the greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is greater 
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than the angle BOA: the side AC shall be greater than the 
side AB. 

For if it be not greater, AC. must either be equal to AB, or 
less than it: it vs not equal, because then the angle ABC 
Avould be equal ^ to the angle CAB ; but it 
is t not; therefore A('^s not equal to AB : 
neither is it Ics^, because tlien, the angle 
ABC would be less ^ than the angle ACBj 
but it is not; therefore the side A(' is iiot 
less than AB : and it has been shewn that 
it is not equal to AB; therefore AC is greater than AB.' 
Wherefore, llie greater angle, &:c. q. k. n. 

PBOPOSITION XX. 

Tiieou .—Any Iwo sides of a triangle are together greater 

than the third side. 

Let ABC be a triangle: any sides of it togetber sljall 
be greater than the third side*; viz, tlKy sides BA, AC greater 
than the side BC ; and AB, B(- greater than A(’; and BC, '^’A 
greater than AB. 

Produce BA to the )>oint D, and make 
AD equal to A(J ; and join DC. 

Because DA is e<pial to AC, the angle 
AJ)C is equal * to A(but the angle BCli 
is greater + than the angle A CD ; therefore 
the angle BCD is greater than the angle ADC : and because the 
angle BCD of the triangle DCB, is greater than its angle BDC, 
and that the greater * angle is subtended uy the greater side, 
therefore the side DB is greati^r tlian the side BCC out D*B is 
equal to BA ^ and A(I; t]iereff»re the sides BA, AC are greater 
than BC. In the same manner it may be demonstrated, that 
the sides AB, BC' are greater than CA; and BC, CA greater 
than AB. Therefore, any iwo sides, &c, q. k. d. 

PROPOSITJOX XXI. 

Thkok .—If from the ends of the side of a triangle ^ there he 
drawn two straight lines to a jyoini within the triangle, these 
shall be less than the other iwo sides of the but shall 

contain a greater ahgle. 

Let ABC- be a triangle, and from the points B, C, the ends 

t Because AD is equal ♦ to AC, snAA BA to each, therefere the whole BD 
is equalto the t\*'o BA, \C. 
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of the side BC, let the two stra5;pht lines Bl>, CD he dra\^'ll 
to the point D within the triangle : BD and DO shall he less 
than the other t\to sides BA, AC of the triangle, hnt .shall 
contain an angle BD(^ greater than the an^e BAt;. 

Prvjdnce BD to K ; and because two sides 
of a triangle * are greater than the thirtl side, 
the two sides BAj AE of the triangle ABE,< 
arti greater than BE :*to each of these add 
Et-; ilierefi||fe the sides BA, AC are greatert 
tlTaii BE, EC,. Again, liecause the two sides 
OE, j:d of the triangle CED, arc gnnitcr + than CD, add DB 
to eacli of these; therefore the sides CE, EB arc greater + 
than CD, DB : hut it has been shewn that BA, AO are greater 
tlian BE, EC ; much more then are BA, A(^ greater than 
BD, D{;. 


t 

B 




Again, because the exterior angle of a triangle * is greater 
than tlic interior and oj)positc angle, the exterior angle BDO 
of the triangle ODE, is greater than ('El> : for the same rea- 
soWt the cxrt'rior angle CEB^of the> triangle ABE, is greater 
than BAC ; and it has been demonstrated, that the angle BDO 
is greater than the angle CEB ; much more then is the angle 
BDJJ greater than the angle BA(’. Therefore, if from the ends 
of, iiSh. I,). K. i>> ^ 


^ PUOPOSITION XXTI. 

Prob.— wn/fc a triangle of 7rhich (he sides shall be equal 

to three given straight Hues, hul any two ivhatevcr of (hrse 
7HUsl be greaies titan the third 

^Let C be the three given straight lines, of which any 

two whatever are greater than the third; viz. A and B greater 
than C' ; A and C- greater than B ; and B and C greater than 
A ; it js required to nudie a triangle, of \thich the sides shall 
be equal to A, B, V, each to each. 

Take a straight liift^ DE terminated 
at the point D, but unlimited towards 
K, ainf make* DF equal to A, FG 
equal to B, and OH equal to C : from 
the centre F, at the distance FD, de¬ 
scribe?* the circle DKE ; and from tlie 

centre O, at the distance. Oil, describe ♦ another circle HLK ; 
and join KF, ]^G : tlie triangle KF(i shall have its sides equal 
to the throe straight lines A, B, t\ 

• A <2 
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* 15 Dcf. 
f Coiistr. 
f 1 Ax. 

♦ 15 Def. 

f Constr. 


* 252, 1. 


• S. 1. 


See N. 


Euclid's elements. 

Because tlie point F is the centre of the circle DKL, FD is 
equal * to FK ; but FT> is equal t to the straight line A ; there¬ 
fore FK is equal + t<» A ; again, la^cause G is thfc' centre of the 
circle LKII, Gli is equal * to OK ; hut Oil is equal to C ; 
therefore also OK is equal to (;: and FO is equal + to 11; 
therefore the three straight lines KF, TO, OK are equal to the 
three A, B, C: and therefore the triangle KFO has its three 
sid*.s KF, FO, OK equal to the three given straight lines A, 
B, C, Which was to he done. 


FliOPOSiTION XXIII. 


PziOB .—Af a giveti point in a given xtraight Unc^ to vyjlcc a 
rectilineal angle equal to a given reciUlncal angle. 

Let AB be the giA^cii straight line, and A the given jioint in 
it, and llC’E the given rectilineal angle; it is required to make 
au angle at the given point A, in the 
given straight line AB, that sliall be 
equal to the given rectilineal angle 
DCE. 

Ill CD, ('E, take any points D, E, 
and join DE ; and make * the triangle 
AFO, the sides which shall be equal U the three straight 
lines CD, DE, EC ; so that CD be equal to AF, CE t<» Alt, and 
DE to FCi: the angle FAO shall l)e equal to the angle DCE. 

Because DC, CE aii; equal to FA, A<i, each to eacli, and the 
base DE to the base Fti, the angie DCE is equal * to the angle 
FAO. Therefore, at the given point A, in the given straiglit 
line AB, the angle FAO is made equal to the given rectilin ’al 
angle DCE. Which was to be done. 



PROPOSITION XXIV. ^ ' 

Tiieor. —If two trianglex have two xidex of' the one, equal to 
two xidex of the other, each to each, hut the angle contained 
by the two sides of one of them, greater than the angle cow- 
iained by the two sides equal to them, of the other, the base 
of that which has fhe greater angle, shall be greater than 
the hdse of* the other. ' 


Let ABC, DEF be two triangles, which have the two sides 
AB, AC equal to the two DE, DF, each to each; vis. AB equal 
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to DK, and AC to DF, but tlic angle BAC greater than the 
angle KDF : the base Ijr shall be greater than the base EF, 

Of the ^\vo sides T>E, DF^ let DE be the side which is not 
greater than the other; and at the point D, in the straight 
line DEtmiiJ^e the angle EFXt equal to the*angle BAC ; and 
inahe jXi equal"*' to AC or DF, and join KCb CF. 

II 'cause AB is equal t to UE, and AC f to 1)G, the two sides 
BA;, AC! are equal to the two ED, D(i, each to each, and the 
•angle BAC is equall* to the angle 
ElXf; therefore the base BC is 
equal * to tl.e base EG. And be¬ 
cause V(i is equal to 1)F, the angle 
1)F(» is equal ^ to the angle DGF; 
but tlie angle DGF is greater f than 
the angle K(iF ; therefore the angle DFCi is greater than EOF; 
therefore, niiicli more is the angle EFG greater than the angle 
EOF: and because the angle EFG of the triangle EFCi, is 
greater than its angle ECiF, and that the greater * angle is 
subteiuled bv the greater side, therefore the side ECJ is greater 
thUu the side EF : hut EG m'us proved to be equal to BC; 
therefore jX’ is greater than EF. Therefore, if two triangles, 
&c. (?. F. n. 
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PBOPOSITION XXV. 


Tjieor.— Ifimt inayigh's have two sides of the one, equal to See N. 
two sides of the other, each (o each, hut the base of the one, 
greater than the base of tlic other, the angle contained bij 
the sides qftkai which has the greater base, shall he greater 
than iht Ungle contained by the sides equal to them, of the « 
other, 

% 

Let ABC, DKF he two triangles, u hich have the two sides 
AB, A(^ equal to the two sides DE, DF, each to each ; viz. AB 
eijnal to DE, and A^C- to DF, but the 
base BC gre.'iter than the base EF; the A 
angle ]}AC shall be greater than the ^ 
angle EDF. 

For if it be not greater, it must 
either be equal to it, or less than it :• ® 
hut the angle BAC is not equal to tlie angle EDF* because 
then the base BC would be equal * to EF; but it is t not; * 4.1. 
therefore the angle BAC is not equal to the angle EDF: neither t 
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is it less, because tlicn, the base BC would be less * than the 
base El'; hut it ist not; therefore the angle BA(’ is not less 
tlian tlic angle EDF: and it was she^^ai, tliat it isviiol equal 
to it ; therefore the angle BAG is greater tlian tlie angle EDF. 
Wherefore, if two triangles, &c. e. n. r 


PROPOSITION XXVI. 

o 

Theor.—//* //ro /riajig/cs have hro a;?g/('A’ of (he one, vtjual 
io hvo a?ig/rs of the othci\ cavh to vach^ and side equal 
to one sidcy viz. cither the sides adjacent to the^'qual angles^ 
or the sides vp 2 }osite t(f etj/tal angle,\ in cachy then shall the 
other sides be equal, each to each, and aha the third gnglc 
of the one, to the third angle of the other. 


Let ABC, DEF he two triangles, which have the angles 
ABC, 15CA equal to the angles i)EF, EFJ), eacli to each, viz, 
AIU; to DEF, and BCA to EFD ; also one side equal to one 
side : and first, let those sides he 
equal which arc adjacent to the 
angles that are equal in tlic two 
triangles, viz. BC to EF: the other 
sides shall he equal, each to each, 
viz. AB to DE, a’jd A(' to I)F, and 


A D ^ 



the third angle BA<' to the third angle EDF. 

F'or if AB be not equal to DE, one of theTn,niust he greater 
than the other: let AU. be the greater of tlie Iwo, and make 
Bti equal + to DE, and join <U!: th.orcfore, because B<» is equal 
to DE, and BCi’ to EF, the two sides <iB, BC un^ equal to the 
two DE, EF, each to each; and the angle DIU' is equal t 1;p 
the angle DEF ; therefore the base OC is eqiiLvl * to the base 
DF, and the triangle CBC to the triangle DJCF, and the other 
angles to the other angles, cacli to each, to whicli the equal 
sides arc oi)posite; therefore the angle (iCB is eqe'il to the 
angle DFE : hut DFE is, hy the hypotliesis, equal to the angle 
B(/A ; wlicrcfore also the angle l\CO is equal f to the angle 
BCA, the less to the greater ; which is impossible; therefore 
AB is not unequal to DE, that is, it is equal to it: and BC is 
equal t to EP'; thcrefqre the two AB, B(' are equal to the two 
DE, EF, 'each to each ; and the angle ABC is equal t to the 
angle DEF ; therefore the base AC is equal* to the base DF, 
and the third angle BA(; to the third angle EDF 


ft* 
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Next, let the sides which are opposite to equal angles in 
each triangle be cquaL to one another, viz, AB to BE ; like¬ 
wise in this oase, ^the other sides shall be equal, AC to DF, 
and BC to EF ' and also the third 
angle !EftvC the third angle EDF, 

For if BC be not equal to EF, lot 
BC oc the greater of them, and make 
BII equal t to EF, and join All ; and 
‘ becaT4se BII is equal fo EF, and AB 
tii^f BE, tht two AB, BH arc equal to the two BE, EF, t Hyi’- 
each to eacii ; and tliey contain equal f angles; therefore t Hyp- 
thc base AH is c(pial + to the base BF, and the triangle ABII t 
to the triangle DEF, and the other atigles to the other an¬ 
gles, each to each, to which the equal sides are o])positc; 
therefore the angle BilA is equal to the angle EFB; but 
EFD is equal + to the angle BCA; therefore also the angle t 
BHA is oc[ual + to the angle BCA; that is, the exterior angle f l Ax. 
BIlA of the triangle AllC, is equal to its interior and op])ositc 
angle IH'A ^ which is impossible *: udierefore BC is not iin- * IG, 1. 
equal to EF, that is, it is c'pml to it: and AB is equal + to f 
BE ; therefore thcJ^two AB, BC are equal to the two BE, EF, 
each to eacli ; and they contain + equal angles : Avherefore the t l^yP* 
bast; AC is equal t to the base BF, and the third angle BAC, t 1* 
to the third angU EBF. Tliercfore, if t\.o triangles, &c. 

K. 1>. 


D 




t 3. 1 


PROPOSITION XXVIT. 


Tiikok.— Jj' a Mi'aight linCy Jailing ^q)on two other straight 
lineSy ^nfthe the alternate equal to 07ic afiothcry these 

ftvo siraighl lines shall be paralh L 


Let the straight line EF, which falls upon the two straight 
lines ?VB, CB, make the alternate angles AEF, EFD equal to 
one another : AB shjill be parallel to (’B. ^ 

For if it be not parallel, AB and CD, A _ 

being produced, will meet either toAvards X 
B, B, or towards A, C : let them be pro- CyP 1) 
diiccd and meet toAA'ards B, B, in the point 
O ; thcrcfoie GEF is a triangle, and it» exterior aif^le AEF is 
greater * than the interior and opposite angle EFC ; l}nt it is 
also equal + to it; Aidiich is impossible ; therefore, AB and CB, 
being producI;d, do not meet toAvards B, D. In like manner 


» Id. I- 

t 
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it may be demonstrated, that they do not meet to\\^arda A, C : 
but those straight lines Avhieh meet neither way, though pro¬ 
duced ocor so far, arc parallel * to one anothertherefore AB 
is parallel to CD. Wherefore, if a straight line, &c- Q. zs. n. 

t 

PR020SITION XXVXIT- 


Thkoh. —If a stva'ighi Vine, ^fnUing vpon fwo other siraighl 
lines, make the exterior angle equal !o the interior and 
o])posi{e upon the same side of the line, or make the interior 
angles upon the saine side together equal to ttro right angles, 
the tioo straight lines shall he parallel to one another. 
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Let the straight line KF, which falls upon the two straight 
lines AB, CD, make the exterior angle 
EGB equal go the interior and opposite 
angle GHD upon the same side ; or make 
the interior angles on the same side, BGf^, 

CillD t<»gcther equal to two right angles : 

AB shall be parallel to CD. 

Because the angle E<iB is equal + to the' 
angle GHD. and the angle EGB is equal * 
to the angle AGII, therefore tlic angle A<fll is cqualf the 
angle GllD; and they are the alternate angles ; therefore A« 
is parallel * to CD. Again, because the angles bgU, GIJD arc 
equal* to two right angles, and that AGH, B(rH are also 
equal* to two right angles, iliercfore the angles AGH, BGH 
arc equal t to the angles J»iH, GHD; take away the common 
angle iUill; tliereh^rc the ren.aining angle AGII is epnil t to 
the remaining angle GHD; and lliey are alternate angles ; 
therefore AB is parallel + to CD. Wherefore, if a straight line, 
&c. 0 - />. 


IMlOrOSITION XXTX. 

TiiKOtt.— Jf a sfraight line fall vpo7i imo parallel st 'aight 
lines, it makes the alternate angles equal to one another; 
and the exterior angle equal to the inlerior arid opposite 
upon the same side; and likewise the two bderior a77gles 
upon the sa7nc side iogclher equal to two right angles^ 

Let the straight line £F full upon the parallel straight lines 
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AR, CD : the alternate angles AGII, GIID shall be equal to one 
another; and the exterior angle EGB shall be equal to the in¬ 
terior and onpositc, upon the same side, 

GIID; and the two interior angles BGH, 

GllD u^on tiic same side, shall be together 
equal to two right angles. 

I or if A(iII be not equal to GIID, one 
of them must be greater than the other;' • 

• let AUll be the gresftcr; and because the 
an^le AGH^is greater than the angle GHD, add to each 
of them the angle BGD ; therefore, the angles AGH, RGIl 
arc greater t than the angles BGIl, (illD ; but the angles 
AGH, BGIl are equal* to two right angles; therefore the 
angles BGH, <iHT) are less than two right angles : but those 
straiglit lines which, \vith another straiglit line falling upon 
llicin, make the interior angles on the same side less than 
two right angles, will meet * tog(»ther if continually produced; 
therefore the straight lines AB, Gl), if produced far enough, 
Mull meet: jjat they never meet, since they arc parallel bv the 
hypothesis; therefore the angle AGII is not unequal to the 
angle Gill), that is,idt is equal to it: but the angle AGH is 
equal * to the angle EGB ; therefore likewise EGB is equal + 
to (i'lil): add to each of these the angle BGIl; therefore the 
angles EGB, BGH arc equal t to the angles dGII, GIID: but 
EGB, BGH aij; equal* to two right angles; therefore also 
IBtII, (;hd are (^ual f to two right angles. Wherefore, if a 
straight line, ^:c. Q. e- ^ 

PROPOSITION XXX. 

Tukou.— Slrni^ltl lines which are parallel to the same slraignt 

tine, are parallel to each other* 

Let AB, CD be each of them parallel to EF: AB shall be 
parallel to CD. 

Let the straiglit line GlIK cut AB, KF, 

CD: and because GHK cuts the parallel 
straight lines AB, KF, the angle AOII is 
equal* to the angle GHF- Again, because 
the straight line GK cuts the jiarallel 
straight lines EF, CD, the angle GHF is equal* to the angle 
GKD; and it was sliewn^ that the angle AGK is equal to the angle 
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KUCLll/s KLKAfJi^NTS. 

GIIF ; therefore also AGK is equal + to OKI) : and they are 
alternate angles ; therefore AB is piirqllcl * to ('J>. Where- < 
fore, straight lines, &c. g, k. i). ^ 

' PROPOSITION XXXI. . 

0 

Pkoh.— To draw a straight fiaCy through a givcfi point, pa* 

t fallt’l to a gwen straight line. 

« 

Let A 1)0 the given pointj and B(I the given straight line ; 
it is required to draw a straiglit line througL the point A, 
parallel to the straight lino 14C!. 

In lie take any point I), and join AD ; 
and at the point A^ in the straight line AD, 
make* the angle DAK equal to the angle 
ADC; and jjroduee ihe straight line KA to 
F : EF shall be parallel to BC. 

llecause the straight line AD, which meets the two straight 
lines BC, KF^ makes the alternate angles t^AD, AD(’ equal to 
one an(»ther, KF is parallel * to BC. Tlierefore the strafj^ut 
line EAF is drau n througli the given poiiit A, j)ar;ulel to the 
given straight line BC- Which was to be done. 

1 PKOPOSITION XXXI t, 

ThkoK-— IJ' a side of ant/ triangle he jmtdvc^ed, the exterior 
angle is equal to the two interior and opjxisitc angles ; and 
Ihe three uderior angles of evert/ triangle arc equal to two 
right angles. 

Let ABC be a triangle, and let one of its sides BC be pro¬ 
duced to D; the exterior angle A(*D shall be equal to the two 
interior and opposite angles CAB, ABC ; and tlie three viterior 
angles of the triangle, viz. ABC^ BCA, CAB shall together be 
equal to two right angles. 

Through the point C, dra\^ CK pa¬ 
rallel ^ to the straight line AB: and 
because AB is jjarallel to CK, and AC 
meets thejn, the alternate angles BAC, 

ACE are* equal *. Again, because AB 

is parallel to CE, and BD falls upon them, the ""exterior 
angle ECD is equal t to the interior and (vp|M>site angh; 


A 




B D C 
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ARC: but the angle ACE was shewn to l)e equal to the 
angle BAC ; therefore Jlic \vIiolc exterior angle ACD is equal t t 2 Ax. 
to the twe interior and o])positc angles CAB, ABC: to each 
of these equals adil the angle At'B ; and the angles ACD, 

A<*B ar^eqn^l + to the three angles CBA, BAVl, A('B ; but the f 2 Ax. 
angles A(J1>, ACB are equal * to two right angles ; therefore * 1;3. i. 
also the angles CBA, 15AO, ACB are equal + to two right f * 
angles. Wherefore, if a side of any triangle, &c. Qg E, d. 

• (^>r. 1. All the interior angles of any rectilineal figure, 

lojjetlior witi four right angles, are equal 
to twice as niuny riglit angles as the figure 
has sides. 

For any rectilineal figure ABCDE, can be 
dividi'd into as many triangles as the figure 
lias sides, by drawing straiglit lines from a 
])oint F within the figure, to each of its angles. And, by the 
]>rece(ling projiosition, all the angles of these triangles arc 
equal to twice as many right angles as there are triangles, 
tliat is, as there are sides of the figtire: and the same angles 
atf equal to the angles of the figure, together with the angles 
at the ]K)iiit F, whic^i is the common vertex of the triangles ; 
that is together with four right angles. Therefore all the * o Cor. 
angles fif the figure, together with four riglit angles, are equal 
to twice as many right angles as the figure Irrs sides. 

C^OR. 2. All the exterior angles of any rectilineal figure arc 
together equal \oi four right angles. 

Uecause evxTy interior angle ABt^with its adjacent exterior 
ABl), is equal* to two right angles, there- * FJ- I- 

fore all the interior, together W'ith dll the 
e^fcterior aufpes of the figure, are equal to 
twice as many right angles as there are 
sides of the figure ; that is, by the fore- D 
going oorollary, they arc equal to all the 
interior angles of the figure, together with four right angles ; 
tliorefore all the exterior angles are equal to four right angles. 





PROPOSITION XXXIII. 


Tbk(?r.— The straight fiaes which join the cxiremifitss of two 
tquttl and parallel straight lines towards Ihe same parts, 
arc also tkcinselvcs equal and paralleL 
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Euclid’s elements. 


• 20 . 1 . 


• 4 . 1 . 

* 27 . 1 . 


• 20 . 1 . 
• 29 . 1 . 


Let ABj CD be equal and parallel straight linesj and joined 
towards the same 2 >arts by the stmight lines AC^, BD; AC, 
BD shall be equal and jjiirallel. 

Join B(": and because AB is parallel to 
CD, and BC meets them, the alternate an¬ 
gles* ABC, BCD are eq'ial: and because AB 
is equal to CD, and BC common to the two 
triuiigleij ABC, DCB, the two sides AB, BC 
arc equal to the two DC, CB, each to each ; and the angle 
ABC was proved to be equal to tlie angle BCf); therefore 
the base AC is equal to the base BD, and*'tlic triangle 
ABC to the triangle BCD, and the other angles to the other 
angles*, each to each, to which the equal sides are oj)j)osite : 
therefore the angle ACB is equal to the angle CBD; and be¬ 
cause the straight line BC meets the two straight lines AC-, 
BD, and makes the alternate angles ACB, CBD equal to (»ne 
another, AC is parallel to BD; and it was shewn to be equal 
Therefore, straight lines, Sic, v- n. 

PROPOiSITIO^ XXXIV. 

Theor. — 77ic oj}ptmfe sides and angles o] 'paralcUogratns arc 
equal lo one another^ and the diameter his(xts ihemy that is, 
divides them into two equal parts, i 

N.B. A panillelograni is a fcuir-sided figure, of wliicli tlic opposite sides arc 
j'aralkd ; and the diameter is the straight line joining two^d’ »ts opposite angles. 

Let ACDB be a jtarullelogram, of which B<’ is a diameter; 
the oi>posito sides and angles of*the figure shall be equal to 
one another, and the diameter BC shall bisect it. 

BecaUvSe AB is parallel to CD, and BC 
meets them, the alternate angles ABC, BCD 
arc equal* to one another : and Itecaiise AC 
is parallel to BD, and BC meets them, tlie 
alternate angles ACB, (*BD are iqaal* to 
one anotlier : wherefore the two triangle.s ABC, CBD liavc two 
angles ABC, BCA in the one, equal to two angles BCP, f’BI) 
in the other, cacli to each, and one side BC common to the 
two triangles, which is adjacent to their equal angles; there¬ 
fore their'\)thcr sides*are equal, each to each, and the third 
angle of the one, to the tliird angle of the other *, viz. the 
bide AB to the side CD, and AC to BD, and the angle BAG 
equal to the angle BDC : and because the angler ABC is equal 


A B 




* 26 . 1 . 
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to the angle BCD, and the angle CBD to the angle ACB, the 
whole angle ABD is cqnal+ to the whole angle ACD: and the 
angle BAC has been shewn to be equal to the angle BD('; 
therefijrjj the opposite sides and angles of parallelograms arc 
equal to one Another. Also, their diameter bisects them; for 
AB being equal to C^D, and BC comnKAi, the two AB, BC are 
' equal to the two DC, CB, each to cacli ; ami the angle ABC 
^has lAieii proved equal^to the angle BCD: therefore, the tri¬ 
angle ABC is^qual* the triangle BCD, and the diameter BC 
diA*ides the parallelogram ACDB into two equal parts. q,e,d, 

PROPOSITION XXXV. 

Thkou .—Parallelograms vpon Ihc same hase^ and bchrecn 
Ihe same parallels, are equal io one another, 

Jjot the parallelograms A BCD, EBCF be upon the same base 
BC, and between the same parallels AF, BC; the parallelo¬ 
gram ABCD shall be cqnal to the parallelogram KBCF. 
the sid<^5 AD, DF of the parallelograms 

DBCF, opposite to the base BC, be ter- A D F 
minuted in ihe same point D, it is plain that 
eacli of the parallelograms is double * of the 
triangle BDC ; and they are therefore equal + 
to one another. 

Jiut, if the%i(les AD, EF, ojipositc to the base BC of the 
parallelograms ABCD, ElU'F, be not terminated in the same 
point, then, because ABCD is a parallelogram, AI> is equal ^ 
to 1K; ; for the same reason, EF is equal to BC; wlicrefore 
Al> is equTil*^ to EF, and DE is common ; therefore the w'hole, 
or the remainder AE, is equal * to the whole, or the remain¬ 
der DF: AB also is equal t to DC ; therefore the two EA, AB 
are eqi^l to the two FD, DC, each to each; and the exterior 
angle FDC is equal * to the in¬ 
terior EAB : thereforti the base 
EB, is equal to the base FC, 
and th? triangle EAB equal * 
to the triangle FDC. Take the 
triangle FD(" from the trape- ^ 

zium «VBCF, and from the same trapezium take the •triangle 
EAB, and the remainders* are tHjual; that is, the parallelo¬ 
gram ABCD is.equal to the parallelogram EBCF. Therefore, 
])arallelognims upon the same base, &c. v- n. 
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KUCLIl/s KI.KMRNTri. 


PROPOSITIOiSI XXXVl 


i Hyp, 
* 34. I. 
f 1 Ax. 

t iiyp- 


* 33. 1. 

t Duf.34.1, 

* 35. 1. 


t 1 Ax. 


Thkoh.— Parallelograms upon equal bases, and behveen the 
same parallels, are equal io one anofht r. 

Let ABC1>, KFGIl be parallelograms _ 1 ) K _ Tl 

upon (‘tjual bases UC, F<¥j and between 
the same parallels All, lUJ: the jKind- 
Iclogram AllCD shall be equal to KF(iH. jj ^ (j f’ 

Join liB, <11 : and because BC is 
equal + to KG, and FO to* i:il, B(^ is equal to f KII ; and 
they aret ])arallcls, and joined towards the same j)arts by the 
straight lines BK, ClI: but straight lines which join the ex¬ 
tremities of equal and parallel straight lines towards the same 
parts, are themselves* equal and parallel ; therefore KB, IIG 
are both equal and ])arallel; and therefore EB('H is at parallel¬ 
ogram ; and it is equal* to A BCD, because they are upon tlie 
same base BC, and het\veen the same jiarallels BC, AH : for 
the like reason, the paralle]ogrt*m KFGH is equal to the suine 
EBCH: tlioreforethe parallelogram ABCD is equal t to EF(iJl. 
Wherefore, jiarallelograms, iS:c, v. k. d. 


Thkoh.— 


PROPOSITION XXXV;i. 

Triangles upon the same base, and between the 
same parallels, are equal to one another. 


t 2 Post. 
♦ 31. 1. 


f Def.34.1. 

* S5. J. 


*34.1. 


* 7 Ax. 


Let the triangles ABC, DBC be upesri E_A T)_ V 

the same base BC, and between the same \ /X\ / 

parallels AD, liC : the triangle ABC shall ^\l/ \/ 

be equal to the triangle DIU'. H C 

Produce t AD both ways to the points 
E, F; and through B, draw * BE parallel to CA; and through 
Vy draw CF parallel to BD: therefore each of the figures 
EBCA, DBCF, is a ■(* parallelogram; and EBt'A is\‘qual * to 
DBCF, because they are upon the same base BC, and Dctween 
the same parallels BC, EF ; and the triangle ABC is the half 
of the parallclt^ram EBCA, because tlic diameter A B bisects * 
it; and*-the triangle DBC is the half of the paralleljgram 
DBCF, because the diameter DC bisects it: but the halves of 
equal things are * equal; therefore the triangle ABC is equal 
to the triangle I)B<;. Wherefore, triai^les, &c. v* b. 
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TflKOR.- 


PROPOS^^fcN XXXVIII. 

Triangles vpoit equal bases, and between the same 
^mralleh', are equal to one another. 


LA the triangles AUr., DEF bo upon equal bases liC, EF, 
and between the same parallels BF, AD: the triangle A BC 
Miall Lv' ecjual to tlic^rianglc UEF. 

^Voduce f ^1) both ways to tlic points (i, II ; and through 
B, draw Bii pSrallcl * to CA, and through F, draw FJI parallel 
to ED : then each of the figures <iBCAj 
^KFH, is a + j)arallelograni; and they 
are equal * to one another, because they 
are ii])on equal bases B(’, EF, and be¬ 
tween tlie same parallels BF, GH ; and 
the triangle ABC is the half of the pa¬ 
rallelogram <}BCA, bei^iuse the diameter AB bisects it; and 
the triangle ^EF is the lialf of the parallelogram DEFH, be¬ 
cause the diameter DF bisects it: hut the halves of equal 
tilings are ^ eijual ; Aerefore the triangle ABC is equal to the 
tJaiigle DEF- Wherefore, triangles, &c. g. e. d. 



PIToPOSITION XXXIX. 

Tiieor.— Ktfual triangles ujxm the same base, atul upon the 

same side of il, are bctweeyi the ^avic jyaraUels. 

• 

Let tlic equal triangles AB(h DBC be upon the same base 
B<^ and iipofTthc same side of it: they shall be between the 
same ])arallels. 

Join AD: AD shall be parallel to BC. For if it is not, 
tlirough^the point A, draAv * AE parallel to BC, and join EC. 
Hic triangle ABC is equal * to the triangle EBC, because tliey 
are upon the same bdsc BC, and between the 
same jmrallels BC, AE : but the triangle ABC 
is equal A to the triangle DBC ; therefore also 
the triangle DBC is equal t to the triangle EBC, 
the greater tq the less; which is impossible; 
therefijirc AE is not parallel to BC- In the 
same manner it can be demonstrated, that no other line but 
AD is parallel tp liC ; AD is tlicrcforc parallel to it. Where¬ 
fore, equal triangles, g. e. o. 
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KUCLin'S ELISMENT^. 


*S1. 1. 

• 3H. 1- 

t Hyp. 
t i Ax. 


* 87. J. 


• 34. 1. 


PROPOSITION XL. 

X ' 

Theor. —Equal iriaiigles^ vpon equal haacjs hi the same 
straight line, and iomtrds the same parts, are between the 
same parallels^ 



Let the equal triangles AB(', DEF be 
upon equal bases IR', £F, in the same 
straight lino BF, and towards the same - 
parts; they shall be between the same 
parallels. 

Join AD : Al) shall be parallel to BC. P’or if it is not, 
through A, draw * AG parallel to BF, and join OF, The tri¬ 
angle ABC is equal * to the triangle GEF, because they are 
upon equal bases BC, EF, and between the same paraihds 
AG: but the triangle ABC is equal t to the triangle DEF; 
therefore also the triangle DEF is equal t to the triangle GEF, 
the greater to the less; which is inip<rsMble : therefore AG is 
not parallel to BF. And in the same mamict, it can be de¬ 
monstrated^ that there is no otlier parallel to it but AD ; AD 
is therefore parallel to BF. Wherefore, equal triangles, &c. 
g. E. D. 


PROPOSITION XLJ. 

Theor. —If a jiarallelogram and a triangle be upon the same 
base, and belween the same parallels, theparallelogravi shall 
he double of the triangle. 

Let the parallelogram ABCD and the triangle EBC be upon 
the same base BC, and bet^vecn the same parallels BC, AE : 
the parallelogram ABCD shall be double of the 
triangle EBC. 

Join AC : then the triangle ABC is equal* 
to the triangle EBC, because they are upon the 
same base BC, and between the same parallels 
BC, AE : but the parallelogram ABCD is double 
of the triangle ABC, because the diameter AC divides it into 
two equal * parts; wherefore ABCD is also double of the tri¬ 
angle EBC. Therefore, if a parallelogram, &c.‘ q. e. p. 

* a 

PROPOSITION XLII. 



Prob.— To describe a parallelogram that shall he equal to a 



in)OK T. rnor. xliit. ,'Jli 

• • 

^ivcfi Iriavglf^y (ind have one of its angles equal to a given 
rectilineal angle. 


L(*t Ab(’ ’)o th<i given triangle, and D the given rectilineal 
angle; it is required to describe a parallelqgram tliat shall he 
eqnul^fo tli^ given triangle AlU’, and have one of its angles 
equal to 1>- 

Jdsect* IM' in E, join AE, and at the point E, in the 
straight line EC, make ^ the angle (^EF equal to "T) ; and 
through A, draw ^ \FC ])ariillel to EC, and througli C, draw 
C^ parallel To EF ; therefore FE( 0 is u t parallch>grani. And 
because EE is eijual + to E(’, the triangle 
AI5E is equal * to the triangle A EC, since 
they are njuui equal bases EE, E(', and l>e- 
tweeii the same j»arallels E<', AG _; there¬ 
fore the triangle AIU^ is double of the tri¬ 
angle A EC: but the jiarallelogram FEC(i 
is likewise double ^ of the triangle AE(’, 
because the}' arc upc^n the same base EC, and between the 
same parallels EC, A(i; llicrefore the parallelogram FECd is 
efjual f to the triangle AIM’; and it has one of its angles 
CEF equal f to the gii'en angle D: t herefore, a jiarallelogram 
ri;rc has lH*en described equal to the given triangle AU(‘, 
liaA'ing one of its angles (’P^F equal to the given angle D. 
Wliich was to be de>nc. 
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♦ PROPOSITION XlillT. 

Tueou.— yV/e coniplemen/s^qf (he parallelograms whieli are 
ahout the ilhtmfter of am/ parallrlogrant, are eqnat to one 
another. ^ ' 

Lei Alien be a piirallolograin, of which 
the diameter is AC-; and Ell, OF paral- 
lelograihs about Ai\that /.v, through which 
A(’ passes ; and I5K,,KD the other paral¬ 
lelograms which make up the whole iiguro 
AlM l),#vhich are thorefort^ called tlic com- 
plenieuts ; the c<nnjdcment ItK shall be equal tt> the comjde- 
meut KD, 

Ueeause Ali<"D is a parallelogram, am^ A(’ its diamyter, the 
tvi.uio^e AB(’ is equal ^ to the triangle AOC. Again, because 1, 
EKllA is a parallelogram, the diameter of which is AK, the 



li G 



34 

t 34. 1. 


-(■ 2 Ax, 

•f 3 Ax. 


*i2. 1. 


• SJ. 1. 


• 29. 1. 


• 12 Ax. 


•43. 1. 

+ CoiJStr. 

4* 1 Ax. 

* 13. 1. 
f Constr. 

f 1 Ax. 


KUCLID’s Er.EM’=*NTS. 

triangle AEK is equal t to the triangle AIIK ; and for the 
same reason, the triangle KOC is equal to the triangle KFC- 
Tlicrcfore, because the triangle AEK is equal to th'^ triangle 
AEK. and the triangle KG<; to KF('-, the triangle AEK to¬ 
gether with the triangle KGC is equal to the triangle AllK 
together with the triangle KFC : but the whole triangle ABC 
was j)roved equal to tlie whole ADC ; therefore the remair'ing 
conipIei»cnt BK is equal + to the remaining complement KD. 
M^Kereforc, the complements. See, y. f. d. 


PROPOSITION XLIV. 

pROB. — To a gwen straight tine, to apply a parallelogram 
which shall he vipial to a given tria?iglc, and have one q/ iis 
angles equal to a given rectilineal (oigle. 

Let AB be tlic given straight line, and C the given triangle, 
and D the given rectilineal angle ; it is reqTiired to apply 
to the straight lino AB, a parallelograiif equal to the triangle 

C, and having an angle equal to I>. « 

Make* the parallelogram BEF(ir 

equal to^the triangle C, and having 
the angle EBO equal to the angle 

D, so that BE be in the same 
straight line with AB ; and pro¬ 
duce FG to H ; and tlirougli A, 
draw* All parallel to lUf or EF, and join IIB. Then, because 
the straight line HF falls upon the parallels AH, EF, the 
angles AHF, ilFE arc togetlier equal * to-two right angles ; 
wherefore the angles BllF, HFE are less than twewiglit angles ; 
but straight lines, which, with another straight line, make the 
interior angles upon tlic same side less than two riglit angles, 
do meet * if produced far enough ; therefore IIB, FE shall 
meet if produced; let them meet in K, and through K, draw 
KL parallel to EA or FH, and produce HA, GB to the pciints 
L, M : then llEKF is a parallelogram, of which the diameter 
is HK ; and AG, ME are parallelograms about 11 K ; und LB, 
BF are the complements ; therefore I^B is equal * to BF : but 
BF is equal f to the triangle C : wherefore LB is equal t to 
the triangle C : and because the angle GBE is equal * to the 
angle ABM, and likeuase + to the angle D, the angle ABM is 
equal f to tlie angle D. Therefore, to the straight line AB, 



i 
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the parallelogram LB is applied, equal to the triangle C, and 
having the angle ABS3 equal to the angle D. Which was to 
be done. . 

* ^ PROPOSITION XLV- ' 

pROR. — To describe a paraUelogra7n equal to a gtvcJi recti* 
lineal Jigurv^ and hainng an angle equal to a givfin recti* 
lineal angle. 

Let AB('I9 be the given rectilineal figure, and E the given 
rectilineal angle; it is required to describe a parallelogram 
equal to ABCI>, and having an angle equal to £. 

Join 1)B; and describe* the parallelogram FH equal to the 
triangle. ADB, and having the angle FKH equal to the angle 
K ; and to the straight line OH, apply * the parallelogram 
(iM equal to the triangle DBG, having the angle OHIM eqtial 
to the angle E: the figure FKML shall be the parallelogram 
required. 

Because the angle E is equal t to each of the angles FKH, 
the angle FKH is eq^alf to GIIM : add to each of 
tlu'se tht» angle KH^i; thenifore the angles FKH, KllG are 
equal t to the angles KH(i, OHM: 

but i^'KH, KIKr are equal* to two ^ jy F G L 

right ^Singles; therefore also KHO, V \ I I / 1 

(JHM are equal t to two right \ / V j 

uJigh's: and because at tlie point \J \ / j j 
H, in the straight line OH, the two B C K H M 
straight lines KH, HM, uj^n the 

opposite sides of it, make the adjacent angles equal to two 
right angles,11 is in the same straight line * with HM : 
and because the straight line IIG meets the parallels KM, 
F(}, the alternate angles MUG, IlGF* are equal; add to each 
of the.se.the angle IlGL ; therefore tlic angles MHG, IIGL are 
equalt to the angles HGF, IIGL: but the angles MHG, HGL 
are equal * to two right angles; wherefore also the angles 
IJGF, HGL are equal t to two right angles, and therefore FG 
is in tht same straight line t with GL: and because KF is 
parallel to HGt, and HG to ML, KF is parallel * to ML: 
and KM, FL jtxre t parallels ; whercfor (4 KFLM is 1- a pa¬ 
rallelogram: and because the triangle ABD is equal* to the 
parallelogram HF f, and the triangle BBC to the paral¬ 
lelogram GM / the whole rectilineal figure ABCD is equal f 

n 2 
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* 44. 1. 
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t 2 Ax, 

* 29, 1. 

t 1 Ax. 


* II. I. 

* 29. 1. 

f 2 Ax. 
*29. i. 
f 1 Ax, 
t 14. 1. 

f Coustr. 

* 80. 1. 

•j' Cnnstr. 
tDd:34.r 
f Constr. 
12 Ax. 
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* 3. 1. 

» 31. 1. 

+ I^f.34. 1. 

* 31. I. 

■f Constr. 

t I Ax. 


♦ J. 

f (\>llMi. 

t 3 Ax. 

* 31. 1, 
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to the whole parallelograni KFLM. Therefore, the paral¬ 
lelogram KFLM has been describetl eq'ial to the given rec¬ 
tilineal figure AIKJP, having tlie angle KKJM eqi. xl to the 
given angle K. Ayiiich was to be done. 

Con. From this it is iiKinifest, how, to a given straight 
line, to iqqdy a parallelogram, which shall liave an' angle 
equal to a given rectilineal anglt*, add shall be equal 'm a 
given ri'Ctilineal figure; viz. by apjdying * to the given 
straight Hue u paralleh^gnun equal to the^ first triangle ABl), 
and having an angle equal to the given angle. 


PllOPOSITiON XLVI. 


PnoB .—To dcxcT'ibe a stiuarc upon a given Mlraighl line. 

Let AB be the given straight line; it is required to de¬ 
scribe a square upon AB. 

From the point A, druAv ^ Af- at rigljt angles to AB, and 
make* AP equal to AB; through the ])oiut 1>, draw 1>K pa¬ 
rallel * to AB ; and througli ^ 5, draw Bli jiarallel to A: 
therefiuv ADKB is a f parallelogram : "dience Afi is equal * 
to 1>K» and All to HE: 1)ut BA U equal to 
Al> ; tlierefiire llie four straight Hues BA, 

Al), I>K, Kl. aiV ecpial f to one another,-and 
ilie parallehjgram ADIA5 is equilateral: like¬ 
wise all its angles :ir<‘ riglit angles ; for, sinee 

1 lie straight line A!) meets the ])arallelsA B, DP, _ JJ 

the angles BAD, ADK are equal ^ to two right 
angles: hut BAD In a f right an;le; therefore also ADK is 
a I' right ang](‘: hut the opposit'* angles of parallelograms* 
are equal ; llierefort' each of the ojqiosite angles ABK, BKD 
is a f right angle ; wherefore the figure A DKB is rectangular : 
aud it has been dnnoiistrated that it is cMpiilatere 1 ; it is 
therefore a -j sqiiau% and it is deseriljed njioii tlic given 
.straight line AIK Which was to be doins 

('oil. lienee, c;veiy jiarailel igrain that lias one riglit angle, 
li.H all its angles riglil angles. 


PitDPOSITION XLVII. 

/// ant/ 7dght-angled Irianglc^ the st/uarv jvhich is 
dcserihed npon (he .side suhlcndiitg fhe righl T/wg/e, is equal 
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to the squares described upon the sides which contam the 
right augie. 

Let ABC be ii rl^ht-iingled triangle, having the right angle 
nv\C': ihe square descril)ecl upon the side BC> shall be cqiial 
to tin? squares described iijkhi BA, AC, 

(^11 BC describe^ tlie square BDBC^; and on BA, AC, the * 4ti. I, 
squares GB, IfC ; and througli A, draw ^ AL parallel to BD, * !< 

or C'B, and join AB, FC. Then, because the angle BAG is a f t HyV* 
right angle,^ind that the angle BA(i is also a * right angle, the * 3o Doi. 
t\fo straight lines AC, AG upon tlie oj)- 
p<»site sides of A15, make with it at the C 

point A, the adjacent angles eqiial to 
two right angles : therefore CA is in 
the same stralijht line* with AG: for 
the same reasini, AB and AH are in the 
same straight line. And beeausc the 
angle BBC is equal t to the angle FBA, 
each of them being a right ^ angle, add 


H 


V' 






B 


/ 1 \ 


T> 




E 


It. 1. 


t 11 Ax. 
f 30 Dci: 


ty each the •angle ABC ; therefore the wliole angle BBA is 
equal * to the wlnde FBC: and because the two sides AB, * 5 Ax. 
BB are equal + to the two FB, BC, each to each, and the angle t Bof. 
BB-\ equal to the angle FBC, therefore the base AT> is equal* * 4?. 1. 
to thc^base Ftl, and the triangle ABl> to ih^j triangle FBC: 
luw the parallelogram BB is double* of the triangle ABB, *41. I. 
because they u»(' upon the same base Bl), and between the 
same parallels BB, AB ; and the square <iB is double of the 
triangle FBC, because these also are upon the same base FB, 
and between the siiirOe parallels FB, GC : but the doubles of 
equals ar€ 'i^ual * to one another; therefore the parallelo- * a 
gfani BB is equal to the square tJB. In the same inaiiiier, 
by joining AE, BK, it can be demonstrated, that the }iaral- 
lelograin CB is equal to the square IIC ; therefore the w'hole 
square BDE(^ is equal 1* to the two squares GB, IIC : and the f 2 Ax. 
square BDEC is described upon the straight line BC, and the 
squares GB, HC, upon BA, AC ; therefore, the square upon 
the sid|j BCi, is equal to the squares u}>on the sides BA, AC. 
Therefore, in any right-angled triangle, See. v- K. i>- 


puopBsrnoN XBv#n 


Theoh.— JJ the square described upou »^ue of' the sides of a 
truiNglCy be ^equat to the square^' x rdicd upon the other 
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two sides of il, the angle contained bi/ these two sides is a 
right angle. 

Let the square 4<?scribed upon BC, one of the sides of the 
triangle A Bt;, be equal to the squares upon thg oth«r sides 
BA, AC : the angle BAJ: sliall be a right angle. ' 

* 1 . 1 . From the point A, draw * AD at right angles to AC, and 

13. 1. make -j- »AD equal to BA, and join DC. Then, because DA is 

I'qual to AB, the square of DA is equal to the square of AB: 
to each of these add the .square of AC; therefor#, the squares 
f 2 Ax. uf da, AC are equal t to the squares of BA, 

* 47. ]. AC: but the square of DC is equal * to the 

f Constr. squares of DA, AC, because DAO is a+ right 

angle; and the square of BC, by hypothi'sis, 
is equid to the squares of JiA, AC; therefore the 
t 1 Ax. square of DC is equal f to the square of BC ; 

■ and therefore also the side DC is equal to the side BC, And 

f Constr. because the side DA is equal j- to AB, and AC common to the 
two triangles DA(:, BAC, the two DA, AC arc equal to the 
two BA, AC,, each to each ; anti the base DC has been proved 

* 8. 1 . equal to the base BC : therefore tlie angle DAC it. »equal * to 

t Constr. the angle BAC : but DA(; is a t right angle ; therefore also 

11 Ax. angle. Therefore, if the square, &c. i). 




THE 


ELEMENTS OF EUCLID. 


BOOK IT. 


i>EFiNrri(>N.s. 


1. Every righl-angh-d parallelogram, or rcctaii^e, is said io 
hf contained 67 ant/ two of the siraialit lines which contain 
one of the right 


A K 


13 


II. In every jfarnllclograni, any of the parallelograms about 
a (liaincter, together with the two coqp- 
pleinents, is culled a (Jnonion. ' Thus 
‘ the purallelogtam HG, together u^ith 

• the cobijJfleinents AF, FC, is the gno- 

* inoiij which is more briefly expressed 
' by the letters A<JK, or EUC, which 

^ arc at the opposite angles of the parallelograms which 
‘ make the gnomon/ 


llh 
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PROPOSITION I. 

TiiKORf:M.' — IJ' there be two straight Unes^ one of which is di- 
vided into any number of parts, the reclayigie contained by 
the two straight lines, is equal to the rectangles confained by 
the undivided line, and the several parts of the divided line. 

Let A and BC be two straight lines; and let BC be di¬ 
vided into any parts in the points 1>, E : the rectangle con- 





* n. j. 

* a. K 

* ai. 1. 

* 31. K 


J- Coit:>ti 
3t. 1. 


• 4(). 1. 

* 31. 1. 


t 30 Dcf: 


KUCLIDH KI,.EMENTS- 

taiiicd by the straight lines shall be equal to the reel • 

angle contained by A, BD, together with that contained by 
Ay UK, and that contained by A, K(?. 

From tin: point B, draw * BF at riglit 
angles to BC, and make BG equal * to A; 
and through G, draw * <iH parallel to 
BC; and through D, E, V, draw I>K, 

EB, C*1J parjillcl to BG ; then the rectangle 
BII is equal to the rectangles BK, 1)L', 

EH; but BIJ is contained by A, Bt, for it is contained by 
GBj BG, and GB is equal + to A ; and BK is coiitained by A, 
BD, for it is contained by GB, BD, of wliicli GB is equal to 
A ; and DL is contained by A, 1)E, because HK. that is ^ BG, 
is equal to A ; ami in like manner llic rectangle Ell is con¬ 
tained hy A, EC : therefore the rectangle contained by A, 
BC, is equal to the several rectangles contaim'd i>j A, BII, 
and by A, OE, and by A, E<', Wherefore, if there be two 
straight lines, &c. v* r;. x>. 

PK0P08ITJ0N Jl. ^ 

Tjihor ,—If a straiizhf line hv divUlcd inio (nnf tfvo parts^ Ihv 
rvclaitgies contained 6// the ndiole and each of the parti^arc 
iti^vlhcr vipuil to the faptare of fhc ivhvde line. 

Bet the straight line AB he divided intl^ nny tno parts in 
the point i: : the rectanghi c*intained hy AP., BC, togetlua* 
with the rectangle .j: AB, A<', Jiall lie equal to the srpiare 
of AB. 

Upon A B describethe square ADEBj and* A _C ^ 

through C, draw * CF, parallel to Al) or BE; 
tluui AE is equal to the rectangles AK, CIB* 
but AE is the square' of AB; s»iid AK is the 
rectangle contained by BA, AC, for it is con- 1)* F E 
tallied by DA, At:, of which AD is equal + to 
AB ; and CE is contained by AB, UC, for BE is equal to AH: 
therefore the rectangle contained by AB, AC, together with 
the rectangle AB, JpC, is equal to the square of AB. If, there¬ 
fore, a straight line, &e. g. jy. d . 

1 N.B.—To dvoul ifjieaUng t!ic wool cuHlaotitf too lierjiiontly, tin: loct- 
rttigle contatriod by two btrai^ht lines AB, AC is .somctuuc'B bHm»Iy callcU lUc 
itfctarigie AB, AC. 


D. T> K C 

^ "kHl" ir 
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PPOPOSTTION ITT. 

Tueor. —If a siraigkl line he divided hdo any twoparls^ the 
reclafi^lc coniained hy the whole and on(p of (he parts, is 
c<jU({^ (o ///? reclan^le coniained by the (wo j)ar(s, (ogcthvr 
with the siptare of the aforesaid pm i. 


Jjot the straight lino AB be clividctl into any two parts in 
•tlie ]>oint (’; tlie n^etangle AT?, PC shall be equal to the 
n'Ctangle ATi| t;il, logt'ther with the square of BC. 

1U-, describe* the square (-DKB, 
ami produce I-1) to V; and through A, 
draw AF parallel to CD or BB : then the 
ivctangh* AB is equal to the rectaiigh's 
Al>, (’B: but AlC is the rectauj^le con¬ 
tained by AB, BC, for it is contained by 
ABj Itl'h of which BK is equal + to BC ; and AD is coattiincd 
l>y AC, t’B, for ( 1) is equal to ( B ; and DB is the square of 
Be : lliiTcfon' th(‘ rectangle AB, B(' is e<pial to the rectangle 
CB, together with the square of B(’. If, therefore, a 
straight liiiC, ^c. t*. n. 



PllOrOSITIDN IV. 




Tiikok.—//* a straight line he divided into any (wo parts, the 
siptnre of (ht jvhole line is eqiwi to (he sipiarcs of (he two 
parts, /ogc/Z/rr with twice the rectangle contained by the 
parts. 

Tjt't th^ sjjjaight line AB be divided into any tw'o |?arts in 
C'> the square of AB shall be equal to the squares of AC, 
CB, ami to twice tl»e rectangle contained by A(', <;B. 

Upon AB, describe * the square A1>EB, ami join BT); and 
tlirough C-, draw* CGF parallel to AT) or BFh and through 
(jI, draw ilK parallel to AB or DE. xViid be- ^ C B 
causi* (’F is parallel T* to AD, and Bl> falls 
upon them, the exleritir angle BUC is equal * 
to the interior and opposite angle ADB ; but 
ADB is equal * to the angle ABD, because 
BA is equal to AD +, being sides of a sqyaro ; 

Avhenifore the angle COB is equal + to the angle CIWi; and 
therefore the side BC is equal* to the side C(i; but CB is 
equal* also to (*K, and (^O to BK; wherefore llie tigure 
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dU. 1. 
* SI. 1. 
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* 40 . 1 . 

* 31. J. 

t Constr. 

* 20. 1. 
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t 1 Ax. 


t 29. 1. 
t 30 Def. 
t 3 Ax, 
*31-. 1. 
and ] Ax. 

t 30 Def. 


t 34. I. 


• 43. I. 
t 30 Def. 
t 1 Ax. 


1 .^x. 


• 4G. 1. 

* 31. 1. 


' 43. K 
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;EUCLlUd ELEMENTS. 

CGKB is + equilutoral: it is likewise rectiinguLir; for, since 
CO is parallel to BK, and CB meets them, therefore the angles 
KBC, OCB are equal + to two right angles: but KBC is at 
right angle; wherefore GCB is a t right angle: and there¬ 
fore also the angles * COK, OKB, opposite to t^iese a^e right 
angles; and therefore' ('OKB is rectfingular; but it is^ also 
equilateral, as was demonstrated ; W'hercfore it is a t square, 
and it IS upon the side CB : f(»r the same reason IIV also is 
square, and it is upon the side HO, whfch is e<;jiial f to AC’: 
therefore HF, CK arc the squares of AC, CB: and because che 
coinplement AO is equal* to the comjdement OB, and that 
AO is the rectangle contained by AC, CB, for (JC is equal + 
to C-B, therefore GE is also equal t to the rectangle AC, CB, 
wherefore AO, OE are equal to twice the rectangle AC, CB ; 
^and HF, CK are the squares of AC, CB; wherefore the four 
figures HF, CK, AO, OE arc equal to the squares of AC’, C’B, 
and to twice the rectangle AC^, CB: but HF, C'K, AO, OE 
make up the whole figure ADEB, which is the square of AB : 
therefore the square of AB is equal f to the squares of ^C, 
CB, and twice the rectangle AC, CB. Wherefore, if a straight 
line, &c. Q. js. i>. * 

Cou. From the demonstration it is manifest, that paral¬ 
lelograms about the diameter of a square arc l^ewise 
squares. * * 

PROPOSITION V, 

Tiieor.— IJ a straight line be divided into two equal parts and 
als^into two unequal partSy the rectdnglc vontained by the 
unequal par Isj together with the square of' liK line bettveen 
the points of secliony is equal to the square of half the line. 

Let the straiglit line AB be divided into two equal parts 
in the point C, and into two unequal parts at tin* point I>: 
the rectangle Al), DB, together with the square of CD, shall 
be equal to the square of CB. 

Upon CB, describe * the square CEFB, 
join BE: and through D, draw * DHG 
parallel to CE or BF; and through H, 
draw KLM parallel to CB or EF; and 
also through A, draw AK parallel to 
CL or BM. And because the complement CJH is equal • to 
the complement HF, to each of these add DM,; therefore the 
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whole CM is equal t to the whole DF: but CM is equal * f 2 Ax. 
to AL, because AC is'equal t to CB ; therefore also AB is | * 

equal t to DF: to. each of these add CH, and the whole ^ \ Ax. 

All is equal + to DF and CH: but AH is the rectangle f 2 Ax. 
contained by flD, DB, for DH is equal * to DB ; and DF to- * Cor. 4^. 2, 
gethcr with CH is the gnomon CMC ^ therefore tlie gnomon ^ 

CMO is equal + to the rectangle AD, DB : to each of these add t * 

1A4, \vhich is equal * to the square of CD; therefSre the * Cor. 4.2. 
^iionio/i CMC, togeth ir with DC is equal t to the rectangle ^ ^ 

ADj DB, t<»^ther with the squa^ of CD ; but the gnomon 
CMC and LG 4nake up the whole figure CKFB, whicli is the 
square of <'B ; therefore the rectangle AD, DB, together with 
the square of CD, is equal to the square of C-B. Wherefore, 
if a straight line, ^fec. o. e. n. 

From this proposition it is manifest, that the difference of 
the s([uares of two unequal lines, AC, CD, is equal to the rect¬ 
angle contained by their sum and difference. j • 

. - :::: ^ ^ 

^ ♦ PROPOSmON VI. 


Tiieor.— If a strai^il Unc he bisected, and produced to any 
po^il^ ike rcciangte. contained hy ike whole line thus pro^ 
duc(^, and the part of it produced, iogeiher with (he square 
of half the line bisected^ is equal to the square q}' the straight 
line fvhich is vuidc up of the half and the part produced^ 


Let the straight line AB be bisected ill C, and produced to 
the point D: the recVmgle AD, DB, together with the square 

L 

1 . 

draw KLM parallel to AD or KF; and 

also through A, draw AK parallel to Cli G F 

or DM. And because AC is equal t to t Hyi*- 

(’B, the rectangle AL is equal * to CH ; but CH is equal * to * S<5. I. 

HF ; tliereforc also AL is equal -|- to IIF : to each of these add ^ j^^x' 

CM j therefore the whole AM is equal + to the gnomon CMO : -f- 2 Ax. 

but AM is th? rectangle contained by DB, fox^ DM is 

equal to DB : therefore the gnomon CMG is equal t"to the 

rectangle AD, DB : add to each of these LG, which is equal t ^ | Ax. 

to the square of CB : therefore the rectangle AD, DB, to- f C’or, 4. 2. 
^ % and 34. 1. 


of CB, shalj b^equal to the square of CD. 

^^j)on CD, describe* the square CKFl), 
j(»jn DE ; and tlirough B, draw * BUG 
parallel to CE or DF ; and through II, 
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t 2 Ax. 


10. I. 
I:!. I. 


f 1 Ax, 

* Cor. t. 2 
A 3m l)tj 

t 1 Ax. 

t Cor, -1. 2 

\ 3 A-. 1. 

t ri" X. 


KUriAD's KJ.EiilKNTS. 


getlicr with the square of CB, is equal t* to the gnomon CM(i, 
and the figure li(i: but the gnomon iJM(r and IjG makeup 
the u'hole figure (’EFD, uliidi is the square of (’if; therefore 
the rectangle Ad), 1)11, together U’illi the square of CB, is 
equal to the square of Cl). Wherefore, if a strf^iglit'Iine, c\:c. 

y. i:, D. 

i 

PROPOSITION VJI. 


Theor.— If a siraighf line he divided any iiro parfs^ ihc 
stjiiarcs of the vdiole ///at, and of one of the pf(r/s\ arce(ptal 
io helcc ihc rectangle, contained by the leholc and that parly 
u'ilh the tiipiare of the other part. 


Ar~ 


C 


c 


Let the straight lino All be divided into any two parts in 
the point C : the squares of AH, IIC sliall be equal to twice 
the rectangle AH, JK’, 1og(Ahcr with llie square of AC. 

Upon AH, describe tlie square ADCH, and construct tlic 
figure as in the preceding propositions. And bi*eaus4' AO is 
equal* to (iK, add to eaeli of tiaan i K ; therefire llie whole 
AK is equal to the whole ('E ; tlna’efijrc AK, Cl'^ are doubK *(»f 
AK ; hut AK, CE are the gnomon AKF, to¬ 
gether witli the square CK ; t]ie*'cfore tlie 
gnomon AKF, togetluu' vcith the square CK, 
is‘t double of AK: but twice the rectangle 
. AH, P»C is double of AK, for HK is equaU to 
H<;; therefore the gnomon AKF, logotlier 
with the square CK, is equal t to twice the rectangle AH, HC: 
to each of these equals add IIF, which is <*<|ual t to the square 
of AC; thendbn; the gnomon AKF, t(»g0tl.X'r wdth the squares 
CK, JIF, is equal + to twice the n*ctangle, AM, ilC, and the 
square of A(:; hut thegnoimm AKF, t(»gether with the sejuares 
(JK, IJF, make u}> the whole figure ADEB and CK, wdueh are 
the squares of AH and HC; ; tlierefore the squares of AH and 
HC are equal to twice the rectangle AH, HC, together with the 
square of AC. AVlierefore, if a straight line, ike* y- E. o. 
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PROPOSITION VIII. 

0.m 

Tueoh.— If a ^itrai^hl line he divided into any two parts^ four 
lintes the rectangle contained, by the ndiolc line and one of 
the pariSj together w’i/// the sijnare of the other part, is equal 
io ihc square of the straight line which is made np of Ihe 
whole and that part. 



PROP. vni. 


Let the straight line AB he divided int<i any two parts in 
the point C : four times the rectangle AB, BC, together witli 
the square '»f At:, .shall be equal to the square of the straight 
line made up of AB*and BC togj;thcr. 

Produce t AB to 1>, so that BD be equal + to CB ; and upon 
AD, deweribe T the square AEFl); and construct two figures 
such as ill the jirecedir^p. Because (^B is equal to BD, and 
that (;B is equal * to DK, and BD to KN, therefore, (jK is 
4 'qual *t’ to KN : for the same reason, PU is equal to RO : a id 
ht^cause CB is^equal to BD. and OK to KN, the rectangle CK 
is (tpial ^ to BX, and (Hi to RN : hut CK is equal**' to RN, 
heeause they are the coinjdcincnts of the parallelogram CO ; 
tliercforc also 1>N is equal f to OR; therefore the four rect- 
iTngles BN, CK, (Hi. KN arc equal to one another, and so are 
quadnijde of one of them CK, Again, because CB is equal to 
BD, ami tliat BD is equal to BK, tliat is+, 

toCfCaiul CB etpial + to (irK, that is t, to (jP, A_C_BB 

therefore C(« is iMjual t to (;p ; and heeause 

C(t is equal to OJ% aud j*R to UH, the ri^et- X- 

au^le A(i is lijua! i‘ to JMJ*. ami Pli to HI': 
but MP is jspi.il'■ to Pli, b(*cause they an* IILP 

lh<* complements of t^ie p^lralIelogram ML ; 
wherefore AC is e<jual f also to ilK ; therefore tlie four rect¬ 
angles AC, iMP, PL, RF lire equal to one aiii»tl^cr, and so arc 
quadruple of one of tliom AC, Aud it was demonstrated that 
tliC four CK, B<V, (Ht, aud RN are qnadrujilc of CK: there¬ 
fore the eight rectangles which contain the gnomon AOIl, are 
qnadrnjile of AK : and because AK is flic rectangle contained 
by AB, BC, for BK^ is equal to BC, tlierefore four limes the 
ri'clangh' jfB,'^c, is (piadruple of*AK: but the gnomon ADIJ 
was deimuistrated to b<; quadruple of iVK ; tlierefore four 
linu's the rectangle AB, BC, is equid + to the guoinon AOH : 
to each of these add Xll, which is equal ^ to t he square of 
A<’ ; therefore four limes the rectangle AB, BC, together with 
tlic square of AC, is ^(pial f to the gnomon AOll and the 
square XII : but the gnomon AOll and XII make up the 
figure A^H'D, which is the square of AD ; tlierefore four times 
ilu' n'claiigle AB, BC, together with the square of AV, is equal 
to the square of AD, that is, of AB and IW added together in 
one straiglit line. Wliereforc, if a straight line, f- d. 

I Because BN is a t square, therefore BK is equal f to BD : but BD is 
equal ( to BC ; thorofore BK i.s equal f to BC. 
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KlTCLin's ET.KUHNTS- 
PROPOSITION IX. 

Tiieor. —If a sirm^rhi line he dhnded into inu) equal, and also 
into Uvo unequal parts, the squares of the two unequal parts 
are together double of the square of half the line, qnd of the 
square of the line betnwen the pobits of section- 

j 

Let the straight line AB he divided into two equal pj “ts at 
the point C, and into two unequal parts at the point 1): the 
sqtiaros of AD, DB, shall togctlier be double of the sqiuires of 
AC, CD. / 

From the point C, draw* CE at right angles to AB, and 
make it equal t to AC or CB, and join EA, EB * through D, 
draw * DF parallel to CE ; and through F, draw FO parallel to 
BA ; and join AF. Then, because A(' is equal to CE, the 
angle EAC is equal* to the angle A EC; and heeause the 
angle ACE is a right angle, the two others AEC, EA(' t*>- 
gellier make one * right angle ; and they are equal to one an¬ 
other ; therefore each of them is half of a right angle. For 
the same reason, eacli of the angles CF!b, EBC is half a right 
angle, and therefore the whole AEB is a right 
angle. And because tlie angle GEF is ^alf 
a right angle, and E(JF a right angle, for it 
is equal * to the interior and i>p]>osite angle 
ECB, the remaining angle EF(i is lialf a right 
angle; therefore the angle GEF is equal to 
the angle EFG, and th<! side E<J equal ^ to the side <fF. 
Again, because the* angle at B is half a right angle, and FDB 
a right angle, for it is equal * to the interior and opj)osite 
angle ECB, the renjaining angle BJ'D is half aright angle; 
therefore the angle at B is equal to the angle JiFD, and the 
side DF to * the side DB. And because AC is equal to CE, 
the square of AC is equal l(» the square of CE ; therefore the 
squares of AC, CE are double of the square of AC: but the 
square of AE is equal * to the squares of AC, CE, because ACE 
is a right angle ; thenrfore the square of AE is double of the 
square of AC: again, because EC is equal to GF, the square 
of EG is equal to the square of GF; therefore the squares of 
E<l, (iF are double of the square of GF: hut the square of EF 
is equaht to the squares of EG, GF; therefore the square of 
EF is double of the square of GF; and GF is equal * >to CD ; 
therefore the square of EF is double of the square of (’D : but 
the square of AE is likewise double of the square of AC; 
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tliercfore th(? squares of AE, EF are double of the squares of 
j ACj CD: but the squar,e of AF is equal * to the squares of 
AE, EF, bemuse AEF is a right angle; therefore the square 
of AP' is double of the squares of AC, CD: but the squares of 
AD, DF arc cqjial to the square of A¥, because the angle ADF 
is a riglrt angle; therefore the squares of AD, DP' are double 
of thq^squares of A<^ CE : and DP' is equal to DU ; therefore 
the squares of AD, DU arc double t#f the squares of AC, CD. 
if, therefore, a straiglit line, &c. v* d. ^ 


PROPOSITION X. 


Tukor .—Jf a straight line be bisected, and produced to any 
point, the sipmre of the whole line thus produced, and the 
square of the part of it produced, are together donblv of the 
square of half the line bisected, and of the square oT the 
tine made up of the half and the pari produced. 


Let the straight liue*\U be bisected in C, and produced to 
th%point D: ^he squares of AD, DU shall be double of the 
squares of AC, CD. 

From the point (< Sraw * ('E at right angles to AB, and 
make ^ it equal to AC or CU, and join. AE, EU; through E, 
draw* MV j)arallel to AU; and through D, driyv DP' parallel 
to ('Ph And becanso the straight line P]P' meets the parallels 
EC, P'D, the angh's CEP', P-P'D are equal * to tw'o right angles ; 
and therefore the angles BP]P', EP'D are Jess than two riglit 
angles: but straight lines, wljich with aimthcr straight line 
make the interior mi^les upon the same side less than two 
* right angled, \fill meet * if produced far enough ; therefore 
PjU, P'D will meet, if produced, towards U, D; let them meet 
in O, and join A(E Then, because AC is equal to CE, the 
angle C-EA is equal * to the angle EAC; 
and the angle ACE is a right angle; 
therefore each of the angles CEA, EAC 
is half* a right angle. For the same 
reason, each of the angles C'EU, EBC is 
half a right angle ; therefore AEU is 
a right angle. And because EBC is half 

a right ^angle, DBD is also* half a right *angle, for they arc 
, vertically opposite: btit BlXi is a riglit angle, because it is 
equal * to the alternate angle DCPi; therefore tlie remaining 
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angle DOB is half a right angle, and is thercfi>re equal to 
the angle DB(t ; wherefore also the side BD is equal * to the 
side DO. Again, l>ecausc EG F is half a right angle,/axul that the 
angle at F is a right angle, because it is equal * to the op¬ 
posite angle EOD, the remaining angle FK(J is hijlf a right 
angle, and tliereforc equal to the angle E(jrF ; wliero^ore also 
the side 0¥ is equal ^ to the side FE. And because* .EC is 
equal ,to CA, the square of EC is equal to the stpiare uf ( A ; 
therefore the squares of EC, CA are ^louhle of the s(p:iro of 
CA ; but the square of EA is equal 'to the squares of EC, 
CA; therefore tlie square of EA is double of tlie squtiii* of 
AC ; again, because tlF is equal to FK, the square of (iF is 
equal to the square of FE ; and therefore the squares of (iF, FE 
are double of the square of EF : hut the square of E(i is 
equal ^ to the squares of (tF, ; therefore the sijuare of E(i 
is double of the square of KF ; and EF is equal t to Cl) ; 
wherefore the square of E(; is double of tlie squan* of (U); 
but it was demonstrated, that the square of KA is douhh* of 
the square of AC ; thereftnv the s(piales (»f AE, Eti are double 
of the squares of A(^, ('D: but tlie square of AG is equal.^ to 
the squares of AE, EG ; therefore the square of ^A<i is double 
of tlu; squares of AC, CD: hut the squares of AD, (il> are 
c'qual ^ to the. square of AG ; therefore the squares of AD, DC* 
are double of the squares of AC, Cl): hut IXJ is eqm ] to DIt; 
therefore llie squares of AD, DB an* dduhle of the squares i»f 
AC, CD. Wherefore, if a straight line, &c. • v* e. j>. 

* 

PKOFOS! TION XL 


Pj:onLEM.— To tliouJc a^girm .straight I'nir-inio tiro parts, 
so that the rcciaagle vontahml hi/ the v'hoh' anti otfe of 
the jtarLSi shall he equal to the square of the other pari. 


Tjct AB he tin* given straight line ; it is required to divide 
it into two parts, so that the rectangle contained by the whole 
and one of the parts, shall he equal to the square of the other 
]mrl. L 

Upon AB, descrilie'^ the square ABDt'; hi seel ^ AC in E, 
and join BE ; proiliice CA to F, and make * EF equal to EB ; 
and upon AF describe* the squan: FOIiA : AB shall he di¬ 
vided in H, so that the rectangle AB, Bll is equal to thc^ 
square of AIL 
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Produce to K : ami because the straight line AC is bi- 
*Nccted in K, and produced to the point F, the rectangle CF, 
FA, togetlier with the square of AE, is equal * to the square 
of EF: but KF is equal t to EB ; therefore* 
the rectangle *rF, FA, together with the 
square of AE, is equal to the square of Eli; 
but tlie squares of BA, AE are equal * to the 
sfjuare of EB, because the angle EAB is a 
right angle ; therefore the rectangle CF, FA, 
together with tile square of AE, is equal to 
tlie squares of BA, AE ; take aw'ay the square 
of AE, wliich ie. common to both; therefore the reinainiiig 
W'Otungle CF, FA is equal + to the square of AB : but the 
figure FK is the rectangle contained by <’F, FA, for FA is 
eqtial + to FO ; and AD is the square of AB ; tl»erefore FK 
is equal t to AD : take away the comimm part AK, and llic 
remainder FIl is equal + to the remainder HD. but HD is 
the rectangle contained oy AB, lUl, for AB is equal t to J5D ; 
au4 FH is the ?.qnare of All ; therefore the rectangle AB, BII 
equal to the square of AH. vVliorcfore, the straight line 
AB is divided in H, so that, the rectangle AB, BH is equal to 
tin' siyiare of All. Which was to be done. 

IMOPOSITION XII. • 

' •, / 
Tijkou .—Iff ohfuftc^an^h'd (ruui^lvs, if a perpemVuular hv 
drawn fnnn cilher of fhe acute angles to the opposite side 
produced, the .sipHU'e of the side subtending the ohiusc n/zg/e, 
is greater than the stjuares of the sides containing the ohtuse 
/n/ tificc the rectangle contained by the side upon 
which, Uihev pyoduced, tlie perpendicular falls, and the 
straight line intercepted without the triangle, heiween the 
perpendicular and the ohtuse angle. 

Let ABC be an obUise-nngled triangle, liavuug the obtuse 
angle ACB ; ami from the point A, let Al) be drawn ^ })er- 
pimdicuUr to BC pnalucod : the square of AB 
shall be greater than the squares of A(’, CB, 
by twice the rcctongle B<’, CD. 

Because the straight line BI> is divided 
, into two parts ill the .point (\ the square of __ 

Bt> is equal * to the squares of 1U\ <'D, ami BCD 
twice tlie rectangle BC, CD ; to each of iluvse ecpials udt! tlie 
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square uf DA ; therefore the squares of BD^ DA are equal i* 
to the squares of lU^ CD, DA, mid twice the rectaiij^lc' 
B(\,CD: but the square of UA is eq\iul * to'^llie squares 
of 15D, DA, because tlie angle at D is a rlglit angle; and the 
square of 1'A is equal ^ to the squares of < D,-DA ^ therefore 
tlic square of BA is equal to the squares of lU', CA, and twice 
the rectangle TH\, (’D ; that is^ the square of J5A is greater 
than ;he squares of B(’, <'A, by twice the rectangle B( , ( D. 
Wiereltue, in olituse-angled triangles, ^^c. v. t>- 


Scf' X. 


PBOrOMTlON XIII. " 

IhiKon —Ifi even/ inan/ile^ (he Sf/fftfre af (Jh' sitie MuhleiitUi\ii 
eUher uf (he r/wg/e.yj /.v /e.s v than the fitjnares of (he 

.\7f/e,v conttunin/s (hat augte^ h/ (jvtre (he rectangle contained 
ly/f either oj these .sides'^ (fud the strai**ht line intercepted 
(n tween the per/}endlrnhfr lei fait njmn itJ)'oyn the opposite 
antxlvj and the aeide anule. 
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Let AIU' be any triangle,, and tlie angle a! B one (u'-its 
acute angles; and upon B(’, one of llic bide.^ containing it, 
let fall the ]»erjR*iKlicular ^ AD from the o])])osit(? auglt*; tlie 
square of A(’, o]ipo*^ite to th** ;nigl(‘ B, shall lawless tlian the 
squares (tf (’B BA, hy twice ilio nrtangle CB, BD. 

First, let AD fall witliiii the triangle ABC: and Ix'eau’^i' 
the straight line ( Bis divid<*d into tw*> parts in the jioint D, 
the squares of CB, lU) are equal ^ to twice 
the rectangle contained ])y (T, BD, and the ^ 

square of DC : to cacli of these equals add ^ /t\ 
the square <jf AJ); llicrefon; llie squares of . 

( B, BD, DA are equal f to twice tlie net- / 
angle CB, BD, and the squares of AD, DC: B D C 
hut the square of AB is equal ^ to the squares 
of BD, DA, because the angle BDA is a right single ; sind the 
square of A(' is equal to the squares of AD, DC.; thend’ore 
tlie stjuares of ( Ih r»A are eijual to the sqinire of AC, and 
twice the rectangle CB, BD ; tliat is, the square of AC aloins 
is less than the squares of CB, BA, liy twice the rectainde 
( B, BD. 

Secondly, let AD fall without the triangle ABC : then, be¬ 
cause the angle at D i^ a right angle, the angle A(:b is 
greater ■* than a right angle; and thendore the .«.qnan» of 
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AB is equalto the squares of At', i'W, and twice the rectangle 
*Ur, t’l): to eacli of these equals add the square of BC ; there¬ 
fore the squares of AI5, BC are equalt to tlie square of AC, 
ajid twice the square of BC, and twice the ^ 
rcctunirle liC, tfD : but because BD is di- 
vided into two parts iu the rcctai'ijle, 

T>B, BC is equal ^ to the rectangle BC, CO 
and the squai’e of IU'; and tlie doubles of 
tliesc are equal; there'ore the squares of AB, 

BC are equal ft) tlic square of AC, and twice the rectangle 1)B. 
BC : therefore the sq\iare of At- alone, is less than the squares 
of AB, B(’, ])y twice the rectangle DB, BC. 

Lastly? let the side AC be perpendicular to BC: 
th<;n BC is the straight line between the ])erpcu- 
dicular and the acute angle at B: and it is mani¬ 
fest, that the squares of AR, BC are equal ^ to the 
square of AC, and twice the square of BC. There¬ 
fore, iu every triangle, “vC. v. E, n. 
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Pnoii.— To describe a Siiiiarc that shall hv equal io a 

rceliUnealJignre. 

Lei A be the given rectilineal figure ; it is required to do- 
scribo a square tluit shall be equal to A. 

Describe * the rectangular paral¬ 
lelogram B(;DB cqua^to the recti¬ 
lineal figui#.* A^ 'l^hcn if tlie sidgs 
of* it, BB, DO are equal to one an¬ 
other, it is t a square, and what 
was required is now done ; but if they are not equal, produce 
one of them BE to F, and make t EF equal to ED, and bisect + 
BFiiiC; and from the centre (i, at the distance (IB, or 
<iF, describe the semicircle BHF, and produce DE to H ; the 
square ^e'seribod upon Eli sball be equal to the given rectili¬ 
neal figure A. 

Join GII: and because tlie straight line BF is divided into 
two equal parts in the point (i, and iiV;o two uiictpml at E, 
the rectangle BE, EF, together with the square of'EG, is 
equal* to the square of GF: but OF is cqualt to GH ; 
therefore tjie rectangle BE, EF, together with the square of 
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EG, is equal to tlio square of GII: but tbc squares of HE, 
EG arc equal * to the square of Gli; therefore the rectangle 
BE, EF, togetlier uith the square of EG, is equal + to the 
squares of HE, EG ; take away the square of E(i, which is 
common to both; and the remaining rectangle BK, EF is 
equal + to the square of Ell: but the rectangle contaived by 
BE, EF is the parallelogram BI), because EF is equal to El); 
t^horefore BD is equal to the square of Ell: but BD is equal t 
to the rectilineal figure A; therefore tue rectilineal figure A 
is equal f to the square of EH. Wherefore, a square has been 
made equal to the given rectilineal figure A ; viz. the square 
described upon Ell. Wliich was to be done. 
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DEFINITIONS. 

I. Equal circles are those of uhich the diameters arc equal, 
or from the centrcs:*<»f which the straight lines to the cir¬ 
cumferences are equal. 

This is not a definition, hut a theorem, the truth of 
which is evident; for, if the circles Imj applied to one another, 
so that their ceiftres coincide, the circles must likewise coin¬ 
cide, since the straight lines from the centres are equal.” 

II. A straight line»is*said to toucli a circle, when it meets 
jLhe circle, ;Ad being jiroduced 'does not 
cut it. 

III. Circles are said to touch one an¬ 

other, Avhich meet but do not cut one 
another. • 



IV. Straight lines are said to be equally distant from the 
centre of a circle, when the perpendiculars 
drawn to them from the centre are equal. ^ 


V. And the straight line on which the greater 
])orpeudicular falls, is said to be farther from 
the centre. 




EUCLID'S ELEMENTS 


Yl. A scguieiit of a circle is tlie figure contuiued by u 
straight line and the circumference it cut*" 
off. 

VII. The angle of a segment is that which is 
contained by the straight line and tlie circum¬ 
ference/* 


A'lll. An angle in a segment, is the angle cortained by two 
straight lines drawn from any p<»int in tli circumference 
of the segment, to tlie extremities of the strniglit 
line which is the base of the segment. \ 


JX- And an angle is said to insist or stand njam 
the cireumfercnce intercepted hetween the 
straight lines that contain the angle. 


W 




X. A sector of a circle is the figure contained hy 
two straight lines drawn fry'll! tlie centre, and 
the circninference between tlieiii. 

XI. Similar segments of circles are those 
inw'hich tin- angles arc tupial, or Avliich 
contain equal angles. 
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PROPOSITION 1. 

I’nouLEivi .—To find the centre of a given circle. 

Let ARC be the given circle; it is required to find its 
centre. 

Draw w'ithin it any straight line AR, and bisect ^ it in 
I> ; from the jioint I), draw ^ !>(’ at right angles to AR, and 
produce it to K, and bisect CE in 1* : the 
point F shall be the centre of tlie circle q 

ARC. 'N 

For if it be not, let, if ]>ossiblc, ii be the ( y C 
centre, rud join CA, OD, OR: then, be- 
cause DA is equal + to DB, and IXr common 

J*' 

to the tw’o triangles ADO, RDO, the two 

sides AD, DO arc equal to the two Bl), DO, each to cacli; 

ami llic base OA is equal f to the base OB, because they arc 
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drawn from the I'cntrc iliereforc ilic imj>le AlXi is 

*cqiial * to the angle but wlieu a straiglit line, stand- * 

ing njioii aiiollicr straight line, makes the udjaceiit angles 
equal to one another, eaeh of the angles is a * right angle; ^ 
therefore^title ai*gle is a right angle: but rj)X is likewise 

at right angle; wherefore the angle ri)13 is equal t to the i 
angle (il)I5, the greater to the less; wliieb is iin|HKSsil»le: 
therefore u is imt the c(uitrc of the cirele AHC. In the same 
inaiiiicr it can be slnsj-vn, that no t»lhcr jioint but V is tli* 
centre ; tluit is, V is the centre of the circle ABC. Which 
Avas to be foumP 

C\»K. From this it is nianifcst, that if in a eirele a straiglit 
IKie bisect another at right angles, tlie centre of the cirele is 
ill the line wliieb bisects the other. 


JMtoro.MTION IT. 


r 


y — ij'fniy two poitifs Itc ((t/iC/i ht fhv circuml'crt uev uf 

a ch clvy the }>!raighl iittc irhU h joinx ihcvi shall fall w\ih\n 
llic c!?'clc. 


\ 


D 


A K B 


Let ABI’ Ife a circle, and A, B any two jioiiits in the cir¬ 
cumference ; the stri.iglit line drawn from A«to B shall fail 
within the cirely. 

For if it do not, let it fall, if possi!)I(', with- ^ 

emt, as AKB : find ^ 1) the centre of thctacircle 
AIK', and join I>A,^IiB; in the circumference 
AB take uKy j^iint F, join DF, iuid produce it 
to"K. Then, because BA is equal t to BB, the 
angle DAli is equal to the angle DBA ; and 
because AB, a side of the triangle 1>AB, is produced to B, the 
exterior angle DBB is greater* than the angle DAK: but 
J>A*K was proved equal to the angle DBE ; therefore the angle 
I>KB is greater tlran the angle DBK : hut to the greater angle 
the grci^ter side is * opposite, therefore D!^ is greater than 
1)K :^hut DB is equal t to DF ; Avhereforc DF is greater than 
DK, the less than the greater; which is impossible: therefore 
tlie straight hue drawn from A to B doe%not fall without the 


j: N. B.—’Whenever tlie oxpic&bion stvright tines from the centre ’ or 
*' iliawn iVoui the ^’cntic *’ oirms, it is to be tui(tcrstood that tlicv i»>c tli.twn 
to the circttUitcn'iice. 
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circlo. In llie smno miininT it niny Ik* (IcmoiistratiKi, lliat it 
docs nolfall upon tlic circumference ; therefore it fulls within 
it. Wherefore, if any two points, &c. y. k. d. 


PKOl'OylTKKN Ill. 

TiiEon .—If a sinnght line drawn ihrough Ike cenl}\ of a 
cu'clcy bixivt a Jtlrai^hi line in it whivlt does not pass ihrongit 
f the cvnlre, it shall vni it at rip^hi uncles : and if it >:nt it at 
ri^ltt nwif/c.v, it shall bisect it. i 

Let AIK; 1)0 a circle; and let (’D, a 8trai*;l»t line drawn 
through the centre, hiscet any straight line AU, which docs 
not jniss throngli tlie centre, in the point k': it shall cut AB 
at right angles. 

I. 3. Take* K the centre of the circle, and join KA, KB. Tlieii, 

t JL'P* because AF is <*qniil t to IB, and FK conunoii to the two 
triangh's AFK, HFK, tlicre are two sides in 
the one, equal to two side^ in the otiier, each q 

t J. to each ; and the Iiase EA is equal f to the 

* H. K base EB ; therefore the angle^AFE is equal* / y \ 

to the angle BFE ; but when a straight line, \ / ^ / 
standing upon another straiglit line, makes the 
adjaetmt angles equal to one another, each of ^ 

•loDcf. J, them is a right* angle; tliereforc eacli of the angles AFE, 
liFE is a riglit angle: wherefore the straight line CD drawn 
througli the centre, bisecting another AB that does not pass 
through the centre, cuts the same at right angles. 

But let (;T) cut AB at right angles: f D shall also bisect it, 
^ that is, AF shall he equal to FB. * 

Tlie same construction being made, because EA, EB, from 
t iSDcf. 1. the centre, arc equal + to one anotlicr, the angle EAF is 

• s. I. equal * to the angle EBF ; and the right angle AFE is equal t 

f lODef. 1. angle BFE ; therefore, in the two triangles EAF, 

EBF, there are two angles in tlie one, equal to two angles in 
the other, each to each ; and the side EF, which is opjiositc 
to one of the equal angles in each, is common to both 'i there- 
•26. 1. fore the other sides are * (‘qual; therefore AF is equal to FB. 
Wherefore if a straight line, itc. y. E. n. 



BOOK III. tPROP. IV. V. 


57 


PROPOSITION IV. 

I 

'J^iiEon.— [f hi a circle two straight lines exit one another, 
which do^ not both pass through the cexUre, ihey do not bi¬ 
sect caofi other. 

Let aBCD be a circle, and AC, BD two straight lines in it, 
which cut one another in the point E, and do not both jmss 
through vhe centre: Af', BB shall not bisect one another. , 
For, if it bd possible, let AE be equal to EC, and BE to 
El). If one of the lines pass thnnigli the centre, it is jdain 
that it cannot be bisected bj' the other which 
da's not pass through the centre : but if 
ludtlier of them pass through the centre, 
take * F the centre of the circle, and join 
ICF : and because FE, a straight line through 
tlie centre, bisects another AC which does 
not pass thnnigli the centre, it cuts it at right * angles; 
wljj:refore FEi\ is a right angle: again, because the straight 
line FE bisects f the straight buc BD, whicli does not pass 
through the centre, it icuts it at riglit * angles; wherefore 
FKB is a right angle : but FEA was shewn to bo a right angle: 
therefore FEA is equal t to the angle FEB, the less to the 
greater; whieli is impossible : therefore AC, BQ do not bisect 
one another, ^’\^llercfo^e, if in a circle, &c. d, 

PROPOSITION V, . 

Tiieor,—//’ two cv'oles cut one another, they shall not hare 

the same emtix'e. 

Lot the t\vo circles ABC, CDG cut one another in tlie points 
B, C : .they shall not have the same centre. 

For, if it be possible, let E be their centre ; join EC, and 
draw any straight line EFG meeting them in 
F and O: and because E is the centre of the 
circle AJ^C, EC is equal t to EF: again, be¬ 
cause E is the centre of the circle CDG, EC is 
equal t to EG ; but EC Avas shewn to be 
equal to EF ; therefore EF is equal t to EG, 
the Icsfs to the greater ; which is impossible : 
therefore E is not the centre of the circles ABC, CDG. Where¬ 
fore, if two circles. iK:e. v- 
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riiOVOfelTlON VI. 


Thkou.— Ij icircJea touch one another inicnwlltfy thcij shall 

not have the same ventre- * 


■}* 1 .> IVf-1. 

I lli Del’. !• 
f I Ax. 


Let the two circles AlU'^ COE toiicli one anotlicr internally 
in tlic point C : they shall not have the same centre. 

, For if they have, let it be F : joiii F(’, 
and draw any straight line FEU, meeting • 
them in E ami li ; and bccaust* F is llie * 
centre of the circle AHC, F(; is orjual t to 
FB : also, because F is the centre of the 
circle COE, FC is equal + to FE; but Ft' 
was slicwn to be equal to FB ; tlierefore FE is equal ■[ to FB, 
tbe less to the greater; which is im]>ossible: therefore F is 
not the centre of the circles AB(, ( DE. Thenifore, if two 
cirelcs, S:c. v. l\ d. 



FKOPOMTION VII. 

Titkoh. —If any lioint he taken in the diameter o/* o/■/rc/e, 
u'hicli is not the centre^ of all the strai^ld lines jrh'/ch ran 
he drawn front if to the cirenmferenCey the greatest is that 
in which the centre, is, and the other part^of that diameter 
is the least; nndy ofan tf others, that which is nearer to the 
line which passes'through the cenire, is nhettys ^reafer than 
one wore remote : and, from the sifnm ]}oint there can he 
drawn only two straight iines that arc ainahto dnr another, 
one njton each side of the shortest line. 

Let AB( 1> bo a circle, and AT> its diameter, in which let 
any point F be taken which is not the centre: let the centre 
be E: of all the straight lines FB, Et', Ft;, 

&e. that can be. drawn from F to the circum¬ 
ference, FA shall be the greatest, and FJ), the 
other part of the diameter Al>, shall be the 
least: and of the others, FB shall be greater 
than xr, and FC git:ater than Ft?, 

Join BE, CE, GE; and because two sides of 
• 20 , 1. a triangle arc greater * than the third, therefore BE, EF are 
1. greater than BF; but AE is equal t to BE; therefore A E, 




book III. ^'Kop. vin. 



that is AF, is greater than RF: again, because BE is 
equal to CEy lyul FE comn'loii to the triangles BKF. C'EF, tlie 
two siilos BE, EF arc equal to the two t'E, EF, each to 
each; but ^le angle BEF is greater + than the miglc CEF; 
therefore Uic base BF is greater * than the base CF : for the 
^ame regson, ( F is greater than OF; again, because GF, FE 
are greater * than EO, and 1^0 is equal to ED, therefore (JF, 
FE are greater than ED ; take away the common ])art FE, 
and the remaimler UV ii greater t than the remainder FI): 
llicreff>re FA is the greatest, and FD the least, of all tlic 
straiglit lines fnmi F to tlie circumference ; and BF is 
greater than CF, and CF than <;F. 

Also there can be drawn only two equal straight lines from 
the ])oiut F to the circumference, one upon each side of the 
shortest lino FD. At the point E, in the straight line EF, 
make ^ tlie angle FEB e{[ual to the angle FKG, and join Fll : 
then, because (iE is ecpial t to Eli, and EF common to the 
two triangh's IJJB'f tlie two sides tJE, EF are equal to 

llie^fewo HE, !:!•, each to eacli ; and the angle GEF is e(j[ual f 
to the angle liEF ; therefore the* base F(i is equal"* to the 
base Fll : but, besides Fll, no other straight line can he 
drawnWroiu F to the circumfei'once, equal to FG : for if there 
can, let it be FK : and Ijecausc FK is equal to F(i, and FCi to 
Fll, FK is equal t to ; that is, a line nearer to that which 
jiusses tlirough llR» centre, is equal t<i one \\hich is more re- 
inole; wliieh Inis been ]»roved to be impossible. Tlicroforc, 
if any point be taken, vVe. y. e. f>. * 


f 0 Ax. i. 

* s*l'. 1, 

* 20. I. 

:> Ax 


* 23. I. 

t l.'> Dcf. 1. 

f Const!. 

• E 1, 


f 1 Ax. 


FBOFOSITIOX Vlll. 

'I'liKOK.— If (inxf po'tni he lakcn wilhout a circle, and slral^ht 
iincx be drawn from it fo ihc circtimfcrcnccy whereof one 
(nassex ihrou^h ihc centre ; of those which fall upon the 
concaec circumferencey the g/‘c«tc.v/ is that tvhich passes 
Ihron^f the centre, and of the re^si, that ndiich is nenxTr to 
the one passing through the centre is always greater than 
one more remote; hut of those which fall upon the convex 
ch'cumfercncc, the least is that belwcc»% the point ^ndtlnmt 
the circle and the diameter ; and of the rest, that xvhich is 
neat er to the least is always less than one more remote ; and 
\ only two ^cqnal straight lines can he drawn from the same 
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t 2 Ax. 
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* 6 Ax. 


• 21. I. 

+ 15 Dcf. 1 
f 5 Ax. 


KrCLID*S .ELEMENTS. 

)}oint to the nrcu7}if Wencc, one upon each side oi the least 
tine. 


Let AUC be a circle, and I) any point without it, from 
M’hich let tljc straight lines DA, DE, 1 )F, DC Oe drawn to 
tlic circumference, whereof DA passes througli the centre.. 
Of tliose whicli fall upon the concave jiart of tlie circumfer¬ 
ence AEF(’, the groatesl shall be DA, which jmsst^s through 
the centre ; and the nearer to it shell be greater than the 
more remote, viz. DE irreater than DF. and i)F sTreate” than 
DC; but of those whieh fall upon tlie com ex circumference 
IJLKO, the least shall be D(f, between tlie point D and the 
diameter AH ; and the nearer to it shall be less than tlie iiLyrc 
remote, viz. DK less than DL, and DL less than DH. 

Take* M the centre of the circle ABC, ami join ME, MF, 
Me, MK, MI-, 3 MH. And because AM is Cijual to ME, add 
AID to each, therefore AD is equal t to EAI, AID : hut EAI, 
AID arc greater * than ED j therefore also Al) is greater than 
ED. Again, because AIK is equal to AIF, and AID cominon 
to the triangios EAID, FAIO; EAJ, AID are equal to FAI, 
AID, each to each : but tlie angle EMD is 
greater t than the angle FAID ; tlierefore the 
base ED is greater than tin* base FDy In 
like manner,jt may be shewn, tliat yi) is 
greater than CD: therefore DA is tin? great-^ 
cst, and DE greater tlian DF, and DF great<T 
than DC, And because MK, Kl) are greater * 

• thiin AID, and AIK is equal + t MC, tl.\e re¬ 
mainder KD is greater iljan the rianainder 
GD; tliat is, GD is less than KD : and because AILD is a tri¬ 



angle, and from the points AI, I>, the cxtreiiiiti(*s of its side 
AID, the straight lines MK, DK are drawn to the point K 
witliin the triangle, therefore AIK, KD are less* lli.ni AIL, 
LD : but AIK is equal + to ML ; tlierefore the reiiiaiiidei DK 
is less j* lliaii tbe remainder DL. In liki* manner it may be 
shewn, tb.it DL is less than Dll: therefore J)(i is+he least, 
and DK less than DL, and DL less than Dll. A1 m», there can 
be drawn only two equal straight lines from the point D to 
the circvjtnference, upon eacii side of ilie least lino. At 
the ])i>int Al, in the straight line AID, makef the angie DAIB 
equal to the angle UAiK, and join Di;: and became MK is 
equal to AIB, and AID common to the triangles JJ.A11L BAID, 


^ 23 . 1 . 



HOOK. 111 . IX. x. 


61 


the two sides KM, MD arc equal to the two BM, MT>, 

(?ich to each ; uiul ilic anj^l j KMD is equal t to the angle BMI); | Coni.tr. 
tlierofon' the base i>K is t^quol ^ to Lhe base 1>B : but, bt'sidcs * 4. 1, 
DB, there can be no straiuht line drawn from D.to thoeircuni- 

^ o • 

fcrencc cryial to1[)K: for if there can, let It be DN : and be¬ 
cause DK is equal to DN, and also to DB, therefore DB is 
equal to DN ; that is, a line nearer to the least, is equal to one 
more rcTuote ; which has been proved to be impossible. If 
therefore^ any point, q. /•:. 


PROrO^jflTlON IX. 


TiIkor.— Jj a point he iaken within a circle, from which there 
fall more than two cqnat .siraii^hl lines to the circiimfercMCC, 
that point is (he centre of the circle* 

Let tlie point D be taken within the circle AiK', from which 
to the circumference thcae fall more than two equal straight 
linijs, viz. DA, DB, DC ; the point D shall be the eejitre of the 
circle. ^ 

For, if not, let ll bt the centre: join I)E, and produce it 
to the fireuinforonci* in F, O ; then F(i is a diameter t of the ^ jiDcf. 1 . 
circle ABC: and because in F(r, the diameter 
of tlio circle ABC, tlier^ is taken the point 1), 
wiiich is not thu centn*, DO is the greatest 
bne from it to the circumference, and DC is 
greater * than DB, and Dl^ greater than DA : 

^ but they are likewise»+ equal, w'hich is int- 
j)ossible : tlferefore E is not the centre of the circle ABC. In 
like manner it may be demonstrated, that no other ]>oinl l)ut 
D is the centre : D therefore is the centre. Wherefore, if a 
point be taken, &c. Q. e. ik 


PK 
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-iC. 
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PROPOSITION X. 


Theou,J^O«{; circumference of a circle cannot cut another 

more than two points. 


If it^be possible, let the circumference' FAB cut«the cir- 
euinference DEF iu more than tw'^o points, viz. in B,*<J, F: 
lake f the centre K of the circle AB(;, and join KB, K(i, KF. 
Tlo'u l)ocause K* is ilu; centre of the circle ABC, therefore KB, 
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t 15 Dcf. 1. KG, KF arc all equal + to each other ; and because within the. 

circle DBF, there is taken the point K:, from which to the 
circumference 1>EF fall more than two equal 
straight lines KB, KG, KF, therefore the point 
K is* the centre of the circle DBF : but K i^ 
also the centre t of tlie circle AB('; there¬ 
fore the same point is the centre of two cir¬ 
cles that cut one another; wliich is inipos- 
sil)Ie Therefore, one circuinferftuee of 
y. F. i>. 


* !). 3, 
f Constr, 


5. 3. 



PROPOSITION M. 


Thkuu.— i/' tiro r'trclvs limvh each oiher hilcruallji^ Ihc 
xlraiy^ht littc irhich joins ihcir centres^ hcin^ j)roiho.id, shaU 
pass Uu'oiiixh ihc poinl of' coniavl* 


Let the two circles ABC, ADK to’jeh each (itlier intenialh 
ill the point A ; and let F be the centre of thy circle AiU'^^^aiul 
G the centre of tlic circle ADK ; the straigljt 
line which joins the centres F, G, behig ]»ro- A 

duced, shall pass tiirough the point A. 

For, if not, let it fall otherwise, if possible, 
as FGDII, and join AF, AG. Tlieii, beeauso 
f 20. K two sides of a triangle arc together greater *1 
than the third side, therefore FtJ, GA are 



+ 16 Dcf. 1. greater than FA : but FA is equal ■|' to FIJ ; therefore F<;, (iA 
arc greater than FFl ; takeaway the coirinoii part Ft! ; therefore 
I 6 Vx. the remainder A(j is greater t than the reiraim'Ier Gil : but 

t .6 Dcf. 1. AG is equal + to GD ; therefore <ij) is greater than GII, the 
less than the gr(*ater ; which is impossible: therefore tlie 
straiglit line wliich joins the points F, (J, being }>rodueed, 
cannot fall otlierwise tliaii upon tlio jioiiit A, that is, it must 
pass through it. Therefore, if two cit^cles, S:c. v. b. n. 


PROPOSITION XII. 

Tiieor.— If inm circles (ouch each oiher e,viernalhf, ihc 
straight line irhifji Joins theh ccnircs^ shall pass through ihc 
point of contact. 

» 1 

Let the two circles ABC, ADK toucli each Either externnllv 
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in ilie point A ; and let F be the centre of the circle ABC’, 
omA (i the centre of ADE the straight line which joins the 
points F, Cr, si nil pass through the point of contact A. 

For, if not, let it jiass otherwise, if jmssible, as and 

join FA, AO. And because F is the centre of the circle ABC, 
FA is equal to F(’; also, because is 
the ceiure of the circle ADE, DA is 
equal to DD: therefore FA, AD are 
equal + to FC, DU ; m hereforc the wliole 
FD is greater tkaii FA, A(f: but it is 
also * less ; which is impossible : there¬ 
fore the straight line whieli joins the ptants F, d^ cannot jiass 
othei’wise tlian ilirough tlie point of coul.ict A, that is, it 
must pass through it. 'I'herefore, if two circles, ^cc. 

/;. LK 



c: 


I -2 A 




PBOFOSinON XIII. 


Tiftion .—Onr rirclr cannot itmeh another in vioi'c points than S(v N. 
one, }vhcthcr it touches it on the inside or outside. 


For,* if it be possible, let the circle ]>BF touch the circle 
ABC in mi>re points tl*au one; and first on the inside, in the 
points B, I>: join F»D, and 
draw^ till bisecting BD at 
angles: therefore, be¬ 
cause the ])oints B, D a^re in 
• the circumii_‘rcijjvs of (‘uch 
of tlie circles, the straight 
line BI) falls within each * 
of them ; therefore lh(‘ir ccntr<\s arc ■ in the straiglit line till 
which bisects 1U> at right angles therefore Dll pusses 
through the point of contact; but it docs not pass through it, 
because the points r>,* 1) arc without the straight line DIT ; 
whicli is^absurd; therefore one circle cannot touch another on 
the inside iii more points than one. 

Nor can two circles touch one another on the outside in 
more than one point. For if it be possible, let the circle 
ACK t^mch the circle ABC- in the points A, C ; joki AC); 
therefore because the two jioints A, C’ arc in the circumference 
of the circle A?(-K, the straight line AC which joins them. 
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Euclid’s i:.lements. 


* 2. 3. 

t Hyp- 


I L 3. 

I 12 . J, 


♦ 3.3. 

t Hyp. 
t Ax. 
t 15Dtf. 1. 

I 

• 47. I. 


t 1 Ajc. 


f 3 Ax. 


* 4 Def. S. 


falls within* the circle ACK: but the circle ACK is witli- 
out-j' the circle ABC; therefore*the straight 
line AC is without this last circle : but because 
the points A, C are in the circiiinference of the 
circle ABC, the straight line AC must be 
within * the same circle ; which is absurd: 

p 

therefore one circle cannot tijueir another on 
the outside in more than one point: and it 
has been shewn, that they cannot ^touch on 
the inside in more points than one, Tlicrcfore, one circle*, 
&c, g. E, n. 

TROPOSITION XIV. 

Theor .—Eijiuil straii^hf lines in a circle are eijnalhf disiant 
Jrovi the ccnlrv ; and those 7vhich a}X' eqnulhf di,\iant from 

the centre arc equal to one anolher. 

Let the straight lines AB, CD,^in the circle ABDC, he 
equal to one another; they sliall be equally distant from the 
centre- 

Takct E, the centre of the circle ABDC, and from it t, 
draw EF, EG, perpendiculars to 'AB, CD, and join EA, EC, 
Then, because the straight line EF, passing tlirough the cen¬ 
tre, cuts the straight line AB, whicli does not pass tlirough 
the centre, at right angles, it also bisects* it; therefore Al 
is equal to FB, and AB double of AF; for the same reason. 
CD is d<iublc of CG : but AB is equalf to ('.D ; 
therefore AF is equal t to CG; And because 
AE is equal t to EC, the square of AE is equql 
to the square of EC: but the squares of AF, 

FE are equal * to the S(juare of AE, because 
the angle AFE is a right angle; and for the 
like reason, the squares of EG, GC arc equal to the squan; of 
EC; therefore the squares of AF, FE are equal t to tlie 
squares of CG, GE : but the square of AF is equal to the 
square of CG, because AF is equal to CG ; therefore the re¬ 
maining square of EF is equal + to tlie remaining square of 
EG, and the straight line EF is therefore equal to E(i : lint 
straight lines in a circle are said to be equally distant from 
the centre, when the perpendiculars draum to them from llu* 
centre are* equal; therefore AB, CD are equally distant from 
the centre. 
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Next, lot tlio stniiglit linos A15, Cl) ho equally distant 
^nmi the centre, that isf let FK he equal to Ed : All shall f 1 Dif. 3. 
he equal to CD. For, the same constructiem heiiiL^ made, it 
may, as before, be demonstrated, that All is^dinihlo of AF, 

and Cl> (Ihuhlt? of <'(J, and that the squares of EF, FA are 

<‘qual to the squares of Ed, (iC: hut the square of FE is 
equal to the square of K(i, because FE is equal + to Ed ; -f Jlyp. 

therefore the remaining stjuaro of AF is equal f to tlic re- f 3 Ax, 

mainiuji-square «>f ( d ■ and the straight line AF is therefon 
eq\ial All was shi'wn to he double of AF, and (']> 

double of ('(« ; .t herefore AE is ('qiial I' to t’l), Tlierefore, f U Ax. 
equal straight lines, ^vc. o* r:. o. 


FKOFOSITION X\ . 

TiiKOli.- — The diamelcr i\ the grcidvsl slraighl I'nic in a circle ; Sec N. 
lutdy oj (dl others, that which Ls ucarvr io the centre is 
ahraiifi greater than ^me more reinofe ; and the greater in 
^n arcr to lh» centre than the less. 

Let AD< 1) be a circle, of whieli the diameter is AT), and 
the ciuitri' E ; and let BC he nearer to the centre than Fd : 

Al) shall he greater than any straight lino BC, 
wliich is not a diametc/, and B(’ sliall be greater 
than Fd. , " /W 

From the eeiitns draw t EK jieiqien- [Min t * 
diciilars to BC, Fd, and join EB, EC, EF : and \ ^ 

l)ccause AE is equal 4'to EB, and El> to EC*, —X laDt 

* therefore A» is ifqual t to KB, EC f hut EB, EC Ax 

are greater than BC ; wherefore idso, Al> is greater tlian BC, * 50,1. 

And, because BC is nearer i to the centre than Fd, Ell is f Hyp. 
less * than EK : but, as was demonstraliHl in the preceding, * 5 IVH 
B(‘ is double of BIT, and Fd double of FK, and the squares 
of EH, EIB are eqmiJ tathe squares EK, KF: but the square 
of Ell is less than the square of EK, because Eli is less than 
EK ; thenefore the square of BlI is greater than the square of 
FK, and the straight line BH greater than FK, and therefore 
BC is greater than Fd. 

Next^ let IK' be greater than Fd ; B(^*sluill be nearer to 
the centre than Fd, that is f, the same construction being f j IVi 
made, EH shall be less than EK. Hecause BC is greater than 
^ Fd. Bll likewise’is greatvr than KF; und the squares of BIl, 
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50, K 
Hyp. 

6 H(^f. 3. 
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IIK are equal to the squares of KK, KC ; of which the square 
of HU is g^roater than llic square of J-'K, hecauso Hll is greatc” 
than FK : llierefore the S(|uarc of KII is less Uk a the squai'e 
of EK, ami the straight line Ell less than EK ; and therefore 
Hr is nearer + to tlie eentre than I'tJ. Wherefoiv, the (lia- 
meter;, &c. o. 7:. i). 


PHOFOSITION XVE 


See N. 


TiiHOit —77/e xinti^^Jd ///’e tirn/nt af (rjyjcx /a ilu' din^ 

wclcr o/‘ a chch\ fiaK'i Ihc iwlrnn}!,' cf' il f}flf\ 'H ilhoiii ihr 
c'lrclr ; oid mt sirnfo/d //ve i\in /;<’ ditnr>f i'rui'.t twlrc- 
hiitrc('}i Ihcf .sint'riLl Ihu' //;.• Vin'Uh:i'('rc:H'(\ .Vt> 

as hid io ( uf llir circlr ; vt\ irl.jch is /,4e ///; 

sira'ivJil //7/r can inaLc h) vru.f it}i ti' afr (nud' trdlt He 

^ S V 

fHuhn'ier al ii.s r.i7/Y7///7?/, ur *f» ;>■,./'// an cinde u'dh iltc 
xlroioltl /jj/r ivhh'h al 7i\>hi anitlvs Lf ;V, as lud to ail fltc 


t 15 Def. 
• 5. J. 
t Hyp. 
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^ See fj 2 . 


♦ 12 . 1 . 

* 17. 1. 

* 19. 1. 

t 15 Def. 


Let AIM he a ciicle, llie e-nfie itf uhicli is D, ami the ola- 
meter AH: the stni!‘.'l\t line drawn *',1 rieht Tmcrlivs to AH 
from its extreiiiify A, shall fall Avirlumt th(‘ circle. 

For if it does li*t il fall, if jiwNsihle, 
within the circle, es AC ; and draw 1,(C' 1<» 
the point C, where it meets llu* cliemnfer- / 

I, once. And hecau.se DA is equal t to T>( , H: j' 

tlie angle DA(’ is equal * to llie angle ACI>: ^ 

hut DA(’ i.s a right f* anglf?; therefore Ai'll 
is a right angle; and tliereforc the u-igl. .. DAC, A(’l) iwo 
equal to two right an/des ; 'whicli i.s ' imjtiis>ililc: there'ore 
tlie straight line drawn from A, at right angles to HA, do(‘s 

not fall u ithiii th(‘ circle. In the same manner it may he 

• 

deinonstraled, that it does not fall iqion the circumference ; 
2- tliereforc it must fall without the circh‘, as Ai'3 L ^ 

Also between the straight line AE and the circumference, 
no straiglit line can be drawn fn.ni the point A, which does 
not cut the circle. For, if possible, let AF be between them : 
from the point D draw* DD pcr])ondicular to AF, and let it 
meet the circumfer^nico in fl. And because A(jD is a riglit 
angle,*and DAG less * than a riglit angle, DA is greater * than 
j DG : hut DA is equal + to DH ; therefore Dll is greater than 
DG, tlie less than the greater ; which is impossihle: there- 
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fore no siraigljt line can he drawn from the point A, between 
^AK and the circumference, which docs not cut the circle ; or, 
wliich ainou. ts to the same thing, however 
groat an acute angle u straight line makes 
willi the diamo^.er at the point A, or Jioav- 
evor small an angle it makes with AK, the 1' 
circnn.ferenco must puss between that 
straiglit line and the perpendieular AK. 

And *hi.s is all that is to be understood, Avhen, in the Greek 
text^and traiwlatiuus from it, the angle of the semicircle is 
said to be gre.at'T than any acute rectilineal angle, and the 
remaining angle less than any rc'ctilineal angle.*' y. k. d. 

Gor. Fmm tliis it is manifest, that the straight line 
which is drawn at right angles the diameter of a circle 
from the extremity of it, touches t the circh^ ; and that it 3. 

tonclies it only in one point, because if it did meet the circle 
in two, it Avould fall AA’ithin it. ‘‘ Also it is evident, that * g. 3 . 

tlieie can be but one straight line which touches the circle in 

• ‘ 

the same point." 

ruor()siTi()N xvn. 

riior ,^—To draiv a straight lhu> frow a g/rr;/ point, €ithf*r 
irili'ont or tn ihc circnnifcrintce, rrhich ahnll touch a given 
circle* 



11 . 1 . 


First, let A be a givi*n point without the given circle lU'l); 
it is required to draw a straight line ^rotn A, which shall 
touch the circle. , 

Find the c-^itre K of the circks and j*)in AK; and from i. s. 
the centre K, at the distance J‘:a, describe the circle AFU ; • 

from the jjoini 1>, draw ^ 1)1' at right angles to KA, and join 11- K 
KUK, AT?: Al? shall touch the circle lUyiK 

ilecause E is tlie centre of the circles IWV, AFG ; EA is 
cquitl t* to KF, and KU to FA?; therefore the two sides AK, t )-'> K 
EB arc equal to the two FK, KD, each to 
each; a^d they contain the angle at E / 

common to the two triangles AKl?, FK!); ^ . y x y 

therefore the base DF' is equal ^ to the base ;i»‘ 

AI?, and the triangle FED to the triangl <4 
AK!?, and the other angles to the other 

angles ; therefore the Jingle KI?A e<jual to the angle KDF : Consir. 
hat IA)F is a right f angle, wherefore E1?A is a right F angle ; 1 An. 


l> 




. \ 


CunsU*. 
1 An. 





m 

* Cor- 1C, 3. 

“ Cor. JC..3. 

[ 1 . 3 . 

* 17 . I. 

* UK 1 , 

t ):> IM. I. 


• 18. 3. 


and KB is drawn from iho contro: hut a slrai^ht; liiu* drawn 
Iroin the oxtroinity of a diameter at angles to it, 

touches * the circle ; tlierefore, AJ5 touches the c.rcle ; and it 
is drawn from the gi\eii janiit A, W'hich wa*^ to he done- 
Jlut if the given })oiut he in tlic circun.ferciice of tlic 
circle, as tlic ])oint i), draw DK to the ctnilre K, and l)r at 
right angles to DK ; 1)F touches ^ the circle. 


v\\oro>iTioy xt iii. 

• •> 

TiiKon. //' a ,sfrai^hl Vuie hmchr.s a c'nclv, ///<’ .vZ/v/ZgAr lim' 
draivti from the roitre to (hr irdfii of votilacl^ xhaJI hr prr^ 
pefidirtiJar to the fine louchii*ti Z//r circle- 


Let tlie straight line DK touch tlic circle AIU’ in tlie jioinl 
i ; take-|* the centre F, and draw the straiglit lim* Ft ; F( 
sluill he ])m*}iendicular to DK. 

For if it be not, from flic point F, draw FBtl pcrpeiidi- 
cular to 1>K : and becausi' FtiC is a r'^^ht amrle, tit F is ^ an 
acute angh' ; and to the greater angle thi* gn^ater side* is 
opposite ; therefore FC is greater than Ft. : 
liut Vi' is equal f to FB ; therefore I B is 
greater tliaii Fti, the less than the gn'ater; 
which is impossible ; therchire Fti is not 
])cr[)eiidieulan-to DK. In the same ini...ner 
it ina} lie shewn, that no oilier is perptmdi- 
ciilar to it hesidc's Ft:; that is, FF is jierpendicnlar to DK 
Tlierefore, if a straight line, <S:e. v. i:, o. 


A 


/ 1' 

V ^ ^ 


h. 

1 ^ 


) 


/ 

c (; I: 


v ; >B 


PHOPO.SITION XIX. 


Til KOR — Iff! Afrfdighl line loueh a circle^ and from the point 
of conlael a sirai^ht line he drawn at right aitgles to the 
tonching linVy the centre of the circle shall he in thhi line. 


Let the straight line I>E touch the^cirele ABC in (‘ ; and 


from C, let ('A he drawn at right angles to 
DK : tlic centre of the circle sliall be in ('A. 

For, if not, let F lie the centre, if jiossihlc, 
and join C.'F, Because DK touches the circle 
ABC, aiid l^C is d.^awn from the centre to 
the point of contact, FC is perpendicular * 
to DK ; therefore FCK is u right angle : but 
ACK is also a right t angle; therefore the 





aiigh‘ FCJ: 


t ii.'i’- 
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isjtial t to the angle ACE, tlie less to the greater; which f J 
•is iinpossihle; tlicrefore is not the eentrc of the circle Ali(\ 

In the sainv, manner it may be shewn, that no other point 
wliich is not in CA, is the centre ; that is, the centre is in 
CA, Thft'efoi^', if a straight line, iv*e. o. r;. n. 


ritOEOSlTlON XX. 


TuKon — 77/r ai the evuire o/' a circle is douhlc o/’ ihc N. 

ans^lc at thfcircawfcrcMCC upon the same A^/ac, thui is, upon 
the same part, of the c\rvuuifercuci\ 

I^et AlU' he .1 circle, and I^IX^ an angle at the centre, iiinl 
EAC an angle at ilje eireninference, M'hicli have the sann‘ cir- 
cnniferenee lU' for their base; tln^ angle 15EC sliall be tloulile 
i>r the angle li^VC. 

Join y\K, ami jirodncM) it tt) F. First, let Mie centre of the 
eircle be within llu; angle liAC. Jiecanse F^A is equal to ICIF 
the angle KAU is t'qiial to the angle KUA ; ^ * .i. l. 

titenfore the^angh*'* KMA are donbh" of 

the angle 10 VI» ; Init the angh* UlOF is equal to j'\ ] ^ I. 

the angh*.s K.vn, I015A ; tl'crefore also the angle 
lUOF is thaibte of the angle KAU: for the AUiiie 
reason, the angle F10(‘ is double of the angle 
IhVC ; therefore the whole angle lUOC is double of live wlitile 
aiigic IJAt• 

Again, let the centre of the circle In: with¬ 
out the angle it may he demonstrated, 

as in the lirst case,*that tlie angle FKti is 
dc'jbli* of the angle FA(', and that FlOIt, a pai t ^ 
of the iivsl, is doulile of FAB, a part <>f the 
other; tlierofore the remaining angle J5FC is 
double (tf the remaining angle BAC. Therefon* 
at the centre, q. e, n. 
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the angle 


PKOrOSITION XXI. 


TiiEOR,— The r///g/i'\v in the same segment of a circle are See N. 

equal to one another, 

• * 

Let ABCJ> be a eircle, and J?AP, BEP angles in tfie same 
segment BA EP: the angles BAP, BED shall be equal tonne 
amdher. * 
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- 20. s, 

f 7 Ax. 


? 2 Ax. 


* 3-2, j. 

* ai.s. 

t 2 Ax. 
t 2 Ax. 





First, let the segment 15AKI) be greater than a seuiicirele. 
Take + F, the centre of the circle A-lUlD, and j(»in BF, Fl>; 
and because the angle BFI) is at the centre, '* 
and tlie angle i^Al) at the circumference, and 
that they liave the same part of the eireuin- 
fi'rence, viz. Bt'D for tlieir base, therefore the 
angle JiFJ) is double ^ of the angle BAU : for 
the same reason, tlie ainrle BF1> Is doulde <»l 

O 

+he angle BLD ; therefore tlie angle *’A1> is 
equal f to the angle BFI). , 

Next, let the sesiun'iit BAEI) he not giVtUer than a semi- 
eirele. Draw AF to tlie eentre, and produce it. 
to (', and join i'll: therefore the segment BA1>C 
is greater tliau a semicircle : and the lUC'Ies in 
it, IFtt’, BFA' arc equal, by the tirst c:U’»e: for 
t;ic same reason, because rBKD is greater than 
asemieireh', tht‘ angles t'IU> an* ecpx.il ; 

tliereforc the wliole angle BAD is e([val j- to 
the uholc angle BED, W'herefore, tlie angles in the same 
segment, v. e, n. 
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l»KOP<»SlTfON XXti. 


Jh7j:oii. — ojjpvst/c ait^fes of tjUfulrihi/mtl 

vtsrt'il'itl in a <7*;(7e, (E.* /.ige/Aer cqnol /o Lwo rinhl 


anniv.s. 


Let ABFD be a qtiadralite;.J figure in tne eircii^ AJJ(’D , 
any two of its opposite angles shuii together be equal to Uvo 
riglit angles. 

Join AF, iiD ; and Leeause the three angles of ever\ Iri- 
angle are (‘qual to two riglit angles, the three angh\-, .f the 
triangle FAI>, viz. the angles (JAB, AlUJ, B(‘A, are equal to 
two right angles: but the angle FAB equal 
to the anale C‘DB, because they are in the saiiui 
segment FDAB; and the angle AFB is e(pial 
to the angle ADB, because they are in tlie same 
segment ADtJB; therefore the two angles CAB, 

ACB are together Ccpial t to the wliole angle 
ADC: to each of these equals add tlie angle ABC; therefore 
the three angles ABC, CAB, B(JA are equal t to tlie two angles 
ABF-, ADC: but ABC, CAB, BCA arc equal te two right 


P. 
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/ 
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angles; tlieroforo also the angles AIUi, A1)(J arc equal + to f 1 Ax. 
'two right angles. Jn the* same manner the angles BAD, DCB 
may be shewn to be <'qual to two right angles. Therefore, 
tlie opposite aiigh's, See. Q. D. , 


PROPOSITION XXUT. 

TiiJuon.— I 'pfm the same straight line, and tfpon the same side N. 
of it; there cannot cy tiro similar sc*i,7ncnts of circles^ not co^ 
binding wifh one another. 

I 

If it be ]>ossibl*s up(ni tlie same straight line AJband upon 
l}ie sane* side of it, lei there be l\V(* siniilar segments of cii'- 
eles, ACB, AZ>B, Jiot eoiiieiding wllli one 
iinotlier. Then, because the circle API* eiils 
the circle ADB in tlie two points A, B, they 

cannot cut one another in any other '■* point : lo. 3, 

tlicrefore one of tlu; segments inu.st full within ^ 
the other ; lei A(*I> full uithii' ADB; draw the straight line 
and join <’A, DA. And .because the segment ACB is 
similar f to ihe segment ADB^ and that similar segnumls of f Dyi'* 
eircles coiilain equal ahgh's, therefore tlie angle A('U is ^ 11 Dct 
<‘qnar to the angle AT>1>|, the ext(Tiur to the interior ; which 
is iinjior.siljle Tiicrebu'e, there caiiimt be tyo similar s(*g- “* hi. l. 
nvmts of circles upon the same side of tlie same lino, \thhh 
do not eoincitle. v 


10. 3. 


T.i non. 


l'i!i<)l't»sre!<'N XXIV. 

■SnnJlar i^Kgmenfs iij eirehs t:p(.:; CKpaJ straight Uncs^ N, 
are apial to one another. 


Lei .V1A5, (’FD bo similar segments of circles upon the equal 
straight lines A15, i 1): the segment 
AliB shall bo eipial It? the segment 
(FD. " 

For ?f the segment A KB be ap- - ^ 

jilied to tbe segment ( FD, so that 

the point A may be on (i, and the straiiijlit line AB ypoii CD, 
the pociit B shall coincide with tlie point D, because ABds equal 

\ That is, ACB, the exlerior angle ol the triangle ACD, is jiroveJ lu he 
equal to the irleiior and opposite angle A1>C ^ ; which is iinpos.siWc. ^ 10, I 
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* 23. fi. 
-| 8 Ax. 


Sec X. 


10 J. 

* U. 1. 

■f See Fig. ] 

* t). 1. 


* 0, 


t Sev Fig. 
2. ijnd 3. 

* 2 .-{. 1 . 
i Sc. Fig. 2 


* i\. i. 


f C«>nMr. 

• 4. 1. 

I Ax. 

* <>. 3. 


Ki;cLii>s ki.»;jMKNts. 

to CD : therefore the straight line Ali coinciding with Cl), tlie 
81 ‘gmcnt AK15 must ^ coincide witK the segment CFl), and* 
therefore is equal t to it, Wlierefore, similar segments, &c. 

Q. E. />. 


IM4CPOSITION XXV. 

« 


Pi{4>i;. - A of' a ciyclc if/eew, lo describe the 

circle of ' which it is the sci^mvitt. , 

« 

Lei AllC bo the given segment of a cireh* ; it is required to 
describe ilie circle of wliich it is the segment. 

IJisect * AC in 1>, and from tlie }K»int D, draw ' DU at right 
angles lo AC, and join AH. First, lot the angles AUD, UAD 
be equal + to one aiiotlu'r ; llieii the straight lineUD is equal * 


B 


/ >• 


I 
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y 
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to 1)A, and therefore :|. to DC : and because tlie tlirec straight 
lines DA, Dli, DC are all equal, 1) is the centre of the circh* 
From the centre D, at the distance of any of the three DA, 
DU, DC, desc’ibe a circle; this shall ]).iss throngli the other 
points, aud the circle of wliich A15C is a st'gmeiil isdi'serihed ; 
and because the centre D is in AC, the segment AUC is a semi¬ 
circle. jRut if the a'ligles AUD, UAD an; not equal 1 lo one 
anotlier, at the point A, in the s'braiglit Mne AU, mahe ^ tin* 
angle UAU equal to the angle AUD, and ])K*KUn?'<‘'t' UD, if 
necessary, to F, and join KC. And because tlie angle AUF is 
equal to the angle BA£, the straight line UK is equal * to FA : 
and because AD is equal to DC, and DK common to the tri¬ 
angles ADF, CDK, the two sides AD, DK art' equal to the two 
CD, DK, each t<» each ; and the angle .\DK is equal to‘the 
angle ( DK, for each of them is a right t angle; therefore the 
base AK is equal * to the base KC : but AK was shewn to be 
equal to KU ; wherefore also UK is equal + to KC ; and there¬ 
fore the tliree .straight lines AK, KU, KC are equal to one 
another: wherefore K is the centre of the circle. Frym tlic 

I F<jr -situ’f AC was bisected in 1), therefore AD is ctjual io DC ; but ill 1 
is jjrovcd to be equal In AD, thcrffoie Ul) is equal t U» DC. 


t J Ax. 
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oontre E, at the distance of any of the throe AE, EB, EC, 
describe a circle ; this shall pass through the other points, and 
the circle, of .vhich ABC is a segment, is described. And it 
is evident, that if the angle ABD be gi-eater f than the angle t See Fig. a. 
BAD, the trentr>‘ E falls without the segincn\ ABC, which 
th(?roftjrc is less than a semicircle : but if the angle ABl) be 
loss f tnan BAD, the ceiitTc E falls witliia tlie segment ABC, 
which is therefore greater than a semicircle. Wherefore, a 
segment of a circle being given, the circle is described of 
which it is a segment. Which w'as to be done. 

PROPOSITION XXVJ. 

Tukou .—In equal circlvSy equal angles stand upon equal vir^ 
cumJcrenccSy wheihee they he at Ihe centres or nrcinnjer- 
cnees. 

Let ABC, DEF be equal circles, and let the angles BCC, 

IMIl' at. their ceiitres, and BAC, EDF at their circumferences, 
be equal to each other: {lie circumference BKC sliull be equal 
to*lie circumference luLF. 

Join BC, E/: and because the circles ABC, DEF arc equal, 
the straight lines drawn frenn their eentres f are equal: there- t I Def. 
fore tlft; two sides BO, (itl are e([ual to the two EH, IIF, each 
to each: and tlie angle at O is equal -|- to the angle at H; f ^hvp- 
therefore the base BC is equal * to the base EF. * And because * *1*. E 
tlic angle at A is*equalf to the angle at D, tlie segment BAC t Hyp. 
is similar * to the segment EDF; and they arc upon equal Dd. 3. 
straight lines BC, EF : but simi- 
* lar segiiient^of circles upon equal 
straiglit lines, arc equal * to one 
another ; therefore the segment 
BAC is equal to the segment 
EDF : but the whole circle ABC 

is equal f to the whole DEF; + llvp. 

therefore the reinaiiiinJ segment BK(‘ is equal t to the remain- t 
ing segment ELF, and the circumference BKC to the circum¬ 
ference ELF. Wherefore, in equal circles, &c~ v* J*'* 

PROPOSITION XXVIL 

Txikou .—Til equal circles, ihe angles ndnch sfand upon equal 
cirvnnifercnccs are equal to one unolher, whclher i/wj/ be at 
the venires or circunijerenccs. 
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lict A1U\ DEK be equal circles, 3.11(1 let tlie iin<i;les r»<i^ ? 
Kill' at tlieir centres^ 3 Ik 1 UAT, K^JK at tlielr (;lrcu!nfere:ie< L 
stand upon the equal cirennife’(uices 1U', KF; the an^^h* I'iU' 
shall bo equal ,to the an^lo KIIF, and the angle KAC to the 
aniih^ Ki)l’. * * 

^ I 

If tlie aiufle IKU' bo equal to the ancle I’ln', it is luani” 
lest \ that the angle UAC is also equal to VAM\ Jhit. if nol, 
ouo oi them nuKsl he un'attu* than 
^the other : let lUiC be the gnalt'r, 
and at the ])oint <J, in the straiglit 
line JUir, Tnak(‘ ^ the ancle 1W;K 
equal to the angle KIIF. Then, be¬ 
cause the angle I»(iK is equal to the 
angle l.Hl', ami that equal angles stand iq>oii (^quul eireuni- 
foiences', when they are i\t the ceiitn's, tlieiefore the cir¬ 
cumference I>K is equal tu the clrcnmferi'nee KF : hiU j. 
equal '1' to \M' ; therefore also ISK is equal M t(» I5F. the ]i*ss 1ti 
the greater ; wliich is iiupo.ssilib' ; il^urethrc the angle IWiC it- 
not uneqtial to tlic angle KlIK; that is. it is i'qnal t*> it: i;ud 
the angle at A is half t of th* angle and the angle at 

half of the angle KHl’; tluc-efore tlie *.uigle at A equal'!' 
to tlie angle at I). \\']iiu*er(U'<‘, in equal cireles, iS.e. v, />- 

xxviir. 

c • 

Tiii.<n ;.—Jn rqufJ c/hr/ev, (’•/rd ,^/raiy/;/ A>c.v c i 

i\r\'i(}ufvrc.!i'‘\s ; //a* yn'uL'r vqn.il io /'.r i/cc/tv . 
h'S.s Li the Irs.s, 

• i 

TjcI AlfC, J>IvF he equaUcIreles, and i*.i , F'' ispiul slraighi 
lines in tliein. wliieh cut off the tu'o greater clivuniiereiiees 
)bV(’, i:i>l’, aud the tus* less IJUC, Kill': tin* greater ItAt 
shall b(‘ equal to tln^ greater KDF, and the less I»(iK to the 
loss KIIF. 

Take ^ K, Ij, the coiitres of the 
circles, and join lUv, KK, KK, KF: 
and because llie circles are t qnal, 
the straiglit lines from their centres 
are -f* equal; therefore 15K, KC are 
equal t(»*KK, KF, esuch to eacli ; :nid 

the basV liC is equal -I" to the base KF ; ihendorc the angle 
liKC is equal ^ to the angle EKF: but equal angles stand 
uj)on equal'' cireumferciiees, wlicri they are at the centres; 




j:uok in. JjKop. xxix. X-\\. 



tiiiTt'forc tlio circumference lUiC in equal to the clrcinnferencc 
ffUK : hut the whole circh' AV>C h equal t to the whole KDF; i Ihju 
tiiereforo the lemaining part of the circumference, viz. BA(', 
is equal t to the remaining \)iXYi KDK. Thert^fore, in equal j Ay, 
circles, &c* Q, V;. o. 


PROPOSITION XaIX. 


I..;. 


'i’Eii:ou.— lu ajital circicsj vquid cu cuinfi^rcuccti arc .suldi ndvd 

• •drahthf Unc.s, 

Lf‘1 OiA' he equal circles, ami lei the cjn'inurorenccs 

T/JM'' als(» he equal ; ;im! join lU', KK: the straiglii 
lU' sliall l)e e([ual to the straight line KP. 

'PalcoKj li, th(* ceiitres <»f the circh's, ami jinn WK, KC, 

IMi, IjV ; and because the circuinfer- 
eiice is equal to tlic circiiini'cr- yv y) 

enee KJil’, the angle RKC is equal”' 
i(> the angle lAiP; and*l)ecause the [ \ / 

ci»‘les ARC, •DIA' are equal, the 13 
straight lincs/nmi their centres are t Q 11 

equal; therefore BK, KC- ^ire equal to 

1*;l. Uj'", each to eacli; and they contain 0 ({ual angles; lliero- 
fore llie base PtC is equal ^ to the base KP. Thercfcre, in equal ' t. i 
circles, Xc. Q. /■:. n. * 


f I 


PROPOSITION XaX. 

l^uoit.— 'Jo i)iscii a circun/fcrLOicc, that is, to «li\'i(]e it. 

* into two equal parts. ^ 

Let ADR be the given circiiinfereiice; it is required to 
biseet it. 

Join AR, and bisect it in ( ; from the point (', draw Cl) C 
ut light angles + to ^VR; the circuinforencc ADR shall be t *1-1- 
bisected in the jmint D. 

Join AD, DU: and because AC is equal to CR, 
and CD common to the triangles ACT), RCD, the 15 

two sides A(‘, CD are equal to the Dvo RC, (’D, ,, ' ; ^ 

(‘ach t(> each; and the angle ACD is equata-o the A~*~(V ‘ li 
angle RCD, because each of them is a right an¬ 
gle; therefore the base AD is equal * to the base RD. Jbit * i. i 
equal straight lines cut ulF equal circumfcicnco, the greater * lib, 3, 
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t 15 Def. 1 
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* 32 . 1 . 
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equal to the greater, and the less to the less; and AD, DB 
are each of them less than a semicircle, because DC * passe i 
through the centre, therefore tlie circumference \n is equal to 
the circumference DB. Therefore, the given circumference 
is bisected in D. Which was to be done. 


PKOPOSITION XXXI. 

Tjieor. — /;/ a circlcy flic angle in a scr^icirclc lv a rignl angle ; 
but the angle rn a segment greater than a stinicirele, /v le.sx 
than a right angle ; and the angle in a sigment less ihan a 
semicirchy is greater than a right angle. 

Let ABCD be a circle, of which the diameter is DC, and the 
centre E ; and draw CA, dividing the circle into the scgnienls 
ABC, ADC, and join BA, AD, DC: the angle in the semi¬ 
circle BAG, shall be a right angle; and the angle in tlie seg¬ 
ment ABC, which is greater than a semicircle, shall be loss 
than a right angle; and tlie angle in the segment ADC, wliicli 
is less than a semicircle, shall be greater llian a right angle. 
Join AE, and produce BA to F : a^d he- 
, cause BE is equal f to EA, the angle EAB is 
equal * to EBA ; also, because AE is equal 
to EC, the angle EAC is equal to FCA; 
wherefore the whole angle BAC is equal f to 
the two angles ABC, ACB: but FAC, the 
exterior angle of the triangle ABC, is equal * 
to the two angles ABC, ACB ; therefore the 
angle BAC is equal \ to tlip angle FAC; and <^hcrcfore caeh of 
. them is a right * angle; W'hereforc the angle BAC in a semi¬ 
circle, is a right angle. 

And because the two angles ABC, BAC of the triangle 
ABC, are together less* than two right angles, and that BAC 
has been proved to be a right angle, therefore ABC mut’.t be 
less than a right angle; and therefore tlie angle in a segment 
ABC greater than a semicircle, is less than a right angle. 

And because ABCD is a quadrilateral figure in a circle, any 
tM'o of its opposite angles are equal to two right angles; 
therefore the angles^BC, ADC are equ£^ to two right angles: 
and ABC has been proved to be less than a right angle; where¬ 
fore the other ADC is greater than a right angle. 

Besides it is manifest, that the circumference of, the greater 
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segment ABO falls without the right angle CAB ; but the cir- 
oiimferencc of the less segment ADC falls within the right 
angle OAF. • And this is all that is meantj when in the 
Greek text^ and the translations from it, thy angle of the 
greater se^fhent is said to be greater, and the angle of the less 
^ segment is said to be less, than a right angle-” q, je. o. 

Con*From this it is manifest, that if one angle of a tri¬ 
angle be equal to the other two, it is a right angle, because 
the angle adjacent to it’s equal + to the same two; and when 
the a(]jaccnt anj^lcs arc equal, they are t right angles. 

PROPOSITION XXXII. 

• 

Tiikou. —If a fiivaighi line touch a circle^ and from the point 
of contact a straight line he drawn culling the circle^ the 
angles which this Unc wakes with the line touching the circle, 
shall he etjual to the angles which are in the allernaic seg~ 
wvnig oj'ihe circle. ^ 

I*et the straight line EF touch the circle A BCD in B, and 
from the point B let the straight line BD be drawn, cutting 
the circle: the angles winch BD makes with the touching 
line EF, shall be equal to the angles in the alternate seg¬ 
ments of the circle ; that is, the angle DBF shall be equal to 
the angle Avhich i^ in the segment DAB, and the angle DBE 
shall be equal to the angle in the segment DCB. 

From the point B, draw * BA at right angles to EF, and 
take any point C, in tljp circumference DB, and join AD, DC, 

* CB: and beoaus%the straight line KF touches the circle ABCD 
in the point B, and BA is drawn at right 
angles to the touching line from the point of 
contact B, the centre of the circle is* in BA; 
therefore the angle ADB in a semicircle is a 
right** angle ; and consequently the other 
two angles BAD, ABD, arc equal * to a right 
angle: byt ABF is likewise a t riglit angle; 

• therefore the angle ABF is equal t to the angles BAD, ABD: 
take from these equals the common angle ABD ; therefore the 
remaining angle DBF is equal t to the angk; BAD, \vhifch is in 
the alternate segment of the circle- And because ABCl) is a 
quadrilateral figure in a circle, the opposite angles BAD, BCD 

^ are equal * to two right angles; but the angles DBF, DBE arc 
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likewise equal * to two right angles; therefore the angles 
DIIF, DIJ7C arc equal + to the angles liAD, T\CT> : and DBF 
been proved equal to BAD ; therefore the regaining angle 
DBK is cquiil J to the angle BCD in the alternate segment of 
the circle. Wherefore, if a straight line, &c. Q. «• 

PROPOSITION XXXTTl. 

Pkob.— Upon a pihen siraighf line to describe a scgivcyit of a 
circle, which shall co///rtm an angle equal lo a gfven rccti^ 
thical amile. ^ 

o 

Let AB be the given stniight line, and the angle at C the 
given rectilineal angle; it is required to describe upon the 
given straight line AB, a segment of a circle, which shall con¬ 
tain an angle equal lo the angle (3. 

First, let llie an^ ^ at C be a right angle ; 
bisect * AB in P, and from the centre F, at H 

the distance FB,describetlic somieircle AIIB; j ■ / 
therefore the angle AIIB in a semicircle, is jj 

equal to tlie right angle at (^. 

But, if the angle C he not a right angle; at the jxiint A, 
in the straight line AB, make* the angle BAD equal to the 
angle C, and from the point A, draw * AF at right angles to 
AD: bisect * AB in F, and from F, draw * F(i at right angles 
to AB, and join (fB. And because AF 
is equal to FB, and F(f common to llic 
triangles AF<r, BFO, the two sides AF, ^ 

FG arc equal to the two BF, FG, each to / 

1 . each; and the angle AFO. is equal t to ^ 

the angle BFG ; therefore the base AO is \ ^ 

equal * to the base GB; and therefore the 

circle described from the centre G, at the di.stanco GA, sliall 
pass ihnnigh the poijit B : let this be the circle AIIB : the seg¬ 
ment AIIB shall contain an angle equal to the given rectili¬ 
neal angle 

Because from the point A, the extremity __jx 

of the diameter AE, AD is drawn at right 
3. angles to AE, theref(»re AD * touches the * 
circle r'^and bccau?'3 AB, drawn from the /V 
point' of contact A, cuts the circle, the ^ ^ 

angle DAB is equal to the angle in the alternate segment* 
AIIB: but the angle DAB is equal t to the angleC; therefore 


TI 
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tho an^le C is equal t to tlic angle in the segment AHB. 
Wherefore, upon the given straight line AB, the segment 
AIIB of a cirde is described, which contains an angle equal 
to the given angle at C. Which was to be doqe. 


PROPOSITION XXXIV. 

* * 

I’Kon.— F?* 07 n a giimt circle iocvt off a seginenty which shall 
voUUim an angle equal (o a given rcciUineal angle. 

Let ABC be *1116 given circle, and I> the given rectilineal 
angle; it is rc^qiiirod to cut off from the circle ABC^ a seg- 
liienl, that shall contain an angle cijual to the given angle I>- 
Draw"^ the straight line EF touching the circle ABC in the 
point B ; and at the point B, in the 
straiglit line BF, make * the angle FBC 
equal to the angle 1): the segment BAC 
shall contain an angle equal to the given 
angle D. o 

Because the ^straight line EF tonchos 
the circle ABC, and BC is drawii from 

the point of contact B,4;he angle FBC is equal * to the angle 
in the alternate segment BA<> of the circle; but the aiic:le 
FBC is equal t to the angle D; therefore the angle in the 
segment BAC is cqua>* to the angle D. Wherefore, from 
the given circle ABC, the segment BA(*- is cut olf, containisig 
an angle equal to the given angle D. Wliich was to he done. 



PROyOSlTION XXXV. 

TnflOii .—If iwo straight lines cut one unolher within a circle^ 
the 7'ccta7)gJc contained by the segments of one of them is 
equal to the rectangle contained by the seginents (if the 
other. 


Let the two straight'lincs AC, BD cut one another in the 
point E, within the circle ABCD : the rectangl 
coiitainccf by AE, EC, shall be equal to the rcct 
angle contained by BE, ED. 

If AC, BD pass each of them through the cen 
tre, so that E is the centre, it is evident, that 
AE, EC, BE, ED being allt equal, the rectangle AE, EC is 
likewise equal to the rectangle BE, ED. 
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But let one of them BD pass through the centre, and cut 
the other AC, which does not pa^s through the centre, 5t 
right angles, in the jwint E: then, if BD be bisected in F, F is 
the centre ofc the circle ABCD : join AF: and because BD 
which passes through the centre, cuts the straigl\t line AC, 
wliich does not passjthrough the centre,at right 

• 3- 3. angles in E, AE is equal * to EC : and because 

the straight line BD is cut into two equal parts 
in the point F, and into two unequakparts in 
the point E, the rectangle BE, ED, togethc? 

* 3- 2, with the square of EF, is equal * to the squsfrc 

of FB ; that is, to the square of FA : but the 

♦ 47. 1. squares of AE, EF are equal * to the square of FA ; therefore 

the rectangle BE, ED, together with the square of EF, is 
f I Ax. equal + to the«squaros of AE, EF : take away the common 

t 3 Ax- square of EF, and the remaining rectangle BE, ED is equal t 

to the remaining square of AE; that is, to the :|: rectangle 
AE, EC. 

Next, let BD, which passes through tlie *cntre, cut "he 
other AC, which does not pifss through the centre, in E, but 
not at right angles: then, as before, if BD be bisected in F, 

• 12.1. F is the centre of the circle. Join AF, and from F draw * 

♦3. S. FG perpendicular to AC; therefore AG is equal * to GC; 

wherefore the rectangle AE, EC, together with, the square 
' b. 2. of EG, is equal * to the square of AG; to crch of these equals 
add the square of GF; therefore the rect¬ 
angle AE, EC, ttigether with the squares 
t 2 Ax. of EG, GF, is equal t to the squares cf AG, 

* 47. J GF: but the squares of EG, GF are equal * 

to the square of EF; and the squares of AG, 

GF are equal to the square of AF; therefore 
the rectangle AE, EC, together with the square of EF, is equal 
to the square of AF; that is, to the square of FB: but the 

• 6. 2. square of FB is equal * to the rectangle BE, ED, together 

with the square of EF; therefore the rectangle AE, EC, 
f 1 Ax. together with the square of EF, is equal t to the’rcctangle 
BE, ED, together with the square rf EF: take away the 
common square of EF, and the remaining rectangle AE, EC 
is therefore equal i to the remaining rectangle BE, ED. 

I Because AE has be<m proved to be equal to EC. 
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Lastly, let neither of the straiglit lines AC, BD pass through 
tfie centre: take t the cciiiTc F, and through E, the intcrsec- f 1. 3. 
tion of the straight linos AC, 1)B, draw the 
diameter GEFH : and because the rectangle 
AE, EC is*equul, as has been shewn, to the 
rectangle (JE, Eli, and, for the same reason, 
the rectangle BE, ED is equal to the same 
rectangle (rE, Eli, therefore the rectangle 
AE, EC is equal t to the rectangle BE, ED. 
two sttaight lines, &c. q. e. d. 


ir 


A' 



Wherefore, if + l Ax. 


PROrOSITION XXXVI* 


TirRon.— If from any point without a circle two straight 
Hues he dratni^ one of tvhick cuts the circle^ and the other 
touches it; the rectangle coyitained by the whole line which 
cuts (he circle, and the part of it without ilui circle, shall 
he equal to the square the line which touches it. 


Let D be any point without the circle ABC, and let DCA, 
DB be two straight lines drawn from it, of which DCA cuts 
the cinde, and DB touches the same: the rectangle AD, DC 
shall be equal to the square of DB. 

Either DCA passes through the centre, or it dov,s not: first, 
let it pass throng].^ the centre E, and join EB; therefore the 
angle EBD is a right * angle : and because the 
straight line AC is bivsected in E, and produced 
,to the point D, the rert.mgle AD, D(', together 
with the square of EC, is equal * to*the square 
of ED : hut CE is equal to EB ; therefore the 
rectangle AD, Dli, t(»gcther with the square of 
EB, is equal to the square of ED : but the square 
of ED is equal * to the squares of EB, BD, be¬ 
cause EBD is a right angle ; therefore the rectangle AD, DC, 
together with the square of EB, is equal + to the squares of 
EB, BD : take away the common square of EB ; tlicreforc the 
remaining rectangle AD, DC is equal t to the square of the 
tangent DB. 

But if DCA does not pass through the Centre of the circle 
ABC, take * the centre E, and draw EF j)crpendiciilar * to 
AC, and join EB, EC, ED. And because the straight line EF 
which passes through the centre, cuts the straight line AC 

• . o 
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wliich does not pass ihrougli the centre, at riglit angles, it 
also bisects* it; therefore AF is'equal to FC : and because 
the straight line AC is bisected in F, and ])ro- 
duced to D, "thi' rectangle Al), DC, together 
with the square of FC, is equal * to the square 
of FD: to each of ^hese equals ad^d the square 
of FF : therefore the rectangle AD, DC, to¬ 
gether with the squares of CF, FE,ise(piJil + to 
the squares of DF, FE : Imt the square of ED 
is equal * to the squares of DF, FE, because* J'^FD is i right 
angle; and for the same reason, the squ;fre of E<^ is equal 
to the squares of CF, FE ; therefore tlie rectangle AD, DC, 
together with the square of EC, is equal t to the square t>f : 
but (U'l is equal to EJi; therefore tlic rectangle AD, DC, to¬ 
gether with the square of ED, is equal to tlie square of ED ; 
hut the squares of KU, liD sire <‘qual to tlie square* of ED, 
because E15D is a right angle ; therefor*' the rectangle AD, DC’, 
together A^ ith the square of Eli, is cvpial to tlie squares of Eli, 
BD : take aAA'ay the coniinun square of EB ; theref*»re the ^e- 
mniiiiug rectangle AD, DC- is equal + to thq square of DB. 
Wlierefore, if from any ])oint, e, />. 

Coi4. If from any point without a circle, 
there he drawn two straight lines cutting it, 
as AB, AC’,* the rectangles collta^ne*^ by th** 
whole lines and the parts of them AA'itlwmt the 
circle, are equal to one another; A'iz. the rect ¬ 
angle BA, AE, to*the rectangle CA, AF; f*»r 
*‘ach of them is equal to ihb square of the 
straight line AD, Avhich touches the circle. 


•V 



PROPOSITION XXXVII. 


Tiieor.-— TJ' from a jmhil wilhou! a drvlc ihcre he ilrmrn tnny 
alraigh! /iwc.v, one of ivhich cuts ihe ctrcfcy and the other 
meets it ; ij' (he reclangte contained hy the. whole line which 
cuts the circlcy and the part of it without ihe cirelcy he equal 
to the square of the line which meets it, the line n^hich meets 
shall loveh the circle* 

Lct*any point U be taken AAMtlnmt the circle ABC, and from 
it let*two struiglit lines DC;a and DB be drawn, of which DCA 
cuts the circle, and DB meets it: if the rectangle A.D, DC be 
equal to tlie square of DB, DB shall touch the circle, 

V 
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Draw * the straight line DE, touching the circle ABC; findt 
fts centre F, and join FE, IB, FD; then FED is a right* angle: 
and because DE touches tlie circle ABC, and DCA cuts it, the 
rectangle .^D, DC is equal * to the square of DL: but the rect¬ 
angle AD, DC is by hypothesis equal to the 
square of DB: therefore the square of DE is 
equal t to the square of DB; and the straight 
line DK equal to the straight line DB; and FE 
is equal to FB; wlicicforc DE, EF are equal 
to DB, BF, eacli to each ; and the base FD is 
coinnuui to tin; two triangles DEF, DBF; there¬ 
fore the angle DEF is equal * to the angle DBF: 
but DEF was shewn to be a right angle ; therefore also DBF 
is t a right angle : and BF, if produced, is a diameter ; and 
the straight line ■which is drawn at right angles to a diameter, 
from the extremity of it, touches * the circle: therefore DB 
touches the circle ABC. Wlicreforc, if from a point, &c, 
V- /). * 
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VI, A circle is said to be described about a rccti- 
• lineal figure, when thp circumference of the 

circle passes through all the angular points of 
the figure about which it is described. 

t 

VII. A straight line is said to be placed in a circle, when the 
cxtreinities of it are in the circumference of the circle. 



PROPOI^ITION I. 


Pjioiii^KM .—In a given circle^ io place a straighl line, cqttal 
lo a gh^en slraighl Hue, iddch is not greater than the diame¬ 
ter of the circle. 


Let ARC be the given circle, and D the given straight line, 
not greater than the diameter of the circle ; it is required to 
place in the circle Allt!, a straight line equal to I), 

Uraw Hi' X the diameter of the circle AUC : then, if lUJ is 
cqfial to 1), tilt thing required is done; for in the circle ABC, 
a straight line B('- is placed equal to D: 
hut, if it is imt, BC is greater + than D: 
make equal * to I>; and from the centre 
at the distance CE, describe the circle 
AEF, and join CA: CA* shall be equal to D« 

Because (' is the centre of the circle AEF, (-A is equal t to 
CE: but D is equal + to CE,- therefore I) is equal t to CA- 
Wherefore, in the circle ABC, a straight line CA is placed 
equal to the given straight line 1>, which is not greater than 
thci diameter of the circle. Whicli was to be done. 





PROPOSITION II. 

ProB-—/« a given cipcle, io inscribe a triangle cqtdangular 

to a given triangle. 

Let ABC be the given circle, and DEF the given triangle ; 
it is required to inscribe in the circle ABC, a triangle equi¬ 
angular to the triangle DEF. 

*** 

\ Find tlic centio, and through it diaw any straight line BC, terminated 
both ways by lljc circutufercuec ; this line is a diameter. 
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right angles, and the straight line which is drawn from the 
extremity of a diameter at right angles to it, touches * tlm 
circle; therefore the straight lines AB, BC, do each of 
them touch the circle, and therefore the circle EFG is in¬ 
scribed in the triangle ABC. Which was to be done. 
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PUOPOSITION V. 

Pkob. —To describe a circle abofif a given triangle. 

^ * 

Let the given triangle be ABC ; it is required to describe a 
circle about ABC. 

Bisect * AB, AC, in the points T>, E, and from these poi^nits 
draw DF, EF at right angles * to AB, AC? DF, EF produced, 
meet one another; 
for, if they do not 
meet, they are paral¬ 
lel, wherefore AB, 

AC, which are at 
right angles to them, 
arc parallel; which is absurd : let thcpi meet in F, and join 
FA; also if the point F be not in EC, join B(*, CF *. Then, 
because AI) is equal to I>B, and DF common, and at right 
angles to AB, the base AF is equal * to the base FB. In like 
manner it may bo shewn, that (’F is equal to FA ; and there¬ 
fore BF is equal t to FC ; and FA, FB, FC, arc equal to one 
another : wlicrcforc the circle described from the centre F, at 
the distance of one of them, will pass through the extremities 
of the otlicr two, and be described about the triangle ABC. 
Which was to be done. 

Corollary. And it is manifest, that ^vhen the centre 
of the circle falls within the triangle, each of its angles is less 
than a right angle +, each of them being in a segnieiit greater 
than a semicircle; but when the centre is in one of the 
sides of the triangle, the angle opposite to this side, being in 
a semicircle t, is a right angle; and, if the centre falls with¬ 
out the triangle, the angle opposite to the side beyond which 
it is, being in a segment less than a semicircle +, is greater 
than a ygbt angle ; therefore, conversely, if the given triangle 
he acijte-anglcd, rfie centre of the circle falls within it; 
if it bo a right-angled iriaugle, tlie centre is in the side opjH)- 
sitc to the right angle; and if it be an obtuse-angled triangle. 
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the centre falls without the triangle, beyond the side opposite 
the obtuse angle. 


PROPOSITION VI. 

Pndii.—7b iftAcribc a square in a given circle. 

Let 4BCD be the given circle; it is required to inscribe a 
square in AliCD. 

Draw the diameters AC, BI> t at right angles to one another, 
and join AB, BC, CD, DA : the figure ABCD shall be the square 
required. * 

Ilccausc BE is equal to ED, for E is the 
centre, and that EA is common, and at right 
angles to BD, the base BA is equal * to the 
base AD: and for the same reason, BC., CD 
are each of them equal to BA, or AD; there¬ 
fore the quadrilateral figure ABCD is equi¬ 
lateral. It is also rectangular; for the straight line BD be¬ 
ing the diameter of the circle ABCI),^ BAD is'a semicircle’; 
v.Vercfore the angle BAD is a right""* angle: for the same 
reason, each of tlie angles ABC, jJCil), (,'DA is a right angle; 
therefore the quadrilateral figure ABCD is rectangular: and 
it lias hecn shewn to be equilateral; therefore it is a t square; 
ami it is inscribed in ^he circle ABCD. Which was to be 
done. 

PROPOSITION VII. 

pROn.— To describe a square about a give?i circle. 

Let ABCD be the ^*ven circle; it is required to describe a 
square about it. 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another; and through the points A, B, C, D, 
draw * FO; Oil, IIK, KF touching the circle : the figure 
GIIKF shall be the square required. 

Because FO touches the cjrcle ABCD, and 
EA is drawn from the centre B, to the point of 
contact A, the angles at A arc right * angles; 
for the same reason, the angles at the points 
B, C, I) are right angles: and because the 
angle AEB is a right angle, as likewit./ is 
EB(», oil IS parallel ^ to AC'; for the same reason AC is pa¬ 
rallel to FK; and in like uiauncr OF, IIK may each of them 



F 

L 

J 




t 

11. J. 


' 4. 1. 


•31. 3. 


f SO Def. ] 


• 17. 3. 


♦ 18. 3. 


•:^ 8 . 1 . 



90 


* a4. I. 


• :M.. 1. 


t 30 Dcf. 3. 


* JO, J. 
t 31.1. 

* Si, 1. 

t 30 Dcf. 1 

t 7 Ax. 


* 29. 1. 


t 29.1. 
t 30 Def. 1 


KUCIA1>K KLKMKNTS. 

4 


Ik; dcinoiistnited to be parullel to BED ; tliercforo the liji;iiros 
(JK^ GC, AKj BK are puralleloj^^riuns; uiul tlierofore DK js 
equal * to IIK, ami tfJIl to I’K: and because AG is equal to 
in>, and that AT is equal to each of the two (HI, FK; and 
BD to each of the two OF, IIK; OH, FK are each of them 
equal to OF, or HK; therefore the quadrilateral fi^^arc FOIIK 
is equilateral. It i* also rcctangulsir j for OBEA beif.g a ])a- 
r illelogram, and AEB a riglit angle, AOB ^ is likewise a right 
angle; and in the same manner it may be shewn, that the 
•' angles at IJ, K, F, iwe right angles ; tlu'refore tlie quadri¬ 
lateral figure FOllK is rectangular: siiid it is demonstrated 
t(» bo <‘(]uila(eral; tiierefore it is a+ square; and it is de* 
scribed about the circle ABCD. Which was to be done. . 


PROPOSITION Vlll. 

Pkob. — 7o inscribe a circle in a ^iven square, 

K 

Let A lit’I) be the given square; it is required to insenbe 
a circle in ABCD. ' « 

Bisect ^ eacli of the sides AB, A-D m the ])oiiits F, E ; and 
through E, draw + Ell parallel to AB or DC ; and threagh F, 
draw FK ])arallel to AD or BC : therefore each of the figures 
AK, KB, AlIyllD, AO, OC, BO, OD is a parallelogram; and 
their opposite sides are * equal: and ln*c:niso AD is otiualf to 
' AB, and that AK is the liulf of AD, and AF tlie half of AB, 
AK is equal + to AF; wherefore the sides op¬ 
posite to tliese are equal, vvA:. FO t<i‘'OE: in 
the same manner it may be demonslraied, 
that (iH, (iK are each of them equal to FO or 
OK ; therefore the four straight lines OK, OF, 
oil, OK are equal to one another; and the 
circle described from the centre O, at the dis¬ 
tance of one of them, vvill pass through the extremities of 
the other three, and touch the straight lines AB, B(‘, (.’D, 
DA ; because the angles at the points X 1'^? B? Kj right* 
angles, and that the straight line which is drawn from the 

J Bcoause AB is to KII, tho two anglos BAK, AlCIl are logelher 

cc]ua11 to two riglit angles : bnt BAE t is u ligla angle; therefore AEIl is 
■ a right angle: and in the same manner the angles at the ()uints F, 11, K, may 
be proved to be right angles. 
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extremity of a dianictor, at right angles to it, touches^ the * Cor.IO.S. 
c^cle: therefore eacli of the straight lines Al\, IIC, i'i>, 1>A 
touches the circle, which therefore is inscribed in the square 
AliCD. Which was to be done. 


PROPOS5ITION IX. 

Puon,— To describe a circle about a gioen sqttare> 

Let AIU'D he the given square; it is required to describe 
a circle about aV.CD, 

Join AC, BI>, cutting one another in E: and because DA 
is equal + to AU, and AC common to the triangles DAC, liAC, t 30 Def. K 
the two sides DA, AC are equal to the two BA, AC, each to 
each ; and the base IX’. is equal to the base BC; 
wherefore tlie angle DA(i is equal * to the angle \ ^ 

BAC; and tlie angle DAB is bisected by the \ C. 
straight line AC-; in the same manner it may \\ 
be demonstrated, that the angles ABC, BCD, 

GDA arc severaMy bisected by the straight lines 

BD, AC : therefore, because the angle DAB is equal + to the f 30 Def. 1. 
angle ABC, aad that the angle EAB is the half of DAB, 
and EBA tlie half of ABC, the angle EAB is equal t to the t 7 Ax. 
angle EBA ; wherefore the side EA is equal * to the side EB: * 6.1. 
in the same manner it may be demonstrated, that the straight 
lincft EC, ED are each of them equal to EA, or EB; therefore 
the four straight lines EA, KB, EC, ED, are equal to one an¬ 
other ; and the circle described from the centre E, at the 
distance of one of them, will ^)ass through the extremities of 
tlu' other three, and be described about the square AliCD. 

Wliich was to be done. • 


PROPOSITION X. 

Prob. —‘To describe an isosceles triangle, luieing each of the 
angles at the base, double (if'the third angle. 

Take any straight line AB, and divide * it in the point C, n. si. 
60 that the rectangle AB, BC may be equal to the square of 
CA; and from the centre A, at the distance AB, describe the 
circle BDE, in which, jdacc * the straigfit line BD equal to l. 1. 

AC, which is not greater than the diameter of the circle BDE; 
and join DA: the triangle ABD shall be such as is required; 



92 


* 6, 4. 

f Constr. 
f 1 Ax. 


* 37. 3. 

* 32. 3. 


f 2 Ax. 

* 32. 1. 

■} 1 Ax. 

• 6. I. 

f 1 Ax. 


* 6 . 1 . 

+ ] Ax. 
• 5 . 1 - 

f 32. 1. 


Euclid’s elements. 
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that is, each of the angles ADD, ADB shall be double of the 
angle BAD. ^ 

Join DC, and about the triangle* ADC describe * the circle 
ACD: and because the rectangle AB, BC is equal to the 
square of AC 't', and that AC is equal to BD, the rectangle 
AB, BC is equal f to the square of BD: and 
because from the jjoint B, without the circle 
ACD, two straight lines BCA, BD are drawn 
to the circumference, one of wliich cuts, 
and the other meets the circle, anu that ^ 
the rectangle AB, BC, contained by the 
whole of the cutting line, and the part of 
it without the circle, is equal to the square 
of BD which meets it, the straight line BD touches * the 
circle ACD : and because BD touches the circle, and DC is 
drawn from the point of contact D, the angle BDC is equal * 
to the angle DAC in tlie alternate segment of the circle : to 
each of these add the angle CDA; therefore the whole angle 
BDA is equal -j- to the two angles ( DA, DA(-: but the exte¬ 
rior angle BCD is equal * to the angles CDA, J>A(3; therefore 
also BDA is equal t to BCD : but BDA is equal * to the angle 
CliD, because the side AD is equalto the side AB ; therefore 
C15D, or DBA, is equal f to BCD ; and consequently the three 
angles BDA, DBA, B(’D are equal to one another; and be¬ 
cause the angle DBC is equal to the angle BCD, the side BD is 
equal * to the side DC : but BD was made equal to CA; there¬ 
fore also CA is equal -f to CD, and the angle CDA equal * to 
the angle DAC; therefore the angles CDA, DA(j together, 
are double of the angle DAC: but ‘BCD is equal t to the 
angles (’DA, DAC; therefore also B('D is double of DAC: 
and BCD was proved to be equal to each of the angles BDA, 
DBA; tlicrcforc oacli of tlie angles BDA, DBA is double of 
the angle DAB. '’IVhercforc, an isosceles triangle ABD is 
described, having each of the angles at the base, double of 
the third angle. Wliich was to be done- 

PROPOSITION XI. 

I*non.— lo inxeribe an equilateral and equiangular prnlagoti 

ipi a given circle^ 

A 

Let ABCDK be the given circle; it is required to inserilK^ 
an equilateral and equiangular pentagon in the circle ABCDK. 
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Describe * an isosceles triangle FOH, having each of the 
angles at G, II, double of the angle at F; and in the circle 
ABCDE, inscribe * the triangle ACD, 
equiangular the triangle FGH, so tliat 
the angle CAD may be equal to the 
angle at F, and each of the angles ACD, 

(’DA equal to the angle at G or II: 

•wherefore each of the angles ACD, CDA 
is double of the angle CAD. Bisect* 
the angles ACD, CDA by the straight lines CE, DB; and 
join AB, B(\ DE, EA : ABCDE shall be the pentagon re¬ 
quired. 

Because each of the angles ACD, CDA is double of CAD, 
and that they are bisected by the straight lines CE, DB, 
therefore the five angles DAC, ACE, ECD, CDB, BDA arc 
* equal to one another: but equal angles stand upon equal * 
circumferences; therefore the five circumferences AB, BO, 
CD, DE, EA arc equal to siie another: and equal circiinifer- 
cncscs are subtended by equal* straight lines; therefore the 
five straight lines AB, BC, CD, DE, KA are equal to one an¬ 
other: wherefore the pentagon ABCDE is equilateral. It is 
silso equiangular ; for, because the circunifereiice AB is equal 
to the circumference DE, if to each be added BCD, the whole 
ABCD is equal t to the whole EDCB : but the tangle AED 
stands on the circumference ABCD, and the angle BAE on 
tlie circumference EDCB ; tlicrefore the angle BAE is equal * 
to the angle AED: for the same reason, each of the angles 
^BC, BCD, CDE is eqiW to tlit angle BAE, or AED; there¬ 
fore the pentagon AB(^DE is equiangular; and it has been 
shewn, that it is equilateral. Wherefore, in the given circle 
an equilateral and equiangular pentagon has been inscribed. 
Which was to be done. 


• 10. 4. 

• 2.4. 


9 . 1 . 


* 26. 3. 


* 29. 3. 


t 2 Ax. 
•27. 3. 


PROPOSITION XII. 

Pbob.- -To describe an equilateral and equiangular pentagon 

about a ^ven circle* 


Let ABCDE be tbe given circle ; it is required to describe 

an equilateral and equiangular pentagon about the circle 
ABCDE- 
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* 17. 3. 

* 18. 3. 

* 47. 1- 

f 1 Ax. 
f 3 Ax. 

* 8 . 1 . 
t 4. U 

* 97. S. 
f 7 Ax, 

*2G. 1. 


EUCL11>*8 ELEMENTS. 

Let tlic angles of a pentagon, inscril)e(l in the circle, l)y 
the last proposition, bo in the points A, 15, 1>, E, so tfiat 

the circumferences AB, BC, CT), DE, EA are* equal; and 
through the ^Joints A, B, C, 1), E, draw ftll, UK, KE, IM, 
MO, toucliing the circle; the figure CJIIKLM shall be the 
pentagon required.^ ^ 

Take the centre F, and join FB, FK, FC, FL, FP: and be¬ 
cause the straight line KE touches the circle AB^DE in the 
point C, to which FG is drawn frohl the 
centre Vy F<; is perpendicular * to KL, 
therefore eucli of the angles at O is aright 
angle; for the same reason, llie angles at 
the points B, I) are right angles; and be¬ 
cause FOK is a right angle, the square of 
FK is equal ^ to the squares of FC, VK ; 
for the same reason, the square of VK, is 
equal t<i the squares of FB, BK; therefore the squares of FC, 
CK are equal f to the squares of FB, BK ; of which the 
square of FC is equal to the square of FB ; therefore the re¬ 
maining square of CK is equal t to the rem9.ining square of 
BK, and the straight line CK equal to BK: and because FB 
is equal to FC, and FK common to the triangles BFK, CFK, 
the two BF, FK are equal to the two C'F, FK, each to each ; 
and the ba»D BK was proved equal lo th(‘ base KC; there¬ 
fore the angle BFK is equal * tt) the angle KFC, ,uid the 
angle BKF+ to FK(": wherefore the angle BFC is double 
of the angle KFC, and BKC double of FKC : for the same 
reason, the angle CFD is uoublc of the angle CFL, and' 
CliD double of CEF: and because the circumference BC 
is equal to tlie circumference CD, the angle BFC is equal * 
to the angle CFD ; and BFC is double of the angle KFC, 
and CFD double of CFE; therefore the angle KFC is equal + 
to the angle CFIj : and the right angle FCK is equal to the 
right angle FCE; therefore in the two triangles FKC, FEC, 
there are two angles of the oi'iC, equal to two angles of the 
otlicr, each to each ; and the side FC, which is jfdjacent to 
the equal angles in each, is common to both ; therefore the 
other sides are equal to the other sides, and the third angle 
to the third anglt; therefore the straight line KC is'equal to 
CL, and the angle FKC to the angle FEC: and because KC is 
equal to CL, KL is double of KC. In the same manner it 
may be shewn, that HK is double of BK ; and because BK is 
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equal to KC, as was dciuoustraied, and that KL is double of KC, 
aftd HK double of I5K, thepefore HK is equal t to KL: in like t <» Ax. 
inamicr it may" be shewn, that Oil, OM, ML arc each of them 
equal to 11K, or KIj ; therefore the pentagon OlIKLM is 
cquiliilcral. It is also oquianguliir; for, since the angle 
, TKC is equal to the angle Fli(b and that the angle IIKL is 
(hiublc of the angle FKC, and KLM double of FLC, as was be¬ 
fore demonstrated, therefore the angle JJKL is equal + to f 6 Ax, 
KLM : aikl in like manlier it may be shewn, that each of the 
angles KIKJ, IKtlM, (i.ML is equal to the angle IIKL or KLAI; 
thoref(»re the five tingles OIJK, IlKI^, KIwiM, be¬ 

ing equal to one anotlier, the pentagon CJHKIjM is equi- 
aii|iilar: and. it is equilateral, as was demonstrated; and 
it is described about the circle ABODE. Which was to be 
done. 

rROPosiTiON xirr. 

pROB.— To inscribe a circle in a ^iven cqnilnlcral and cqni~ 

* an^nlar ju’nta^on* 

Let AlU'DK be the given equilateral and equiangular 
pentagon; it is required to inscribe a circle in the peiitagem 
Alu:i>E. 

Jiisect* the angles‘lit;!), ODE by the 
straight lines OF, DF, and fnan the point 
F, in u Inch they meet, drarv the straight 
lines FB, FA, FE : therefore, since BO is 
j equal + to CD, and OF coun.ion to the 
triangles BCF, DCF, the two sides DC, OF 
arc equal to the two DC, ('F, each to each ; 
and the angle BOF is equal f to the angle DCF ; therefore the f Constr 
base BF is equal* to the base FD, and the other angles to ♦ 4. L 
the other angles, to which the equal sides arc opposite; there¬ 
fore the angle CBF is equal to the angle ('DF: and because 
tlie angle ODE is double of CDF, and that ODE is equal to 
OBA, an*l CDF to (’BF: CBA is also double of the angle CBF ; 
therefore tlic angle ABF is equal to the angle CBF; where¬ 
fore the angle ABC^ is bisected by the straight line BF: in the 
same iqanncr it may be demonstrated, that the angles BAE, 

AED arc bisected by the straight lines AF, FE. 

From the point F, draw * FG, FIl, FK, FL, FM perpendi- 13* 
culars to the straight lines AB, BC, CD, DE, EA: and because 
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♦ 26 * 1 . 


♦ 16. S. 


• 9. 1. 


f 7 Ax. 
• 6. J. 


the angle HCF is equal to KCF, and the right angle FIIC equal 
to the right angle FKC^ therefore in the triangles FJIC, Fli(; 
there are two angles of the one, equal to two angles of the 
other, each to* each ; and the side FC, wliidi is opposite to 
one of the equal angles in each, is common to both; there¬ 
fore the other sidesj arc equal *, each to each ; whcrqfore tlic 
])erpendicular FH is equal to the perpendicular FK : in the 
same manner it may he demonstrated, that FL, F.M 5 FG arc 
each of them equal to FII, or FK; therefore the Hve straight 
lines FG, FH, FK, FL, F.^I are equal to one hriothcr; where¬ 
fore the circle described from tlic centre F,* at the distance of 
one of these five, will pass through the extremities of the 
other four, and touch the straight lines Alb HE, EA, 

because the angles at the points <i, II, K, li, M are right an¬ 
gles, and that a straight line drawui from tlie extremity of 
the diameter of a circle at right angles to it, touches * the 
circle: therefore each of the straight lines AH, ('1>, DE, 
EA touches the circle: wdiereforc 't is inscribed in tlie j)en- 
tagon AB(’DE. Wliich W’as to be done. t 


PK0P0SrTI05f XIV. 


PnoB .—To describe a circle about a g^iven equilateral and 

equiangular jientagou. 


Let ABODE be the given equilateral and equiangular pen¬ 
tagon ; it is required to descril>c a circle aljout it. 

Bisect* the angles BCD, T'DE hy the straight lines (’F, 
FD, and from the point F, in which they meet, draw tlic 
straight lines FB, FA, FE, to the points B, 

A, E. It may be demonstrated, in the same 
manner as in tlic preceding projiosition, that 
the angles CBA, BAE, AED arc bisected hy 
the straight lines FB, FA, FE ; and because 
the angle BCD is equal to the angle CDE, and 
that FCD is the half of the angle B('D, and 
CDF the half of CDE, therefore tlie angle FCD is equal f to 
FDC; wherefore the side CF is equal * to the side FD; in 
like manner it nfey be demonstrated, that FB, FA,.FE, are 
each of them equal to FC or FI); therefore the five straight 
lines FA, FB, FC, FD, FE are equal to one another; and the 
circle descrilied from the centre F, at the distance of one of 
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themj will pass through the extremities of the other four^ and 
Be described about the equilateral and equiangular pentagon 
ABODE. "Which was to be done. 

PROPOSITION XV. 

Prob .—To inscribe an equilateral and equiangular hexagon See N. 

in a given circle* 

Let ABCDEF be the given circle ; it is required to inscribe 
an equilateral and equiangular hexagon in it. 

Find + the centre O of the circle ABCDEF, and draw the t 3- 

W 

diameter AGD; and from D us a centre, at the distance DO, 
describe the circle EGCH, join EG, CG, and produce them to the 
points B, F; and join AB, BC, CD, DE, EF, FA : the hexagon 
AB(3DEF shall be equilateral and equiangular. 

Because G is the centre of the circle ABCDEF, GE is equal 
to GD ; and because D is the centre of the circle EGCII, DE 
is-'cqual to DO ; wherefore GE is equal + to 
ED, and the trangle E(jD is equilateral; and 
therefore its three angles EGD, GDE, DEG, 
are equal + to one another : but the three 
angles of a triangle arc equal * to two right 
angles, therefore the angle EGD is the third 
part of two right angles ; in the same manner 
it may be demonstrated, that the angle D(3C 
is also the tliird part of two right angles: and 
, because the straight line GC makes with EB the adjacent 
angles EGC, CGB equal * to two right angles, the remaining * 13. 1. , 
angle CGB is the third part of two right angles; therefore 
the angles EGD, DGC, COB are equal to one another ; and to 
these are equal * the vertical opposite angles BGA, AGF, FGE ; * 15. 1. 
therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, 
arc equal to one another: but equal angles stand upon equal * * 26 . 3. 
circumferences, therefore the six circumferences AB, BC, CD, 

DE, EF,'FA are equal to one another: and equal circum¬ 
ferences are subtended by equal * straight lines, therefore the * 29. 3. 
six straight lines are equal to one another, and the hexagon 
ABCDEF is equilateral. It is also equiangdlar; fur,siqcethe 
circumference AF is equal to ED, to each of these add the 
circumference ABCD; therefore the whole circumference 
FABCD is equal to the whole EDCBA: and the angle FED 


t i Ax. 


A 
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stands upon the circumference FA BCD, and the angle AFE 
t 27- 3. upon EDCBA ; therefore the aiigV* AFE is equal + to FED; 

in the same manner it may be demonstrated, \hat the other 
angles of the hexagon AB(;i)EF are each of them equal to the 
angle AFE or FED; therefore the hexagon is equiangular; 
and it is equilatcnil, as was shewn ; and it is inscribed in the 
giveJi circle ABCDEF- Wliieli \vi\s to bo done. 

Cou.—From this it is inanifo.st, that the side of the hexa¬ 
gon is equal to tlie straight line from tin; mitre, that is, to 
the scniidiametor of the circle. 

And if through the points A, B, C, I>, F,, F there he drawn 
straight lines touching the circle, an c<|uilatcral and equi¬ 
angular hexagon will be described about it, which inu^ be 
demonstrated from M'hat has been said of the pentagon : and 
likewise a circle may be inscribed in a given equilateral and 
equiangular hexagon, and circumscribed about it, liy a method 
like to that used for the pentagon. 

VliOPOaVlU)^ XVI. 


See N. Pnon.— To inscribe an cqnUaleral and equiangular quinde^ 

cagou in a given circle. 


* 2. K 

* II. 4. 


• 30. 3. 

* 1, 4. 


• Let A BCD be the given circle ; it is required to inscribe 
an equilateral and equiangular qui'idocagon in the circle 
ABCD. 

Let AC be the side of an equilateral triangle inscribed ^ in 
the circle, and AF the side of an equilateral and equiangular 
pentagon inscribed * in the syano : therefore, 
of sucl) equal parts, as the whole circumfer¬ 
ence ABCDf' contains fifteen, the circumfer¬ 
ence AB(l, being the third jiart of tlic whole, 
contains five ; and the circumference AB, 
which is the fifth part of tiic whole, contains 
three; therefore BC, their dilfcrence, con¬ 
tains two of the same parts: bisect * BC in E : therefore BE, 
EC arc each of them the fifteenth part of the whole circum¬ 
ference ABCD: therefore if the straight lines BE, J3C be drawn, 
and straight lines equal to them be placed round * in the whole 
circle, an cquilatcg-al and equiangular quindecagon will be in¬ 
scribed ill it. Which was to be done. 

And ill the same manner as was done in the pentagon, 
if through the points of division made by inscribing the quin- 
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dccfigon, straight lines be drawn touching the circle, an equi¬ 
lateral and equiangular qu^ndecagon will be described about 
it; and likewise, as in the pentagon, a circle may be inscribed 
in a given equilateral and equiangular quindec:.gon, and cir¬ 
cumscribed about it. 



THE 


ELEMENTS 



BOOK V. 


DEFINITIONS. 

I. A LKSS magnitiule is said to be a ]>art of a greater iiiagiii- 
tude, wlieu the loss measures the gri-uter ; that is, ‘ when 
‘ the less is contained a certain number of times exactly in 
‘ the grca,*;er.’ < 


II. A greater magnitude is said to be a multiple of a less, 
when the greate- is measured by the less; that is, ‘ when 
‘ the greater contains the Ifss a certain number of times 
‘ exactly.’ 


See N. III. “ Ratio is a mutual relation of two magnitudes of the 

" same kind to one another, in respeet of quantity.” 


IV. IMagnitudes arc said to have a ratio to one another, when 
the less can be multiplied so as to exceed the other. 

V. Tlie first of four magnitudes is said to have the same 
ratio to the second, which the third has to the fourth, when 
any equimultipl^is whatsoever of the first and third being 
taken, and any equimultiples whatsoever of the scebnd and 
fourth, if the multiple of the first be less than that of 
the second, the multiple of the third is also less than Unit 
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of tlie fourth : or, if the multiple of the first he equal to 
T;hat of the second, the multiple of the third is also equal to 
that of the fourth : or^ if the multiple of the first be greater 
than that of the second, the multiple of the third is also 
greater than that of the fourth, 

/I. IVIagnitudes which have the same ratio are called propor¬ 
tionals. ' N. B. When four magnitudes are proportionals, 

^ it is usually expresses! by saying, the first is to the second, 

^ as the tliird tb the fourth/ 

/IT. When of the equimultiples of four magnitudes, (taken as 
in the fifth definition,) the multiple f>f the first is greater 
than that of the second, hut the multiple of the third is 
not greater than the multiple of the fourth, then the first 
is said to have to the second a greater ratio than the third 
magnitude has to the fourth; and, on the contrary, the 
third is said to have to the fourth a less ratio than the first 
has to the second, 

VIIl- “ Analogy or projiortion is the similitude of ratios." 

IX. Pronortion consists in three terms at least. 

X. When three magnitudes arc proportionals, the first is said 
to have to the third, the duplicate ratio of that which it has 
to the second. 

XI. When four magnitudes arc continual proportionals, the SccN. 

• first is said to luivc to’che fourth, the trijdicatc ratio of tliat 

wLich it has to the second, and so on, quadruplicate, &e. 
increasing the denomination still by unity, in any number 
of proportionuls- 

Definition A, to wit of compound ratio. 

When tlicrc are any number of magnitudes of the same kind, 
the first is said to have to the last of them, the ratio com¬ 
pounded of the ratio which the first has to the second, and 
of the ratio which the second has to the third, and of the 
ratio which the third has to the fourth, and so on unto the 
last magnitude. • 

For example, if A, B, C, D be four magnitudes of the same 
kind, the first A is said to have to the last D, the ratio com- 
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pounded of the ratio A to II, and of the ratio of B to ( , 
and of the ratio of C to D ; or^ the ratio of A to D is suid 
to be compounded of the ratios of A to B, B to i% and ( 
to D. 

And if A has to B the same ratio whicli E lias to F, and B to 
C the same ratio ^that U lias to and <l to 1) the s.«me that 
K lias to li, then, by this definition, A is said to liave to I> 
tlie ratio compounded of ratios which are the samo with trie 
ratios of E to F, O to IJ, and K to 1.. And the same thing 
is to he understood when it is more hriefly expressed bv 
saying, A has to D tlie ratio compounded of the ratios of E 
to F, a to H, and K to L. 

In like manner, the same things being supposed, if IVI has to 
N the same ratio which A has tol>, then, shortness’ sake, 
M is said to have to IS the ratio compounded of the ratios of 
E to F, O to U, and K to E. 

XIL Til proportionals, the antecedent terms arc called homo¬ 
logous to one another,, as also the consequents to one 
another- * 

^ Geometers make use of the following teclinical \\ ords, to 
‘ signify certain ways of clianging either the order or mag- 
' nitude\)f projiortionuls, so that they continue still to he 
‘ proportionals/ 

Sec N. XIII- Pcrmvtandoy or aUernando, by permutation or alter¬ 
nately* This word is usijd wlie?' there are four propor¬ 
tionals, and it is inferred that the first has the same ratio 
to the third, which the second has to the fourth ; or, that 
the first is to the third, as the second to the fourth ; as Is 
shcAvn in the 16th Prop, of this fifth Book. 

XIV- invertendoy by inversion ; wlieii there are four propor¬ 
tionals, and it is inferred, that the second is to the first as 
the fourth to the third- Prop. B. Book ii. 

XV- Componendo, by composition ; when llierc are four pro¬ 
portionals, and it is inferred, that the first together with 
the second, is to the second, as the third together with the 
fourth, is to the fourth. 18th Prop. Book 5. 

XVI. DividendOj by division; when there arc four proper- 
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tionalsj and it is inferred, tliai the excess of the first above 
•tlic second, is to the second, as the excess of the third above 
the fourtli, iis to the foiirtli. IJth Prop- Book 5, 

XVII. Convcrtevdo, by conversion ; when there arc four pro- 
portionulsj and it is inferred, that the first is to its excess 
above the second, as the.third to its exc< ss above the fourth. 
Prop. K. Book 5. 

XVIII. hd' (cquafii (sc. distiintia,) or tV' CBtfiio, from equality 
of distance; ^^Ijcn tlicrc is any number of magnitudes more 
than two. and as many others, such that they are propor¬ 
tionals when taken two and tu'o of each rank, and it is 
inferred, that the first is to the last of the first rank of 
magnitudes, as the first is to the last of the others. ^ Of 
‘ this there are the tAvo following kijids, which arise from 
^ the difierent oinhu* in wliich the niagnitmlos arc taken, 
‘ two ami two.' 

XJX- Ex ivqiuiliy from equality. This term is used simply 
by itself, when the first magnitnde is to the second of the 
first rank, as the first to the second of the other rank i and 
as the second is to the third of the first rank, so is the 
second to the third of the other; and so on in order: and 
the inference is as nientioned in the preceding definition; 
whence this is called ordinate proportion. It is demon¬ 
strated ill the 22d Prop. Book 5, 

XIX. Ex a^qtiali bi projmrlione perfurhala seu inordinatd^ from 
equality in porturbata or disorderly proportion^. This term 
:s used when the first magiiitiide is to the second of the 
first rank, as the last hut one is to the last of the second 
rank ; and us the second is to the third of the first rank, so 
is the lust but two to the last but one of the second rank; 
and us the third is to the fourth of the first rank, so is the 
third from the last to the last but two of the second rank ; 
and so on iii a cross order: and the inference is as in 
the ] Jtli Definition. It is demonstrated in the 23d Prop, 
of Book 5. 


4 Prop, lib, 2. Arebimedis dc Sph.w.i ct Cylimlio. 
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•2 Ax. 1. 


AXIOMS. 

I. Equimui,ttpl<es of the same, or of equal magnitudes^ arc 
equal to one another. 

IT. Those magnitudes^ of which the same or equal magnitudes 
are equimultiples, are equal to one another. 

HI, A multiple of a greater miignitude, is ^eatcr than the 
same multiple of a less. 

IV. That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni¬ 
tude. 


PKOPOSJTION 1. 

TriEOKEM _ IJ'any mimhcr of magiiitudes he cqnimulti 2 )les q/' 

as vianyj each q/' each; whai viuliiplc socrer any one of 
them is of Us parly the s/tme multiple shall all the Jirsi 
magniludes be q/' all the other, ^ ' 

I 

Let any number of magnitudes AH, CD be equimultiples Ol 
as many others, E, F, each of each: whatsoever multiple AB is 
of E, the sifme multiple shall AB and CD together, be of E 
and F together. * 

Because AB is the same multijde of E that (!D is of F, as 
many magnitudes as there arc in AB equal to E, so many are 
there in CD equal to F. Divide AB inb> magnitudes 
equal to E, viz. AD, GB; and CD into CH, HD, equal 
each of them to F: therefore the number of the mag¬ 
nitudes CII, HD, shall be equal to the number of the 
others AD, DB ; and because AG is equal to E, and 
CII to F, therefore AG and CH together, arc equal 
to * E and F together: for the same reason, because 
GB is equal to E, and HD to F, GB and HD togctlier, jjl 
are equal to E and F together: wherefore, as many 
magnitudes as there are in AB equal to E, so many are there 
in AB, CD together, equal to E and F together: tlierefore, 
whatsoever multipit AB is of E, the same multiple is AB and 
CD together, of E and F together. 

Therefore, if any magnitudes, how many soever, be cqui- 




BOOK V. PROP. II. 


105 


multiples of as many, each of each; whatsoever multiple any 
o»e of them is of its part, the same multiple shall all the first 
magnitudes of all the others: ‘ For the same demonstra- 
‘ tion holds in any number of magnitudes, which was here 
^ applied to two.’ Q. e. d . 


PROPOSITION II. 


Theou. —If the ^first niagnUude be the sawc mvltiple of the 
second that the third is of the fourth, and the fflh the same 
mvltiph of the second that the sixth is of the fourth ,* then 
shall thefrst together tvith the fflh he the same multiple (f 
the second, that the third together with the sixth is of the 
fourth. 


B 


D 

JE-j 


C' 11 


Let AB the first be the same multiple of C the second, that 
DE the third is of F the fourth; and BG the fifth the same 
multiple of C the second, that EH the sixth is 
of F the fourth: then shall AG, the first to¬ 
gether with the fifth, be the same multiple of 
C the second, that DH, the third together with 
the sixth, is of F the fourth. 

Because AB is the same multiple of C that 
DE is of F, there are as many magnitudes in 
AB equal to C, as there are in DE equal to F; in like manner, 
as many .as there are in BG equal to C, so many are there in 
EH equal to F ; therefore as many as there arc in 
the whole AG equal to C, so many are there in 
the whole DH equal to F : therefore AG is the 
same multiple of C that DH is of F ; that is AG, 
the first and fifth together, is the same multiple 
of the second C, that DH, the third and sixth to¬ 
gether, is of the foiurth F. If, therefore, the first 
magnitude be the same multiple, &c. Q.«E. d. 

Coil. “ From this it is plain, that if any number of mag¬ 
nitudes AB, BG, GH, be multiples of another C ; and as 
many DE, EK, KL, be the same multiples of F, each of each; 
then the whole of the first, viz. AH, is the same multiple of 
C, that the whole of the last, viz. DL, is of • 


A^ 

B 
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E 
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PROPOSITION III. 


Tiieor.— If the ^first be the amne nwltiplc of the seconds 
7idnch the third in of the fourth^ and if of the Jirsl and 
third there he t(fkcn equiimdtipR'Sy the.se nhatt he vtpumnl- 
Uples, the one of the second^ and the other of the fourth. 

Let A the first be the same inultijfie of B the second, that 
C the third is of D the fourth ; and of A, let e(|niinulii]>h‘s 
EF, OH be taken : then EF shall bo tlio same multiple of P>, 
that Oil is of 1>. 

JJecaiisc EF is tlic same multiple of A, that (ill is of (’, 
there arc as many mai'iutudes in EF ef|ual to A. as tliore are 
in (jll equal to ('; let EF be divided 
into the magnitudes EK, KF, each equal 
to A ; and Oil into Oli, Lll, each equal 
to (’; therefore the number of the mag¬ 
nitudes EK, KF, shall be qqual to the 
number of the others, (;L, Eli: and lv‘- 
cause A is the same rnultijde of R, that 
O is of 1>, and that EK is (^qual to A, E A B G' C D 
and OTi equal to i' ; therefore EK is 

the same multiple of R, tliat HE is of for the r'Unie 
reason, KF is the same multiple of R, that Eli is of D: and 
so, if there be more jKirts in EF, (ill, equal to A, there¬ 
fore, because the first EK is the same multiple of the s(*eoiid 
B, ivhich the third HE is of tlie fourth D, and that the fifth 
KF is the same multijdc of the second R, which the si*xtli 
EH is of the fourth D; EF, the first togetlier with the fifth, 
* 2. 5, is the same multiple * of the second B, which OH, the third 
together with the sixth, is of the fourth D. If, therefore, the 
first, &c. Q. E. n. , 


PROPOSITION IV. 

See N. Theor. —If the Jirni of four vtagitilude.^ has the name ratio 

to the second ^ykich the third has to the fmrlh, then any 
eq^fimnltiplcs trhatever <)f the first a?id third, shall have the 
same ratio to any equimultiples of the scco7td and fourth ; 
viz. the equimultiple of the first shall have the same ratio 
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lu that of the ftecond, which the equimultiple of the third has 
•/o (hat of the fourth 

Let A tlic first have to B the second, the sane ratio which 
the third V has to the fourth 1); and of A and C, let there 
be takeji any equimultiples whatever E, F ; 
and of B and D, any equimultiples what¬ 
ever G, TI: then E sliall have the same ratio 
to O, which F has to H 

Take of E an€ F, any equimultiples what¬ 
ever K, L, and of <1, H, any equimultiples 
whatever AI, N : then, because E is the same 
multiple of A, that F is of C, and of E and F 
liave been taken equimultiples K, L, there¬ 
fore K is the same multiple of A that E 
is of C: for the same reason, M is the same 
multiple of 15, that N is of D. And be¬ 
cause as A is to 15, so is C to D, and of A 
and C have been taken certain equimul¬ 
tiples K, Ij, and of B and 1) have bi;en taken certain equimul- 
tipl cs ]M, N, tlicrcforc if K Lc greater than M, I> is greater 
than N ; and if equal, equal ; if less, less*: hnt K, I, are 
any equimultiples t whatever of E, F, and M, N, any w hat¬ 
ever of O, II ; therefor*; as E is to (i, so is * F to II. There¬ 
fore, if the first, &e. y. k. n. ^ 

Cob. Likewise, if the first lias the same ratio to the se¬ 
cond, which the third has to the fourth, then also any equi¬ 
multiples whatever of the first and third, shall have the same 
ratio to the second and fourth : and in like manner, the first 
and the third shall have the same ratio to any equimultijilcs 
whatever of the second and fourtU. 

Let A the first have to B the second, the same ratio which 
the third C has to the fourth D, and of A and C, let E and F 
be any equimultiples whatever ; then E shall be to B, as F 
to D. 

Take of E, F, any equimultijiles whatever K, L, and of 

B, D, any equimultiples whatever (J, 11 : then it may he de¬ 
monstrated, as before, that K is the same multiple of A, that 
L is of : and because f A is to B as C is to D, and »f A and 

C, certain equimultiples have been taken, ^iz. K and U; and 
of B and D, certain equimultiples G, II, therefore if K be 
greater than G, L is greater than II ; and if equal, equal; 


fc iC A B G M 
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* 5 Dcf. 6. 
■I* Coijstr. 

t & Def. 5. 


if less, less * : but K, It arc any + equimultiples whatever of 
E, F, and (t, H any whatever of B, I>; therefore, as E is tv/ 
B +, so is F to D. And in the same way the other case is 
demonstrated. 


Sec N, 


* I. 6, 


* I Ax. ru 


f Constr. 


t l^T- 


PUOPOSITION V. 

I 

t 

Theou.— ^ one mngniiiede he the sarne multiple qf a^iothery 
ndiicli a magyiiiude taken from the first is <)f a magnitude 
taken from the other, the remainder shall be the same mnU 
tiplc qf the remainder, that the mhole is iftfie ndioh\ 

9 

Let the magnitude AB be the same multiple of CD, that 
AE taken from the first is of CF taken from the 
other: the remainder EB shall be the same mul- Gi 
tiplc of the remainder FD, that the whole AB is of 
the whole Cl>. ^ 

Take AG the same multiple of FI>, that AE is 
of CF ; therefore AE is * the same multiple of t'F, jr 
that EG is of CD : but AE, by the hyjjothesis, is 
the same multiple of CF, that» AB is of CD ; there¬ 
fore EG is the same multiple of CD that AB is of 
CD; wherefore EG is equal* to AB: take from each of them 
the common magnitude AE, and the remainder AG is equal 
to the remainder EB- Wherefore, since AE is the same mul¬ 
tiple of CF t, that AG is of FD, and tliat A(i is equal to EB, 
therefore AB is tlic same multiple of CF, that EB is of FD: 
but AE is the same multiple of CF + that AB is of CD ; there¬ 
fore EB is the same multiple of, FD, that AB is of CD. There¬ 
fore, if one magnitude, &c, Q. f. d. 


F 

i U 


PROPOSITION VI. 

Soc N. Thjeor. —If two magnitudes he equimultiples of* two others, 

and if equimultiples of these he taken from the frsl two, 
the rernamders arc either equal to these others, or equimuU 
iiples qf * them. 

Let the two mapiitudes AB, CD be equimultiples of the 
two E, F, and let AG, ClI, taken from the first two, be equi¬ 
multiples of the same E, F: the remainders GB, IID shall be 
either equal to E, F, or equimultiples of them. 
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First, let GB be equal to E : HD shall be equal to F. 
Make CK equal to F: and because AG is the same multiple 
of E t, that Cil is of F, and that GB is equal 
to E, and CK to F, therefore AB is the same 
multiple of E, that KII is of F: but AB, by 
the hypothesis, is the same multiple of E, that 
CD is of F; therefore KH is the same multiple 
of F, that CD is of F; wherefore KII is equal * 
to (JD: Like away the common magnitude CH, then the re¬ 
mainder KC is (^ual to the remainder HD : but KC is equal t 
to F ; therefore HD is equal to F. 

Next, let GB he a multiple of E : HD shall be the same 
multiple of F. Make CK the same multiple of 
F, that GB is of E : and because AG is the same 
multijde of E +, that ClI is of F, and OB the j 

same multiple of E, that CK is of F, therefore 
AB is the same multiple of E that KH is of F : q 
but AB is the same multiple of E+, that CD is 
of F; therefore KH is the same multiple of F, b D El' 
that CD is of F ; wherefore KII, is equal * to 
CD: take away CH frem both j therefore the remuiiulcr KC 
is equal to the remainder HD: aud because GB is the same 
multiple of E +, that KC is of F, and that KC is equal to HD; 
therefore HD is the same multiple of F, tlmt OB is of E. If, 
therefore, two magnitudes, &c. y. e. i>. 
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f Coustr. 


PJIOPOSITION A. 

*TiiK(>ji.— IJ' Ihc of four magniludes ka^i ihc mmc See N. 

ralio (o Utc second which ihc third has lo ihc fourth, ihen, 

[)' the Jirst he grmlcr than ihc second, ihc third is also 
greater than ihejourth; and if equal, equal; ij’less, less. 

Take any equimultiples of each of them, as the doubles 
of each: then, by Def. iith of this Book, if the double of the 
first be greater than the double of the second, the double of 
the tliirci is greater than the double of the fourth : but if the 
first be greater than the second, the double of the first is 
greater than the double of the second; wherefore also tlic 
double of the third is greater tlian the doul^e of the fourtli ; 
therefore the third is greater than the fourth : in like manner, 
if the fiirst be equal lo the second, or less than it, the third 
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1 
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t Hyp- 

f Constr. 
*3.5. 
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can be proved to be eq^ual to the fourth, or loss than Jt- There¬ 
fore, if the first, &c. v- k. u. # *- 

, PROPOSITION R. 

» 

* 

Tiieo’u.— JJ' four 'tnagniindcs arc proportionalsy they arc pro^ 

imriionah also when taken inverschp 

Let A be to B, us t' is to D: tlien also inversely 1* shall b(» 
to A, as 1) to L. I 

Take of B and 1), any ctiuiimiltii)les wlfatevt^r i; and V ; 
ami of A and (’, any cqiiiiiuiltijilcs whatevi^r G and li. First, 
let K be greater than D, then <i is less than K; and 
because + A is to B as C is to D, and of A and C 
the first and third, O and II are equimultiples ; 
and of B and D the second and fourth, B and V 
arc equimultiples; and that O is less than E, there¬ 
fore H is * less than F ; that is, F is greater than 
11 ; if, therefore, E bo greater than O, F is greater 
than li : in like manner, if E be equal to (i, F may 
be shewn to be equal to H; ,and if less, less; but i:, 

F are any cquimtillijdes t wliatcvor of B and b, and II any 
whatever of A and C ; therefore f as B is to A, so is D to 
Therefore, if four magnitudes, &c. o* i'. i>- 

' PROPOSITION i\ 

Tiieor .—If the Jlrsi be the same niuUiple of (he secomly ot 
the same pari it, that the third is of' the four thy the jh,i 
is to the secondy as the third is to the fourth. 

Let the first A be the same multiple of the se¬ 
cond B, that the third C is of the fourth D : A 
shall be to B as C is to D. 

Take of A and C, any equimultiples whatever 
E and F ; and of B and 1), any equimultij)les 
whatever G and II : then, because A is the same t 
multiple of B that C is of D, and that E is tlic 
same t multiple of A that F is of C, therefore E is 
the same multiple of B * that F is of D ; that is, 

E and *P are equiyiultiples of B and D : but O and 
H arc equimultiples t of B and D; therefore, if E 
be a greater multiple of B, than G is of B, F is a greater mul¬ 
tiple of D, than H is of D; that is, if E be greater than G, 
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F is grciitcr than H : in like manner, if E be equal to O, or 
lo*i than it, F may be shewn to be equal to H, or less than it: 
but E, F arc equimultiples t, any whatever, of A, C ; and G, 
IJ any equimultiples whatever of B, D; therefor* f A is to B, 
as C' is tu 1>. 

Next, lot tho first A be the same part of the second that 
tlic tliim C is of ilie fourth D: A shall be^to B, 
as C is to 1>, 

For siu^e A is the san*G part of B tliat (i is of 
1), therefio'c B is#tho siunc multiple of A that D 
is of (’; wherefore, fjjy tlic preceding case, Bis to A B C 

A, as J) is t<» (■; and therefore inversely ^ A is to 

B, (; is to T). Therefore, if the first be the same multiide, 
&c. V. E> n. 

PROPOSITION D. 

TitEcm .—If the Jirfif he to the fivcond as the third to the 
fxtarth, and i f the first he a vmltiidcy or a part of the second; 
the third Is the sane innllipte, or the same pn^'t of the 
fovrth, 

a 

Lot A be to B as C is to B ; and first, let A be a multiple 
of B ; V shall be the same multiple of T>. 

Take equal to A ; and whatever multiple A 
or K is of Bj make P ll)e same multiple of I>: 
tlien, because t A is to Ib as C is to D; and of B III] 
the second, and D the fourth, equimultiples have A B C D 

boon taken, TO and F^; tliereforc A is to JO, as C L F 
to F: but A is equal + to E, then^fore C is equal* 
to F: and F is the same f multiple of I>, that A 
is of B: therefore C is the same multiple of D 
that A is of B. 

Next let A he a part of B : C shall be the same part of D. 
Because + A is to B, as C is to D ; then inversely, B is * to 
A, as B to C: but A is a part f of B, that is, B is a multiple 
of A ; therefore, by the preceding case, D is the same mul¬ 
tiple of C ; that is, C is the same part of D, that A is of B. 
Thcrctbre^ if the first, &c. e. d. 

PROPOSITION VII. 

Theou .—Equal magnitudes have the same niio to the ttamc 

magnitude: and the same has the same ratio to equal mag^ 
niludes. 


f Constr. 
f 5 Def. 5. 
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5vDef. 


Let A and B be equal magnitudes, and C any other: A and 
B shall each of them have the same ratio to C: and C shall 
have the same ratio to each of the magnitudes A and B. 

Take of A and B, any equimultiples whatever D and E; 
and of C, any multiple whatever F: then, because D is the 
same + multiple of A, that E is of B, and that A 
is equal f to B, therefore I) is * equal to E : there¬ 
fore, if D be greater than F, E is greater than 
F; and if equal, equal; if less, les^; but D, E 
are any equimultiples of A, B+, and F is any iiiul- 
tipleof C ; therefore*, as A is to C, so is y to (". j q y 

Likewise C shsill have the same ratio to A, that 
it has to B. For, having made the same construc¬ 
tion, D may, in like manner, be shewn to be equal 
to E : therefore, if F be greater than D, it is like¬ 
wise greater than E; and if equal, equal; if less, less: but 
F is any muliiple whatever of C, and D, E are any equimulti- 
jiles whatever of A, B; therefore C is to A as C is to B. 
Therefore, equal magnitudes, &c. q, k. d. 
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PROPOSITION 'VIII. 

Sue N. Thjbor.— Of two unequal magnihidcSf (he greaier has a 

greater ratio (o any other 7nagnilude thaii (he less has: and 
the same magnitude has a greater ratio to the less itf' two 
other magnitudes^ Hum it has to the greMtcr. 

Let AB, B(’ be two unequal magnitudes, of which AB is 
the greater; and let D be rny othqr magnitude: AB shull 
have a greater ratio to I), than BC has to I): 
and D shall have a greater ratio to BCJ, than it 
has to AB, 

If the magnitude which is not the greater of 
the two A(;, CB, he not less than I>, take EF, 

F(>, the doubles of AC, CB, as in Pig. 1. But 
if that which is not the greater of the two AC, 

CB, be less than D (as in Fig. 2. and 3.), this 
magnitude can he multiplied, so as to become 
greater than D, whether it be AC or CB. Let 
it be multiplied j^ntil it become greater than D, and let the 
othef be multiplied as often ; and let EF he the multiple thus 
taken of AC, and FG the same multiple of CB; therefore EF 
and FG are each of them greater than I): and iu every one of 
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Fig. 2. 
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Fig. 3. 
El 


G B 


the cases, take 11 the double of D, K its triple, and so on, till 
tjie multiple of D be that which first becomes greater than 
FG: let L be that multiple of D which is first greater than 
F(t, and K the multiple of J), which is next less than Iw. 

Then, because L is the multiple of D which is the first that 
becomes greater than F(ir, the next preceding multiple K is 
not greater than FG ; that is, FG is not 
loss than K ; and since EF is the same 
multiple of AC t, tha: FG is of <;B, 
therefore FG i# the same multiple of 
Cll that EG is of AB; that is, EG and 
FG are equimultiples of AB and CB: 
and since it was sheum, that F(i is not 
less than K, and, by the construction, 

EF is greater than 1), therefore the 
, whole EG is greater than K and D 
together; but K together with D is 
equal + to ; therefore EG is greater 
than li; but FG is not greater + than 

L: and EG, FG were proved to b'^ equimultiples of AB, BC; 
and L is a t multiple of D; therefore * AB has to D a greater 
ratio, than BC^ has to D. 

Also, D shall liave to BC a greater ratio than it has to AB. 
For having made the some construction, it may be shewn, in 
like manner, that L is greater than FG, but that it is not 
greater than EG: and L Is a t multiple of D ; and FG, EG 
were proved to be equimultiples of CB, AB ; therefore T> lias 
to CB a greater ratio * than it has to AB. Wherefore, of two 
* uneijual magnitudes, &x. q . e , d . 
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PROPOSITION IX. 

TuT.on,—Mag?iUudcs which have the soine I’atio to the sa 7 ue 
magnitude^ arc equal to one another: and ilime to which the 
same mag^iitade has the same ratio^ are equal to one another. 

Let A, B have each of them the same ratio to C ; A shall be 
equal to B. 

For, if they arc not equal, one of them must be greater 
than thfe other ; let A be the greater: by what was 

shewn in the preceding proposition, there are some equi- 
mult^les of A and B, and some multiple of C, such, that the 
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multiple of A is greater than the multiple of but the mul¬ 
tiple of B is not greater than that.of O. Let these multiples 
be taken; and let D, E be the equimultiples of 

A, B, and F tide multiple of C, such, that D may 
l)e greater than F, but E not greater than F: 
then, because A is to C as + B is to C, and of A, 

I ^ 

B, arc taken equimultiples I), E, and of C, is 
taken a multi})le F, and that 1> is greater than 
F, therefore E is also greater * than B: but E is 
nott greater than F; which is impossilAe: 
therefore A and B arc not unequal ; that i»^ they arc equal. 

Next, let C have the same ratio to each of the magnitudes 
A and B: A shall be equal to B. 

For, if they are not equal, one of them must be greater than 
the other; let A be the greater: therefore, as was shown in 
Prop. 8th, there is some multiple F of (J, and some equimul¬ 
tiples E and I>, of B and A, such, that F is greater than E, 
but not greater than D: and because C is to B +, as V is to A, 
and that F the multiple of tlie first is greater than E the mul¬ 
tiple of the second therefore F the multijde of the third is 
greater than 1) the multiple of the ‘fourtli: but F is not -f' 
greater than D; which is impossible. Thcrcfi>re A is equal 
to B. Wherefore, magnitudes .which, &c* o- /■’. />. 


PROPOSITION X. 


See N, Thkou.— That rftagjutude which has a greater ratio than an^ 

other has unto the same ynagnitudr^ is the greater of the 
two: ayid that magnitude to which the same has a grcoler 
ratio than it has unto another magnitude^ is the lesser of' the 
two- 

Let A have to C a greater ratio than B has to C: A shall 
be greater than B. 

For, because A has a greater ratio to C, than 
• 7 Def, 6. B has to C, there are * some equimultiples of A 
and B, and some multiple of C, such, that the 
multiple of A is greater than the multiple of C, 
but the multiple^f B is not greater than it: let 
them be taken; and let D, £ be the equimultiples 
of A, B, and F the multiple of C, such, that D is 
greater than F, but E is not greater than F; therefore D 
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is greater than E : and, because D and E are equimultiples 
^ A and B, and that D is greater than E, therefore A is* * 4- Ax, b. 
greater than B. 

Next, let C have a greater ratio to B than It has to A : B 
shall be less than A. 

For * there is some multiple F of C, and some equimultiples • 7 Def,5, 
E and D of B and A, such, that F is greater than E, but not 
greater than D; therefore E is less than P: and because E 
and D arc equimultiples of B and A, and that E is less than 
1), therefore Bis * less than A. Therefore, that magnitude, • 4 Ax. 5. 

&C. E. /). 


PUOPOSTTION XT. 

Tiieor. — Ratios (hat are the same to the same raiioy are the 

same to one another. 

Let A be to B, as C is to D; and as C to D, so let E be to 
F: A shall he to B, as E *o F. 

Take of A, (J, E, any equimultiples -wliatever O, IT, K; and 
of B, D, F, any equiimiltiples wliLtever I*, SI, N. Therefore, 
since A is to B as G to D, 

and (jr, H are taken oqui- G—-H—-- K - 

multiples of A, C, and Ij, \ - C - E- 

M, of B, 1); if G be grcitcr B- D- F- 

than L, 11 is greater than L-M-IT- 

M: and if equal, equal; 

and if less, less *. Again, because C is to D, as E is to F, and * 6 Def. 5. 

H, K are taken equimultiples of C, E, and M, N, of D, F; if 

II be greater than M, K is greater tlian N; and if equal, 

equal; and if less, less: but if O be greater than E, it has 

been shewn that H is greater than M; and if equal, equal; 

and if less, less; therefore if O be greater than L, K is greater 

than N ; and if equal, equal; and if less, less: and G, K arc 

any equimultiples whatever of A, E ; and L, N any whatever 

of B, F : therefore * as A is to B, so is E to F. Wherefore, * 3 Def.5. 

ratios that, &c. Q. x. d. 


PROPOSITION XII. 

Theor.— IJ* any mimher of magnitudes 6^ proportionalsy as 
one of the antecedents is to its consequc7ify so shall all the 
antecedents taken togethevy he to all ike consequents. 
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KUrMl/s ELKMENTS- 


Let any number of magnitudes A, B, (l, D, E, V l>e propur* 
tionals; that is, as A is to B, so C j;o D, and E to F : as A 
to B, so shall A, C, E together, be to B, D, F t(;gethcr. 

Take of A, C, E, any equimultiples whatever O, II, K; and 
of B, D, F, any equimultiples whatever L, M, N: then, be¬ 
cause A is to B, as C is to 

D, and as E to F, and tliat G"- H-K-- 

O, fl, K are equimultiples A - C- E- 

of A, C, E, and L, M, N B- • B- E- 

equimultiples of B, D, F; L-M- 1 - N- 

if O be greater tlian E, II 

is greater than 31, and K greater than N ; and if equal, equal; 
* 5Def.5. and if less, less *: wlicrcforc if O be greater than L, then O, 
H, K together, are greater than L, 31, N together ; and if 
equal, equal; and if less, less: hut G, and G, II, K together, 
are any equimultiples of A, and A, C^, E together; because 
if there be any number of magnitudes equimultiples of as 
many, each of each, whatever multiple one of them is of its 
*1.5. part, the same multij)le is the whole of the whole * : for the 
same reason, L, and L, M, are any equimultiples of B, and 
t 5 Def.6. B, D, F : therefore as A is to B f, so e.re A, (v, B together, to 
B, B, F together. Wherefore, if any number, &c. o- f. d. 


PROPOSITION XITI. 


See N. Theor. —If the Jtrsf has to the secoftd the same ratio which 

the third has to the fourth^ but the third to the fourth a 
greater ratio than the ffth has to ijie sixth, the frst shall 
also have to ike second a greater ratio than the ffth ha^ to 
the sixth. 


Let A the first have the same ratio to B the second, Avhich 
C the third has to D the fourth, but C the third a greater 
ratio to D the fourth, tlian E the fifth has to F the sixth; also 
the first A shall have to the second B, a greater ratio than the 
fifth E has to the sixth F. 

Because C has a greater M C H 

ratio to D, than E to F, ^ ^ 

there arc some ^uimulti- ^ 
pies of C and E, and some of 

D and F, such, that the multiple of C is greater than the mul¬ 
tiple of D, but the multiple of E is not greater than the mul- 
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tiplc of K ^ : let these be taken, and let O, H be equimulti- 
jjlcs of E, and K, h cqnimultiples of D, F, such, that (t 
may be greater than K, but H not greater than E : and what-* 
ever multiple (i is of C, take M the same multiple of A ; and 
whatever multiple K is of 1>, take N the same multiple of B : 
then, because A is to B t, as C to D, and of A and C, M and 
<jr are equimultiples; and of B and D, N and K are equimul¬ 
tiples ; if ]\l be greater than N, G is greater than K; and if 
equal, equal; and if less, less *: but O is greater + than K, 
therefore M is greater than N : but 11 is not t greater than 
I 4 : and M, II are equimultiples of A, E; and N, h cquimul- 
tipJes of B, F ; tncreforc A has a greater ratio to B, than E 
lies to F Wherefore, if the first, &c, v- d. 

Cor. And if the first have a greater ratio to the second, 
than the third has to the fimrth, but the third the same ratio 
to the fourth, wliich the fifth has to the sixth, it may be de¬ 
monstrated, in like manner, that the first has a greater ratio 
to the second, tluin the fifth has to the sixth. 


^ 7 Del*. 6. 


t 


• 5 Dei, 5, 
f Conslr. 
f Constr. 


7 Gcf. £). 


riiOPOtslTlON XIV. 

Tiieor.— Ifihvjirsf have ihe Xx^me ratio to the xccond which SceN. 
the ihird has to i}u\fovrth^ ihoiy if ihcjirsl he greater than 
the fhird, the sceo7id shall be greater than the fourth ; and 
if equal, equal; and if less, less. 


Let the first A have the same ratio to the seo.«iid B, whicli 
the third C has to the fourth U: if A be greater than C, B 
shall be greater than D. 

Because A is greater than C, and 15 is ahy other magnitude, 
A has to B a greater latio than C has to B ^ : but, as A is to 
B t, so is C to D; therefore 
also C has to D a greater 
ratio than C has to B *: but 


of two magnitudes, that to 
which the same has the 
greater ratio is the lesser * : 


Ai5C b ABC b A Bcb 


therefore D is less than B ; that is, B is greater than D. 

SeCvUdly, if A be equal to B shall be equal to D. For 
A is to B, as C, that is, A to D; therefore B is equal to D*. 

Thirdly, if A be less than C, B shall be less than^D. For 
C is greater than A; and bcciiuse C is D, as A is to B, 
therefore D is greater than B, by the first case ; that is, B is 
less than D. Therefore, if the first, ivc. 0 . k. n. 


8. r>. 
t 

* 13. 5. 


10. A. 


9. a. 



KUCLID'S £J^KAI£NTS. 


PROPOSITION XV. 


G 

H 




Thbor ,—Magnitudes have the same ratio to one another 

Svhich their cquimullijdes havCn 

TjCt AB be the same multiple of t', that I>E is of F : C shall 
be to F, as AB to DE. 

Because AB is the same multiple of C, that 1>E H of F, 
there are as many magnitudes in AB equal to C, as tlicrc arc 
in 1)E equal to F; let AT? be diA'ided into magni¬ 
tudes:, each equal to C, viz. AO, GJi, IIB; and 1>E 
into magnitudes, each equal to F, viz- 1>K, KE, 

EE : then the number of the first, AG, Oil, HB, 
is equal to the number of the last, r>K, KE, liE ; 
and because AG, GH, IIB are all equal, and that 
I)K, KTi. liE are also equal to one another, there¬ 
fore * AG is to I>K as <fH to Kl^, and as HB to liE : but as 
one of tlie antecedents to its consequt,Mit so are all the antc- 
cedtrnts together to all the consequents together; Avherefore, 
as AG is to I>K, so is AB to ?>E : but AG is ef|ual to C, and 
1)K to F : therefore, as C is to F, so is AB to DE. Therefore, 
magnitudes, &c. 0- r>. 


I 

E 


PRorosiTiON xyi. 

V 

TiiKon,— If Jour rnagnit^tdes of the same tind he ])ropor^ 
iionals, they shall also he iJi'iqwriionals ivhcn taken alters 
nalely^ 

■ e» 

Eet A, B, r, D be four magnitudes of the same kind, whic!i 
arc proportionals ; viz. as A to B, so C to 1> : they shall also 
be proporticnials aa'Iicii taken alternately ; that is, A shall be 
to C, as B to I>. 

Take of A and B, any equimultiples whatever E and F; 
and of C and D, take any equimultiples whatever O and 11: 
and because £ is the same multiple 
of A, that F is of B, and that mag- j- q < 

nitudes have the same ratio to one A-C- 

another * which their equimultiples B- B- 

have, therefore A is B, as E is to F : 1*' b-=- 

but as A is to B so t is C to J>; Avhcreforc as’C is to D, so * is 
£ to F; again, because G, 11 are equimultiples of C, D, tliere- 
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fore as C is to D, so ^ is G to H : but it was proved that as C 
is to 1), so is E to F, therefore, as E is to F, so is G to H. 
ftut when four magnitude^ are proportionals if the first be 
greater than the third, the second is greater than the fourth ; 
and if equal, equal; if less, less; therefore if E'be greater than 
G, F likewise is greater tlian H; and if equal, equal; if less, 
less: aid E, F arc any f equimultiples whatever of A, B j and 
O, H any whatever of C, D: therefore A is to C as B to D. 
If then, four magnitudes, &c. Q, Js, d. 


J»HOPOSITION XVII. 


TiiEon,—//" taken joinlly^ be proportionalsy they 

shall ah'O he projxn'itonals when taken separnlely ; that is^ 
if two inagnitudes together, have to one of them, the same 
ratio which two others hane to otic of thescy the remaining 
one of the ^first two shall hare to the other, the same ratio 
which the remaining one <)f' the last two has to the other of 
these. 


Let AB, BE, CD, DF bo the magnitudes, taken jointly, 
which are proportionals ; that is, as AB to BE, so let CD be 
to DF c they shall also be projmrtionals taken separately; viz. 
aT AE to EB, so shall CF be to FD- 

Take of AE, Eli, Cr, FD, any equimultiples 'vhatever GII, 
?JK, MN ; ^.nd again, of EB, FD, take any equimultiples 
whatever KX, NP : and because GII is the same multiple 
of AE, that 11K is of EB, therefore Oil is the same mul¬ 
tiple * of AE, that OK is of AB : but GII is the same mul¬ 
tiple of AE, that lil^I is of CF ; therefore GK is 
the same multiple of AB, that LM is of CF. ^ 

Again, because liSl is the same multiple of CF, 


that MN is of FD, therefore LM is the same 
multiple * of CF, that LN is of CD: but LM was 
shewn to be the same multiple of CF, that GK 
is of AB ; therefore GK is the same multiple of 
AB, th It LN is of CD; that is, GK, LN are equi¬ 
multiples of AB, CD. Next, because IlK is tlic 
same multiple of EB, that MN is of FD, and that KX is also the 
same multiple of EB, tliat NP is of FD, ^lerefore IIX is the 
same multiple * of EB, that MP is of FD. And because AB 
is to BE t, as CD is to DF, and that of AB and CD, OK and 


k! 

II 


dM 


F 


• • * * 
G A C L 


♦ 15. 6. 

• 11 . 6 . 
* U. 5. 


t Conslr. 

• 6 Def. 5. 


See N. 


• 1. 5. 


• 1. 5. 


• 2. .5. 
t U.vi>. 
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kuclid’s klkmknts* 


LN arc equimultiples, and of EB and FD^ IIX and MP are 
equimultiples*, therefore, if be greater than IIX, then 
LN is greater than J\1P ; and if eqifal, c(iual; and if less, less: 
but if Oil l>e gro4iler than KX, then, by adding the common 
t 4* Ax. 1. part HK to both, OK is greater t than HX : wherefore also LN 
is greater than MP; and by taking away MN from loth, liM 
f 5 Ax. 1. is greater + than NP : therefore, if 0>I be greater than L‘X, LM 
is greater than NP. la like manner it may be demonstrated, 
that if Oil be equal to KX, LM is equal to NP ; and if less, less: 
t Constr. but on, LM are any equimultiples whatever of AE, CF fj 
* 5Def. 5. and KX, NP are any wliatcver of EB, FD : theref(»re as AE 
is to EB, so is OF to FI). If then, nuigiiituVles, &c. Q. ii'. n. 


PROPOSITION XVIIl. 

See N. Tjueou ,—Jf viagnUudaty taken scparatvhf, bv proportionals, 

they shall also he propvriiouals when taken jointly ; that is, 
if the Jirst be to the second, as the third to the fourth, the 
Jirst and second together, shall be fo the secoiid, as the 
third and fourth together, to the fourth. 

Let AE, EB, CF, FD be proportionals ; that is, as AE to 
EB, so let CF be to FD: they shall also be proportionals when 
taken jointly ; that is, as AB to BE, so shall CD he to DF. 

1 ake of AM, BE, (’D, DF, any equinrultiples whatever Oil, 
IIK, LM, MN ; and again, of BE, DF, take any equimultiples 
whatever KO, NP: and because KO, NP are 
equimultiples of BE, DF, and that KIl, NM 
are likewise equimultiples of BE, DF, 'diere- 
fore if KO, the multiple of BE, be greater than 
Kll, which is a multiple of the same BE, then 
NP, the multiple of DF, is also greater than 
NM, the multiple of the same DF; and if KO 
be equal to KH, NP is equal to NM ; and if 
less, less. 

First, let KO be not greater than KII; therefore NP is not 
greater than NM : and because OH, HK arc equimultiples of 
AB, BE, and that AB is greater than BE, therefore GH is 
• 3 Ax. 5. greater * than IIK ; hut KO is not greater than KH ; therefore 
GH is greater than KO. In like manner it may be sliewn, 
that liM is greater than NP ; therefore, if KO be not greater 
than KH, llien liJf, the multiple of AB, is always greater than 


fT 


G 


cl. 
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G> A' d L> 




KO, tlie multiple of BE; and likewise LM, the multiple of 
CJ), is greater than NP, the multiple of DF. 

Next, let no be greater than KH, therefore, as has been 
shewn, NP is greater than NM: and because the whole GH is 
the same multiple of the whole AB, that IIK is of BE, there¬ 
fore the remainder GK is the same multiple of the remainder 
AE * that GlI is of AB; which is the same that 
LM is of CD. In like manner, because LM is 
the same multiple of cp, that MN is of DF, 
therefore the reii^iainder LN is the same mul- 
ti[)le of the remainder CF *, that the whole 
L]\I is of the whole CD : but it was shewn, 
tha^ LM is the same multiple of CD, that GK 
is of AE ; therefore GK is the same multiple 
of AE, that LN is of CF ; that is, GK, LN arc equimultiples 
of AE, CF. And because KO, NP are equimultiples of BE, 
DF, therefore if from KO, NP there be taken KH, NM, which 
are likewise equimultiples of BE, DF, the remainders HO, MP 
are either equal to BE, Dl", or equimultiples of them*. P'irst, 
let HO, MP be equal to BE, DF : then because t AE is to EB, 
as CF to FD, and that CjK, LN are equimultiples of AE, CF, 
therefore GK is to EB*, as LN to FD ; but HO is equal to EB, 
and MP to FD ; wherefore GK is to HO, as LN to MP : there¬ 
fore if GK be greater than HO, LN is greater than * IMP ; and 
if equal, equal; and if less, less. • 

But let HO, MP be equimultiples of EB, FD: thent, be¬ 
cause AE is to EB, as CF to FD, and that of AE, CF are 
taken equimultiples GK, LN; and of EB, FD, the equimul- 
•tiples HO, MP; if GK*bc greater than HO, LN is greater 
thaa MP ; and if equal, equal; and if less, less *: which was 
likewise shewn in the preceding case. But 
if GH be greater than KO, taking KH from 
both, GK is greater t than HO; Avhcreforc 
also LN is greater than MP; and conse* 
quently, adding NM to both, LM is greater f 
than NP: therefore, if GH be greater than 
KO, LM^ is greater than NP. In like man¬ 
ner it may be shewn, that if GH be equal to 
KO, LM is equal to NP; and if less, less. • 

And in* the case in which KO is not greatei%than KH, it has 
lieen shewn that GH is always greater than KO, and likewise 
liM greater Jtliau NP: but GII, LM arc any equimultiples 
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• 6. 5. 
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EUCLID'S ELEMENTS. 


t Consir. whatever of AB, CD t, and KO, NP arc any whatever of BK, 
* ^ Dcf.O. j)p , therefore^, as AB is to BE, so is CD to DF, If, thon, 

I 

magnitudes, &c. e. n. 


PROPOSITION XIX. 


SceN. 


• 10 . b. 


• J7.5. 


I 11.5. 


E 


C 


Theoti .—Jf a ivloh magniiude he lo a whohj as t>vutgni^ 
iwde taken from the ^firsl is to a magniindc taken from the 
other, (he remainder shall he to the remainder, as the ndiolc 
io the whole. 

Lot the whole AB he to the wliolc CD^.as AK a magnitude 
taken from AB, is to CF a magnitude taken from (U): the 
remainder EB shall be to the remainder FI>, us the whole AB 
to ihe whole (’D. 

Because AB is to CD, as AE to (3F, therefore, al- 
tcrnately*, BA is to AE, as DC to CF : and because, 
if magnitudes taken jointly be projiortionals, they are 
also pro])orlionals * when taken jieparately, tlierc- 
fore, as BE is to EA, so is DF to FC ; and alter- 
nately^ as BE is to DF, so ,\s EA to FC: but as AE 
to CF, so, by the hypothesis, is A I? to CD '; ihercftiro also, 
BF tlie remainder is to tlie remainder DP't, as tlie wliole AB 
to the 'whole CD. Wherefore, if the whole, Ac. Q. e. n. 

Coil. If tlio whole be to the whole, as a magnitude taken 
from the ffrst, is to a magnitude taken from the other, tlie 
remainder shall likewise be to the remainder, as tlie magni¬ 
tude taken from t^hc first to that taken from the other- The 
demonstration is contained in ihe preceding. 


B D 


PROPOSITION E. 


* 17. 5. 

6 . 

* 18.5. 


TiiJ-:oii .—Jffonr magnitudes he ^jropor//'u;/«/.y, they are also 
j)ro})ortionols by conversion ; ihal is, the first is to its cxccffs 
above the scco7kI, as the third (o its excess above ike fourth. 

Li*t AB be io BE, as VD to DF: then BA shall be 
to AE, as DC to CP'. c 

Because AB is to BE, ns CD to DF, therefore by 
division AE is to EB, as CF to P'D; and by inver¬ 
sion *, BPl is EA, as DF to P’C; wherefore, hy 
composition BA is to AE, as DC is to CP\ If^ 

therefore, four, &c- £. d. 
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PROPOSITION XX. 


Theor ,—If there be three magnitudes, and other three, 
which, taken two and two, have the same ratio, then if the 
frst he greater than the third, the fourth shall he greater 
than the sixth ; and if equal, equal; and if less, less. 

Let A, B, C, be three magnitudes, and DJ £, F, other throe, 
which taken two and two have the same ratio; viz. as A is 

to B, so ij D to E; and as B to C, so is K to F: if A be 

greater than C, ^ shall be greater tlian F and if equal, 
equal; and if less, less. 

ISecansc A is greater than C, and B is any other magni¬ 
tude^ and that the greater has to the same magnitude a 
greater* ratio than the less has to it, therefore A 
lias to B a greater ratio than C has to B: but as 
^1> is to E +, so is A to B ; therefore * X> has to E 

a greater ratio than C to B : and because B is to 

r, as E to F, by inversion t, (’ is to B, as F is 
to E : and D was shewn to have to E, a greater 
ratio than C to B ; therefore I) has to E a greater ^ 
ratio tlian F to E : but the magnitude whici) has a 
greater ratio than another to the same magnitude, 
is tlic greater * of the two; therefore D is greater than F. 

Secondly, let A be equal to C : D shall be equal to F, Be¬ 
cause A and C are equal to one another, A * 

is to B, as C is to *; but f A ia to B, as 

1) to E ; and f C is to B us F to E ; wlierc- 

forc 1) is to E, as F to E*; and therefore 
\y is equal to F 

N'lixt, let A be less than C: D shall be 
less than F. For C is greater than A; and, 
as was shewn in the first case, C is to B, 
as F to E ; and in like manner, B is to A, as E to D ; there¬ 
fore F ^ greater than D, by the first case; that is, D is less 
than F. Therefore, if there be three, &c. q. e. d. 


A 13C 
D K F 


ABC. 
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PROPOSITION XXT. 

Theor. —If there be three magnilndes, and other three, which 
have the same ratio taken tivo andJwo, but in a cross urder, 
then if the frsl tnagniiiide he greater tha\. the third, f he 
fourth shall be greater than the sixth ; and if equal, cqtial; 
and f less, Icss^ 


See N. 


» 8 . b. 


t 

* 13. a. 
t B. 5. 


* Cor. 13.5. 


10. 5. 


t Hyp. 
f Hvp. & 
B. 5'. 

• n. 5. 

• 9 . 6 . 


See N. 
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EUCLIU'S KLKMENTS. 


♦ 8. 5. 

t Hyi>. 

• 13. 6. 

t ^Ivp. . 


•Cor. 13.5. 
* 10. 5, 


* 7. 5. 

t iiyp- 

* n. 5. 

* 9. 6. 


See N. 


Let A, B, C bo three magnitudes, and D, E, F other three, 
which have the same ratio, taken two and two, but in a cross 
order; viz. as A is to B, so is E to F, and as B is to C, so 
is D to E; if A be greater than C, D shall be greater than F ; 
and if equal, equal; and if less, less. 

Because A is greater than C, and B is any other 
magnitude, A has ^o B a greater ratio ^ than C lias 
to B: but f as E to F, so is A to B ; therefore * 

E has to F a greater ratio than C to B : and be¬ 
cause f B is to C, as D to E, by inversion, C is to i) k. |.' 

B, as E to D : and E was shewn to have to F a 
greater ratio than C has to B; tlicrofore has to F 
a greater ratio than E has to * I>: but the magni¬ 
tude to which the same has a greater ratio than it has to an¬ 
other, is the lesser * of the two : therefore F is less than 1> ; 
that is, D is greater than F. 

Secondly, let A be equal to V: D shall be e<jual to F. Be¬ 
cause A and C arc equal, A is * to B, as C is to B: but A is 
to B f, as E to F; and (i is to B, as’^E to D; 
wherefore E is to F *, as E to D ; and 1 
therefore D is equal ^ to F. 

Next, let A be less than C : D shall q ^ 
less than F. For C is greater than A ; 
and, as was shewn, C is to B, as E to 1), 
and in lik»' manner B is to A, as F to E ; 
therefore F is greater than D, by case first-; that is, 1> is less 
than F. Therefore, if there be three, &c. o* k. J>. 


PROPOSITION xxir. 


Tiikob. —If there he any nttmher of magnitudes^ and as many 
othersy ndiichy taken two and imo in order, have the same 
ratio, ihejirst shall have to the last of thejirst magnUudes, 
the same ratio which the Jirsl has to the last of the others^ 
N. B. This is usually cited by the words ex scquali,*' 
or ex aequo." 

Fir^t, let there be three magnitudes. A, B, C, and as many 
others D, E, F,£ which, taken two and two, have the same 
ratio ; that is, such, that A is to B us D to E; aud as B is 
to C, so is E to F : A shall be to Cl, as D to F. 
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ABC D E 
(; KM IILN 


^ruko of A and D, an)" equimultiples whatever O and II; 
of B and E, any equimultiples whatever Kand L; and of 
C and F, any "vhatever M and N : then, be¬ 
cause A is to B, as D to Ej and that G, H 
arc equimultiples of A, D, and K, E equi¬ 
multiples of Bj E, therefore as O is to K, 
so is * li to L : for the sanre reason, K is to 
M as li to N : and because there arc three 
magnitudes G, K, M, aj>d other three H, L, 

N, which, two^and two, have the same 
ratio*, therefore if G be greater than M, H 
is greater than N; and if equal, equal ; and if less, less; 
but*G, H are any equimultiples whatever of A, Dt, and M, 
N are any equimultiples whatever of C, F; therefore*, as A 
is to C, so is D to F. 

Next, let there be four magnitudes. A, B, C, I>, and other 
four E, F, G, II, winch, two and two, have the same 
ratio ; viz. as A is to B, so is E to F: and as B to C, 
so F to G ; and as C to D, so G to H: A shall be to 


1>, as E to H. 

Because A, B, C arc three magnitudes, and E, F, G, other 
three, which, taken two and two, have the same ratio, there¬ 
fore, by the foregoing case, A is to C, as E to G: but C is to 
D, as G is to U; wherefore again, by the first case, A is to 
D, as £ to II: and so on, whatever be the numbei of magni¬ 
tudes. Therefore, if there be any number, &c. q. e. d. 


PROPOSITION XXITl. 

Tiieor. —If there be any mnnher of magnitudesj and as many 
others^ •mhxchj taken two and two in a cross order, have the 
same ratio, the shall have to the last rf the ^first mag* 
iiitudes, the same ratio which the Jirsi has to the last of the 
others. N. B. This is usually cited by the Avords ‘‘ ex 
scquali in proportione perturbata; ” or " ex sequo pertur- 
bato/^' 

First, let there be three magnitudes A, B, C, an^ other 
three, D, E, F, which, taken fAvo and twp in a cross order, 
have the same ratio; that is, such, that A is to B, as £ to F; 
and as B is to C, so is D to £ : A shall be to C, as D to F. 


' 4 . 6 . 

' 20. 5. 

t Con sir. 

• 6 Def, 6. 


See N. 
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15. 5. 


t iiyp- 

• 11.5. 

t Hyp. 


4 . 5. 


* 21. 5. 

^ Coristr. 
t 5 Duf. 5. 


Take of A, B, D, any equimultiples whatever H, K; and 
of C, E, F, any equimultiples whatever L, M, N: and beca use 
G, H are equimultiples of A, B, and that 
magnitudes liavc the siime ratio* which their 
equimultiples have, therefore as A is to B, 
so is G to H : and for the same reason, as E ABC D E F 

is to r, so is M to N : but *1* as A iS to B, so II t V 

is E to K; therefore as G is to II *, so is M 
to N: and because + as B is to C, so Is I) to 
E, and that 11, K, arc equimultiples of B, « 

D, and E, M of G, E, therefore as H is to 

E, so is * K to M : and it has heen shewn 

that O is to 11, as M to N : therefore because there are three 
magnitudes G, II, L, and otlicr three K, M, N, which have the 
same ratio taken two and two in a cross order; if G be greater 
than E, K is greater than N ; and if equal, equal; and if less, 
less*: but G, K arc any equimultiples + whatever of A, 1); 
and E, N any whatever of C, F ; therefore as A is to C t, so is 
I> to F. 

Next, lei there be four magnitudes A, B, C, I), and other 
four E, F, G, II, which, taken two and two in a cross 
order, have the same ratio; viz. A to B, as G to 
II; B to C, as F to G; and C to D, as K to F : A 
shall be to D,' as E to 11. 

Because “A, B, C are three magnitudes, and F, G, 11 other 
three, which, taken two and two in a cross order, have the 
same ratio; by the first case, A is to G, as F to II: hut G is to 
as E is to F; wherefore again, by the first ease, A is to D, 
as E to H : and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q. E. d. 


PROPOSITION XXIV. 

See N. TiiEon .—ff ifte ^first has to the second, the same ratio which 

the third has to the fourth, and the fifth to the sjcond, 
the same ratio which the sixth has to the fourth, the Jirsl 
and Jifth together shall have to the second, the same ratio 
which the third and sixth together have to the fourth. 

Let AB the first have to C the second, the same ratio which 
DE tl>e third has Co F the fourth ; and let BG the fifth'have to 
C the second, the same ratio which EH the sixth has to F the 
fourth: AO, the first and fifth together, shall have to C the 
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second, the same ratio which DH, the thirtl and sixth together, 
haa to F the fourth. 

Because BG is to C, as EH to F, by inversion 
C is to BG, as F to EH : and because, as AB ip, 
to Of, so is DE to F ; and as C to BG, so F to 
Eli; ex jequali*, AB is to BG, as DE to EH : 
and because these magiiitufles arc proportionals, 
they are likewise proportionals when taken * 
jointly; therefore as AG^is to GB, so is DH to 
HE : butt as G® to C, so is HE to F : therefore ex aequali • 
as AG is to C, so i^ DU to F. Wherefore, if the first, &c. 

j*;. i>. 

ObR. I- If the same liypothesis be made as in the propo¬ 
sition, the excess of the first and fifth shall be to the second, 
as tlio excess of the third and sixth to the fourth. The dc- 
j inonstration of this is the same with that of the proposition, 
if division be used instead of composition. 

Cor. 2. The proposition holds true of two ranks of mag¬ 
nitudes, whatever be tlieir number, of which eacli of the first 
rank has to th6 second magnitude, the same ratio that the 
corresponding one of th(* second rank has to a fourth magni¬ 
tude ; as is manifest. 



f B. 5. 


t %P- 
• 22. 5. 


• 18. 5. 


t iJyp- 

• 22. 3. 


PROPOSITION XXV. 


Theor. —Jf fonn wngniludvs of ihc same hind are j>ropor~ See N- 
ikmalsj Ihc greatest and least of ihem together^ are greater 
than the other two together* 




Let the four magnitudes AB, CD, E, F be proportionals; 
viz. AB to CD, as E to F j and let AB be the greatest of them, 
and consequently F the least* : AB together with F, shall be 
greater than Cl) together with E. 

Take AG equal to E, and CII equal to F: then because as 
AB is«to CD, so is E to F, and that AG is equal to E, and CH 
equal to F, therefore AB is to CD t, as AO to CH: 
and because AB the whole, is to the whole CD, 
as AG is to CH, likewise the remainder GB is to 
the remainder IID, as the whole AB is to the 
whole* CD; but AB is greatert than CD; there¬ 
fore ** GB is greater than HD: and because^ AG 
is equal to E, and CII to F, AG and F together, 
are equal to CH and E together: therefore if to the unequal 
magnitudes GB, HD, of ^hich GB is the greater, there be added 


B 

D 

ii^ 

A <i E # 


• A.&U. 5. 


t7.& n. a. 


* 1 9. a. 

t %r- 

• A. 5. 


t 2 Ax. ’ 
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EX7CI.I1>*S ELEMENTS. 


+ 4 Ax. 1. 


equal magnitudes, viz. to (3B the two AO and F, and CH and 
E to HI), AB and F together, are greater + than Cl) andjE. 
Therefore, if four magnitudes, &c. y. e. d. 


PROPOSITION F. 


SeeN. 


Theor .—Ratios ^vhich are compounded of the same ratios^ 

arc Ihc same to one another. 


♦ 22 . 6 . 
* 23. 5. 


Let A be to B, as D to E; and B lo C, as E to F: tlie ratio 
which is compounded of the ratios (»f A to B, 
and B to C, which, by the dehnitiun of conipound ! n (' 
ratio, is the ratio of A to C, shall be the same p. p 

with the ratio of D to F, which, by the same defi¬ 
nition, is compounded of the ratios of D to K, and E to F, 
Because there are three magnitudes A, B, C, and three others 
D, E, F, which, taken two and two in order, have the same 
ratio, ex aequali A is to C, as D to F *- 

Next, let A be to B, as E to F, and B lo C, as D to E: 


therefore ex wquali in proporlione perturhatq^, A is to (i, as 

D to F; that is, the ratio of A to C, which is __ 

compounded of the ratios of A to B, and B to C, a. B. C. 
is the same with the ratio of D to F, which is d. e. F. 
compounded of the ratios of D to E, and E to F. 

And in like manner the propositior may be demonstrated, 
whatever be the number of ratios in either case. 


I 


PROPOSITION G. 

See N. Theor.—7/* several ratios he the same to several ratios, each 

to each, the ratio which is comjmmded of ratios which are 
the same to the ^first ratios, each lo each, shall be the same 
to the ratio compoiwded of ratios which arc the same to the 
other ratios, each to each, 

u 

Lot A be to B, as E to F; and C to D, as O to II: and let 
A be to B, as K to L; and C to I), as L to M: then the ratio 
of K to M by the definition of com¬ 
pound ratio, is compounded of the 
ratios pf K to L, and L to M, which 
are the same with the ratios of A to 
, B, and C to D. Ag*ain, as E to F, 
so let N be to O; and as G to H, so let O be to P: then the 
ratio of N to P, is compounded of the ratios of N to O, and 


A. B.C. I). K.E.M. 
E. F. G. IL N O. P. 
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O to P, wliicli arc the same with the ratios of E to F, and G 
1(»H : and it is to be shewn that the ratio of K to M, is the 
same with the ratio of N to P, or that K is to M, as N to P. 

Because K is to as (A to that is^ as E t<. that is as) 

N to O ; and as h to Mj so is (C to D, and so is G to and 
so is) C) to P; ex leqiiali * K is to M, as N to P. Therefore^ * 22.6. 
if several ratios, &c. Q d. 

PROPOSITION II. 

Tiikor .—I f a raCo which is coinpou7Hled of several ratios, See N- 
bn the same to a ratio which is comjnmnded of several other 
ratios, a^td if otie of the^frst ratios, or the ratio which is 
€ompt)7(ndvd if several if them, be the sa/ne to o?ie o/ the 
last ratios, or to (he ratio tvhich is compounded of several 
efihem, then ihe remaining ratio of the first, or, if there 
he more than one, the ratio compounded of the rcnuiining 
ratios, shall he the same to the remaining ratio if the last, 
or, if there he more than one, to the raiio comjnmnded of 

these remaining ratios. 

\ 

Let the first ratios be those of A to B, B to C to D, D t« 

E, and E to F; and let the other ratios be those of G to H, H 
to K, K to L, and L to M: alsOj let the 
ratio of A to F, which is compounded of 
the first ratios, be the same with the ratio 
of O to M, which is compounded of the 
other ratios; and besides, let the ratio of 
* A to D, which is comiwunded of the ratios of A to B, B to €, 
to D, be the same with the ratio of G to K, which is com¬ 
pounded of the ratios of G to H, and H to K : then the ratio 
compounded of the remaining first ratios, to wit, of the ratios 
of 1) to E, and E to F, which compounded ratio is the ratio 
of D t 0 F, shall be the same with the ratio of K to M, which 
is compounded of the remaining ratios of K to L, and L to M 
of the other ratios. 

Because by the hypothesis, A is to D, as G to K, by inver¬ 
sion *, D is to A, as K to G j and t as A is to F, so is (t to M ; * B. 5, 
therefore * ex inquali, D is to F, as K to M. If, thcr<!forc, a + 
ratio which is, &c. c. e^v. * ' 


♦ Definition 
A.B.C.D.E.F. ofcompoimd 

G.H.K.L.M. 
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KUCI-TT)*S KI.KMKNTS. 


PROPOSITION K. 

Ser N. Thkoi?.— If thci'c hc am/ Jimuber of ratios^ and am/ mnnhvr 

of other ratios, such, that the ratio which is cimipouudvd of 
ratios which are^the same to th^,^first ratios, each to each, 
is the same to the ratio which is compounded trf ratios which 
are the same, each to each, to the last ratios, and if one of 
thejirsi ratios, or the ratio which is comjyounded of ratios 
•which are the same to sa^eral of the first rettios each to each, 
he the same to one of the last ratios, or’Vo the ratio which is 
conifxmfided of ratios which are the same, each to cac/^y to 
set'eral of the last ratios ; then the remaining ratio of the 
frst, or, if there he more than one, the ratio which is com- 
jwuyided of I'alios which arc the same, each to each, to the 
remaining ratios of the frst, shall he ihc same to the rc~ 
juainhig ratio of the last, or, if there he more than one, to 
the ratio which is compounded of ratios which arc the same 
each to each to these remaining ratios. 

Let the ratios of A to B, C to D, E- to F, be the first ratios; 
and the ratios of G to H, K to E, M to N, O to P, Q to U, be 
the other ratios: and let A be to B, as S to T; and C to D, as 
T to V ; and E to F, as V to X : therofore^ by the definition of 
compound ratio, the ratio of S to X is compounded of the 

h, k, I, 

A, B ; C, D; E, F. S, T, V, X. 

G, II; K, E ; M, N ; O, P ; Q, R. V, Z, a, b, c, d. 

g- P- 

ratios of S to T to V, and V to X, which arc the same to 
the ratios of A to B, C to D, E to F, eacli to each. Also, as 
G to Hj so let V be to Z ; and K to Ij, as Z to a / IVl to N, as 

a to h ; O to P, as h to c y and Q to U, as c to ; therefi>re 

by the same definition, the ratio of Y to d is compounded of 
the ratios of Y to Z, Z to a, a to b, b to c, and c to wliich 
are the same, each to each, to the ratios of G to H, K to I/, 
IVI to N, O to P, and Q to R; therefore, by the hypothesis, S 

is to 5k, as y to rf. Also, let the ratio of A to B, that is, the 

ratio of S to T, which is one of the first ratios, hc the same to 
the ratio of e to g, which is compounded of the ratios of c tof, 
and/ towhich by the hypothesis, are the same to the ratios 

I 
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t)f G to II, and K to I<, two of the other ratios; and lot the 
ratio of h to / be that which is compounded of the ratios of h 
to k, and k to /, which are the same to the remaining first 
ratios, viz. of C to 1), and E to F; also, let the ratio of m to p, 
be that which is compounded of the ratios of m to n, n to o, 
and 0 t p, Avhich are the sjme, each to each, to the remaining 
other ratios, viz. of M to N, O to P, and Q to II: then the 
ratio of h to I shall be the same to the ratio of m to p ; or h 
shall be to /, as m to p. 

Because c is as (G to II, that is, as) Y to Z; and f is 
to g, as (K to L, that is, as) Z to a ,• therefore + ex mquali, f 22. b. 

e is^-to g, as Y to a: and by the hypothesis, A is to B, that is, 

S to T, as e to : wherefore f, S is to T, as Y to a ; and, by t S- 

inversion +, T is to S, as « to Y: but S is to X f, as Y to d: 1 

therefore ex mquali, T is to X, as a to d; also t, because h is | jjy^' 
to k as (C to D, that is, as) T to V; and k is to I as (E to F, 
that is, as) V to X j therefore ex aequali, h is to /, as T to X; 
in like manner, it may be demonstrated, that vi is to p, as a 
to d; and it has been shewn, that T is to X, as o to d; there¬ 
fore * h is to /, as m to p. q. e. l. * 11.5. 

The propositions G and K are usually, for the sake of bre¬ 
vity, expressed in the same terms with propositions F and H, 
and therefore it was proper to shew the true meaning of them 
when they are so expressed; especially, since they are very 
frequently made u'se of by geometers. 



TIIR 


See N. 


ELEMENTS OF^ EUCLID. 


BOOK VI. 


DEl'lNTTlONfi. 


1 . Stmilak rectilineal fi}»ures arc those 
whicl) hare their several a)iglcs equal, 
each to'each, and the sides about the 
equal angles proportionals. 





II. ' Reciprocal ligures, viz. triangles and parallelograms, are 
“ such as have their sides about two of their angles pro- 
“ portionals in such a manner, that a side dhhe first figure 
is to a side of the other, as the ren^ki||^side of this 
other is to the remaining side of the firsl 




III. A straight line is said to be cut in extreme and mean 
ratio, when the whole is to the grcate»^gment, as the 
greater segment is to the less. 

IV. The altitude of any figure is the straight 
line- drawn from its vertex perpendicular to 
tl^e base. 
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PROPOSITION I. 

> 

TiiKOUKM .—Triangles and parallelograms of the same altu SecN. 
tudc, are one to another as their haceSm 

Let the triangles ATIC, ACD, and the parallelograms EC, 

CF, liave the same altitude, viz. the perpendicular drawn 
from the jioint A to BD: as the base BC, is to the base CD, 
so shall the triangle ABC be to the triangle ACD, and the pa¬ 
rallelogram EC Jo the parallelogram CF. 

Produce BD both ways to the points 
JI, li, and + take any number of stniight 
linijs BC, Oil, each equal to the base 
B(’; and DK, KL, any numlier of them, 
each equal to the base (JD ; and join 
AG, All, AK, Alit then, because CB, BG, GII arc all equal, 
the triangles AIIG, AGB, ABC arc all* equal: therefore, *38. l. 
what(‘ver multiple the base HC is of the base BC, the same 
nmlti))lc is the triangle AlIC of the triangle ABC : for the 
same reason, whatever multiple tlic base lit; is of the base CD, 
the same multi|,le is the triangle ALC of the triangle ADC: 
and if the base IIC be equal to the base Cli, the triangle AHC 
is also equal* to the triangle ALC: and if the base HC *38.1. 
be greater than the base (’-L, likewise the triangle AHC is 
greater than the triangle ALC; and if less, less; therefore, 
since there are four magnitudes, viz. the two bases BC, CD, 
and the two triangles AB(;, A(’D; and of the base BC, and 
the triangle ABC, the first and third, any equimultiples what- 
• ever liavc been taken, viz. the base IK; and the triangle 
AH(; ; and of the base CD and the triangle ACD, the second 
and fourth, have been taken any equimultiples wliutever, viz. 
the base CL, and the triangle ALCj and since it has been 
slicwn, that if the base HC be greater than the base CL, the 
triangle AHC is greater than the triangle AliC; and if equal, 
equal; and if less, less: therefore as the base BC is to the * 5 Def. 5 . 
base CD, so is the triangle ABC to the triangle ACD, 

And uecause the parallelogram CE is double of the triangle 
ABC*, and the parallelogram CF double of the triangle * ii, l, 
ACD, and that magnitudes have the same ratio * whioli their * 15 . 5. 
equimiutiples have; as the triangle ABC is to the tryingle 
ACD, so is the parallelogram E(; to the parallelogram CF : and 
because it bus been shewn, that, as tlie base BC is to the base 
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♦ 11 . 6 . 


* 33. I. 
t 2fi. 1. 


Sec N. 


• 37. 1. 


* 7. 3. 


• I. 6. 


♦ II. 3 , 


Euclid’s elements. 

CD, so is the triangle ABC to the triangle ACD; and as the 
triangle ABC is to the triangle ACD, so is the parallelogram 
to the parallelogram CF ; therefore, as the base BC is to 
the base CJ>, so is * the parallelogram EC to the parallelogram 
CF. Wherefore, triangles, &c. Q, e. d. 

Corollary. From this it is plain, that triangles and pa** 
rallelograms which^have equal altitudes, arc one to another as 
their bases. 

Let the figures be placed so as to have their bases in the 
same straight line; and having draVvn perpendiculars from 
the vertices of the triangles to the bases, <nc straight line 
which joins the vertices is parallel to that*In which their bases 
arc*, because the perpendiculars are both equal and pa'al¬ 
lelf to one another. Then, if the same construction be made 
as in tlic proposition, the demonstration will be the same. 


PROPOSITION II. 

Tiieor. — If a straight line be drawn parallel 1o one of the 
sides of a triangle^ it shall cut the other sidjs, or these pro- 
dneedy propor^iionalh/: and if the sidesy oy the sides pro- 
diiccdy he cut proportionallyy the straight line -which joins 
the jmnts of scctioHy shall be parallel to the remaining side 
if the triangle. 

Let DE be drawn parallel to BC, one of the sides of the 
triangle ABC: BD shall be to DA, us CE to EA. 

Join BE, CD ; then the triangle BDE is equal * to the tri¬ 
angle CDE, because they are on the ..same base DE, and be¬ 
tween the same parallels 
DE, BC: ADE is another 
triangle; and equal magni¬ 
tudes have to the same * the 
same ratio; therefore, as 
the triangle BDE is tO the 
triangle ADE, so is the tri¬ 
angle CDE to the triangle ADE: but as the triang'*e BDE 
to the triangle ADE, so is* BD to DA, because, having the 
same altitude, viz. the perpendicular drawn from the point E 
to AB, they are to one another as their bases; and.rfor the 
same reason, as the triangle CDE to the triangle ADE, so is 
CE to EA : therefore as BD to DA, so is CE to EA *. 
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Next, let the sides AB, AC, of the triangle ABC, or these 
igdes produced, be cut proportionally in the points D, E, that 
is, so that ly) may be to BA as CE to EA ; aud join BE: 

BE shall be parallel to BC- 

The same construction being made; liocausc as BB to DA, 
so is CE to EA ; and as BB to DA, so is the triangle BDE to 
the trfiinglc ABE * : aiid»as CE to EA, sr is the triangle CDE • J.G. 
to the triangle ABE ; therefore f the triangle BDE is to the f IE 5. 
triangle.ABE, as the triangle CBK to the triangle ABE; that 
is, tlie triiinglejBBE, CBE have the same ratio to the triangle 
ABE; therefore* the triangle BDE is equal to the triangle •9.5. 
CBE : aud they arc on the same base BE : but equal triangles 
on* the same base are between the same parallels therefore * 3^' E 
DF; is parallel to BC. Wherefore, if a straight line, &c. 

V. E, n. 


PllOPOSITlON HE 


Tiijson. — IJ' fhe av^Ic of a /riafigle he divided inio f)vo equal SecN. 
angles, by a straight line which also cuts the base, the seg-- 
7nents of the base shall liaise the same ratio which the other 
sides of the' triangle have to one another: and if the seg- 
7ncnts of the base have the same ratio fvhick the other sides 
of the triangle have to one another, the straight line drawn 
from the vertex to the point of section, dhides the ve)*iical 
angle into two canal angles. 


Let ABC be a triangle, and let the angle BAC be divided 
into two equal angles by the straight line AB: BB shall ho to 
BC, as BA to AC. f 

Through the point C, draw CE parallel * to BA, and let BA 
produced, meet CE iji E. Because the straight line AC meets 
the parallels AB, EC, the angle ACE is 
equal* to the alternate angle CAB: but 
CAD, by the hypothesis, is equal to the 
angle BAB: wherefore BAD is equal + 
to the angle ACE. Again, because the 
straig!*t line BAE meets the parallels AB, 

EC, the outward angle BAB is equal t to the inward and op* 
posite angle AEG: but the angle ACE has been proved equal 
to the angle BAD ; therefore also ACE is equal f to the angle 
AEC, and consequently the side AE is equal * to the side AC: 
and because AD is drawn parallel to one of the sides of the 
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EUCLIU's ELEMENTS. 

triangle BCE, viz. to EC, therefore* BD is to DC, as BA to 
AE: but AE is equal to AC; therefore *, as BD to DC, so is 
BA to AC. 

Next, let BD be to DC, as BA to AC, and join AD; the 
angle BAC shall be divided into two equal angles by the 
straight line AD. 

Thc same constritction being made; because, as BD to DC, 
so is BA to AC ; and as BD to DC, so is BA to AE *, because 
AD is parallel to EC; therefore* BA fs to AC, as B/ to AE : 
* consequently AC is equal * to AE, and thcrcforivtlic angle AEG 
is equal * to the angle ACE; but the angle AEC is equal to 
the outward and opjwsitc angle BAD; and tlic angle ACE is 
equal to the alternate angle CAD^ ; wherefore also the angle 
BAD is equal t to the angle CAD ; that is, the angle BAC is 
cut into two equal angles by the straight line AD. Therefore, 
if the angle, &c. v. e. n. 


PB0P08IT30N A. 

4 - 

Thkor.— If the outward an^Ie of a triarigle viadchy produc- 
iug oue of its sidesj he dii ided iuto two equal angles hjj a 
straight tine which also cuts the hasdproduced^ the segments 
hetween the dividing line and the extremities of Ihi^ hasc^ 
have the same ratio which the other sides of the triangle 
have to oi^e another : and if the segments of the base pro* 
dneed have the same I'alio which the other t^ides of the iri* 
angle havcy the straight line drawn from the mu'lcx to the 
point of section^ divides the vnhvai'd angle if the triangle 
into hvo equal angles* ^ 


Let ABC be a triangle, and let one of its sides BA be pro¬ 
duced to E; and let the outward angle CAE be divided into 
tw’o equal angles by the straight line AD which meets the base 
produced in D: BD shall be to DC, us BA to AC- 

Tlirougli C, draw* CF parallel to AD: and because the 
straight line AC meets the parallels AD, FC, the angle ACV 
is equal * to the alternate angle CAD : but 
CAD is equal * to the angle DAE ; there¬ 
fore also DAE is equal f to the angle ACF. 

Again, because the straight bnc FAE meets 
the parallels AD, FC, the outward angle 
DAE is equal t to the inward and opposite angle CFA : but the 
angle ACF has been j)rovcd equal to the angle DAE: therefore 
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also the angle ACF is equal + to the angle CFA; and consc- t ^ Ax. 
qugntly the side AF is equal* to the side AC: and because *6.1. 
AD is parallel to FC, a side of the triangle BCF, therefore * * 2, 6. 
IID is to DC, as BA to AF: but AF is equal to AC ; therefore 
as BD is to DCt, so is BA to AC. t 7. 

Next, let BD be to DC, as BA to AC, and join AD; the 
angle CaD shall be equal tt) the angle DAD. 

The same construction being made; because BD is to DC, 
as BA to AC; and that BD is also to DC*, as BA to AF; 
therefore* BA is^to AC, as BA to AF ; wherefore AC is equal * * H. 5* 
to AF, and the angle AFC equal * to the angle ACF: hut the * j" 
angle AFC is equal to the ontAvard angle KAl>f, and the angle f "20. I- 
ACF to tlic alternate angle CAD ; therefore also BAD is equal + f I Ax. 
lo the angle CAD- Wherefore, if the outward, &c. Q. je. d. 


PROrOSITlON IV. 

TiiKOR. — y’Ae sides about the equal angles of equiangular 
Iriangles arc yroporlionah; ami (hose which arc ajq/osilc 
lo the equal angles are homologpus sidesy that isy are the 
anicccdcnls or consequjnls of the ratios. 

Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to tlic angle 
DEC, Jiiul consequently *, the angle BA(^ equal to the angle * 32. i. ami 
CDE: the s^des about the equal angles of the triangles ABC, ^ 

DCE, shall be proportionals; and those shall be the homolo- 
^ guus sides, which are iqiposito to the equal angles. 

Ijct the triangle DCE be placed * so that its side (3E may be * 22. 1. 
contiguous to B(', and in the same straight line wnth it: then, 
because tlie angle BCA is equal + to the angle 
CED, add to each the angle ABC.; therefore 
tlic two angles ABC, BCA arc equal + to the 
two angles ABC, CED : but the angles ABC, 

BCA are togetlicr less * than two right an¬ 
gles ; therefore the angles ABC, CED are also 
less than two right angles: wherefore BA, 

ED if produced will meet * : let them be produced and meet 
in the point F: then because the angle ABC is equal* to the 
angle DCE, BF is parallel * to CD ; aud because the angle ACB 2 S-1, 
is equal to the angle DEC, AC is parallel to FE * : therefore 28. i. 
FACD is a parallelogram ; and consequently *, AF is equal to * 34. 1. 
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Euclid's elements. 

CD, and AC to FD: and because AC is parallel to FK, one of 
the sides of the triangle FEE, BA is to AF*, as BC to Cfi : 
but AF is equal to Cl>; therefore as BA to CjD, so is BC to 
CE; and alternately t, as AB to BC, so is DC to CE: again, 
because CD is^ parallel to BF, as BC to CE *, so is FD to DE : 
but FD is equal to AC ; therefore f, as BC to CE, so is AC to 
DE ; and alternately t, as BC to CA, so CE to ED: therefore, 
btuiause it has been proved, that AB is to BC, as DC to CE, and 
as BC to CA, so CE to ED ; ex acquali *, BA is to AC, us CD to 
DE. Therefore^ the sides, &c. v- e. d. 


PROPOSITION V. 

I • 

Theor,— If the .y/rfcA' <if itvo friauglvsy about each of ihvir 
angles, be proportionalsy the triangles shall be equiangular; 
and the equal a7igles shall be those which arc opposite to the 
homologous sides. 

Let the triangles ABC, DEF haXc their sides proportionals, 
so that AB is to BC, as DE to EF; and BC to t»A, as EF to FD ; 
and consequently^ ex a'quVili, BA to AC, as IH) to DF: the 
triangle ABC shall be equiangular to the triangle DEF, and 
the angles which are opposite to the homologous sides ’.diall be 
equal, viz. the angle ABC equal to the angle DEF, and BCA 
to EFD, and also BAC to EDF. 

At the points E, F, in the straight liiVo EF, make * the 
angle FEG equal to the angle ABC, and the angle EF<;, equal 
to BCA ; whcrofbrc the remaining angle 
BA(J is equal * to the remaining j.nglc 
EOF, and the triangle ABC is therefore 
equiangular to the triangle GEF: conse¬ 
quently * they have their sides opposite to 
the equal angles proportionals: wherefore, 
as AB to BC, so is GE to KF: but as AB to BC +, so is DE to 
EF ; therefore, as DE to EF, so * GE to EF ; that is^ DE and 
GE have the same ratio to EF, and consoipiently * are equal: 
for the same reason, DF is equal to FG: and becausV* in the 
triangles DEF, GEF, DE is equal to EG, and EF common, the 
two sides DE, EF are equal to the two GE, EF, each to each; 
and the base DF is equal to the base GF i therefore tlfe angle 
DEF is equal * to the angle GEF, and the other angles to the 
other angles \vliich are subtended by the equal sides * : there- 
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fore tho angle DFE is equal to tlic angle OFE, and EDF to 

E(irF: and because the angle DEF is equal to the angle <fEF, 

ar?d GEF equal + to the angle ABC, therefore the angle ABC t Constr. 

is eqiml + to the angle DEF: for the same reason, the angle t ^ Ax. 

ACB is equal to the angle DFE, and the angle at A equal to 

the angle at D ; therefore the triangle AB(v is equiangular to 

the triangle DEF. Whcrqforc, if the sides, &c. g. k. d. 

PROPOSITION VI. 

Tiieor. — JftwZ trumgics have one angle of the onCy equal to 
one angle of the Mker, and the sides about the equal angles 
j.rojHjrliouals, the triangles shall be cquiangulary and ,shnlL 
have those angles equal which arc opjxisilc to the honio^ 
logons sides. 

Let the triangles ABC, DEF have the angle BAG in the 
one, equal to the angle EDF in the other, and the sides 
about those angles proportionals; that is, BA to AC, as ED 
to DF : the triangles ABC, DEF shall be equiangular, and 
shall have tlie angle ABC equal to the angle DEF, and ACB 
to DFE. 

At the points D, F, in the straight line DF, make * the * 23. I. 
angle F1>G (iqiial to cither of the angles BAG, EDF; and the 
angle DFG equal to the angle ACB: ^ 

wherefore the remaining angle at B is ^ 
equal * to the remaining angle at O: / \ 

and consequently the triangle ABC is / \ 

equiangular to the triangle DGF: there- B q 
ft>rc as BA to AC, so is * GD to DF: * 4. 0 . 

but by the hypothesis, as BA to AC, so is ED to DF; there¬ 
fore as ED to DF, so is * OD to DF; wherefore ED is equal * *11.5. 
to DO : and DF is common to the two triangles EDF, GDF : * 
therefore the two sides ED, DF are equal to the two sides 
GD, DF, each to each ; and the angle EDF is equal t to the f Constr. 
angle GDF; wherefore the base EF is equal to the base FG * 4. 1. 
and tbp triangle EDF to tlie triangle GDF, and tbc remaining 
angles to the remaining angles, each to each, which arc sub¬ 
tended by the equal sides : therefore the angle DFG is equal 
to the angle DFE, and the angle at O to the angle at ^: but 
the angle DFG is equal f to tbc angle ACB ; therefore the t Constv. 
angle ACB is equal + to the angle DFE : and the angle BAC t * Ax. 
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KUCLTD*S ELEMENTS. 

is equal * to the angle EDF: wherefore also the remaining 
angle at B is equal t to the remaining angle sit E : therefore 
the triangle ABC is cquiangulsir to*thc triangle J>EF. Where¬ 
fore, if two triangles, &c. Q. o- 

PROPOSITION vir. 

4 , * 

Thkor.— JJ‘ two triangles have one angle of the onCy equal to 
one angle of the othet\ and the idc^^ about two other angles 
2 }ropori}onals; then^ if each of the remt^ining angles be 
either lesSy or not less, than a right angle, or ij one oj them 
be a right angle, the Irianglvs shall he equiangular, and 
shall have ihosc angles equal about which the sides are 
proportionals. 

Let the two trisingles ABC, DEF hsivo one angle in tlic 
one, equiil to one single in the otlier^ viz. the angle JIAC to 
the single EDF, and the sides about two other angles ABC, 
DEF proportionsils, so that AB is to BC, as DE to EF; and, 
in tlie first case, let each of the remaining angles at C, F, be 
less than a right angle: the triangle ABC shall be equi¬ 
angular to the triangle DEF, viz.* the angle ABC shall be 
equal to the angle DEF, and the remaining angle at V equal 
to the remaining angle at F. 

For if the angles ABC, DEF be 'not equal, one of them 
must be greater than the other: let ABC oe the greater, and 
at the point B, in tlie straight line AB *, uuihe the angle 
ABG equal to thc^anglc DEF; and be¬ 
cause the angle at A is equal + to tlic 
angle at D, and the angle ABO to the 
angle DEF, the remaining angle A^iB 
is equal * to tlie remaining angle DFE : 
therefore the triangle AB(t is equiangular to the triangle 
DEF: wlicreforo * as AB is to BO, so is DE to EF: hut as 
DE to EF so by liy]wthesis, is AB to BC : therefore * as AB 
to BC, so is AB to BG: and because AB has the same ratio 
to each of the lines B(;, BO ; BC is equal * to BG ; and there¬ 
fore the angle B(fC is equal * to the angle BCG: hut the 
angle BCG is, by hypothesis, less than a right angle; there¬ 
fore also the angle BOG is less than a right angle ; and thiTc- 
fore file adjacent angle AGB must he greater * than a right 
angle : but it was jiroved that the angle AGB is equal to the 
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angj.c at F ; therefore the angle at F is greater than a right 
aiTglc : Imt, by the hypothesis, it is less than a riglit angle ; 
which is absurd* Therefore the angles ABC, DEF are not 
unequal, that is, they are equal: and the 'angle at A is 
equal + to the angle at D; wherefore the remaining angle at 
C is eq>«al t to the remaining angle at F : therefore the tri¬ 
angle ABC is equiangular to the triangle DEF. 

Next,' let each of the angles at C, F be not less than a 
right angle: the triangTc ABC shall also in this case be equi¬ 
angular to the tfiangle DEF. 

The same constraetion being made, it 
may be j)roved in like manner, that BC is 
equal to BO, and tlierefore the angle at C 
equal to the angle BGC : but the angle at 
C is not less ■\ than a right angle; there¬ 
fore the angle BGC is not less than a right angle ; wherefore 
two angles of the triangle BGC arc together, not less than 
two right angles; which*is impossible*; and therefore the 
triangle ABC may be proved to be equiangular to the tri¬ 
angle DEF, as in the first case. 

Lastly, let one of the angles at C, F, viz. the angle at C, 
be a rijght angle: in this case likewise, the triangle ABC shall 
i>c equiangular to the triangle DEF. 

For if they be not equiangular, at the point B, in the 
straight line AB» make the angle ABG 
DEF ; then it may be proved, as in the 
first cjise, that BG is equal to BC ; and 
, therefore * the angle IJCG equal to tlie 
angle BGC : but the angle BCG is a 
right f angle, therefore t the angle BGC 
is also a right angle; whence two of the 
angles of the triangle BGC ate together, 
not less than two right angles; which 
is ittfpossiblc *: therefore the triangle 
ABC is otjuiangular to the triangle DEF. 
triangles, &e. q, e. i>. 


equal to the angle 


D 


Wherefore, if two 





PROPOSITION VIII. 

THEoq,.~.7M a right-angled iriangle^ if a perpendicular he 

drawn from the right angle to the basc^ the irian^cs on 

each side o/ it arc shnilar to the whole triangle, and to one 
another. 
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Euclid’s elements. 


t 11 Ax. 


♦ 32 . 1 .& 
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• 4. 6. 

♦ I Def. 0. 
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Let ABC be a right-angled triangle, having the right angle 
BAG ; and from the point A, let be drawn perpendicular 
to the base BC : the triangles ABD, ADC shall be similar to 
the whole triihigle ABC, and to one another. 

Because the angle BAC is equal to the angle ADB +, each 
of tlicm being a ri^ht angle, and that the angle at Btis com¬ 
mon to the two triangles ABC, ABD, the 
remaining angle ACB is equal to the re¬ 
maining angle BAD * : therefore ihfc tri¬ 
angle ABC is equiangular to the triangle ^ 

ABD, and the sides about their eqiu.1 
angles are proportionals * ; wherefore the triangles are * simi¬ 
lar: in the like manner it may he demonstrated, that the 
triangle ADC is equiangular and similar to the triangle AB('|. 
And the triangles ABD, ACD, being both equiangular and 
similar to ABC, are equiangular and similar to each otlier. 
Tliercfure, in a right-angled, &c. k. />. 

Cor. From this it is manifest, tliat the pcrjiendicular 
drawn from tlic right angle of a right-angled^ triangle to the 
base, is a mean proportii^al between the segments of the 
base, and also that eiich of the sides' is a mean proportional 
between tlic base, and the segment of it adjacent to that 
side: because in the triangles BDA, ADC, BD is to DA as 
DA to DC and in the triangles ABC, DBA, BC is to BA *, as 
BA to BD; and in tlic triangles ABC, ACD, BC is to CA us 
(;A to CD. 


A 



PROPOSITION IX. 

Problem.— From a gitfe?i straight line to cut off any pari 

required* ^ 

Let AB be the given straight line; it is required to cut off 
any part from it. 

From the point A, draw a straight line AC, making any 
angle with AB; and in AC take any point D, and take AC 
the same multiple of AD, that AB is of the 2iart which is to 
be cut off from it; join BC, and draw DE parallel to it: 
then AE sliall be the part required to be cut off. 

I The triangles ADB, ADC, being both etjuiangular to ABC, are equi¬ 
angular f to each other ; therefore they have tlie sides about their equal f 
angles proportionals; therefore they are t similar to each other. 
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llccausc ED is parallel to one of the sides of the triangle 
AftC, viz. to BC, as CD is^to DA so is * BE to 
EA ; and l>y composition *, CA is to AD, as BA 
to AE: blit CA is a multiple + of AD; therefore * 

BA is the same multiple of AE : whatever part, 
therefore^ AD is of A(", A^ is the same jiart of 
AB. Wherefore, from the straight line AB, the 
jiart required is cut off. Which was to be done. 



• 2. Ci. 

• 16 . 5 . 

■|* ConsU. 

• 1 ). 5 . 


o 


31. 1. 


• PROPOSITION X. 

PiioB. — To divide a givc?i slraigki line similarly to a given 
Mvided straight line, that is, into jmrts that shall have the 
same ratios to one another, which the parts of the divided 
given straight line have. 

Let AB be the straight line given to be divided, and AC 
the divided line ; it is required to divide AB sinnlarly to AC. 

J^et AC be divided in the points D, E ; and let AB, AC be 
]>laccd so as to contain any angle, and join BC ; and through 
the points D, E,^ draw * DF, EG parallels to 
it: AB shall be divided in the points F, G, 
similarjv to AC. 

Through D, draw DHK parallel to AB: 
therefore each of the figures FH, IIB is a pa¬ 
rallelogram : wherefore DH is equal* to FO, 
and HK to GB : and because HE is parallel 
to KC, one of the sides of the triangle DKC, as CE to ED, so 
is * KH to HD : but Kl^is equal to BG, and HD to GF ; there- * 2* 6. 
forc, as CE to ED +, so is BCr to GF: again, because FD is t 
parallel to GE, one of the sides of the triangle AGe 7 as ED to 
DA, so is + GF to FA: but it has been proved that CE is to t ^ 
ED, as BG to GF : therefore as CE is to ED, so is BG to GF, 
and as ED to DA, so GF to FA. Therefore, the given 
strai^it line AB is divided similarly to AC. Which was to 
be done. 



♦ 84. 1. 


*» 


PROPOSITION XI. 


PuOB .—To ^find a third projx>rtional to two given straight 
* lines. 

Let AB, AC be the two given straight lines ; it is required 
to find a third proportional to AB, AC. 
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Let AB, AC be placed so as to contain any angle : produce 

AB, AC, to the points D, E; and make BD equal to AC ; 
join BC, and through D, draw DE parallel to 

it * : CE shaSil be a third proportional to AB 
and AC. 

Because BC is parallel to DE, a side of the 
triangle ADE, is* to BD, as AC to CE : 
but BD is equal to AC ; therefore as AB is to f 

AC, so is AC to CE. Wliereforc, to the two 

given straight lines AB, AC, a third proportitnal CE is found. 
Wliicli was to be done. „ 

PROPOSITION XII. * 


Prob.— To find a fonrih prayw7wn// lo three given siraighi 

lineif. 

Let A, B, C be the three given straight linens; it is required 

to find a fiairth proportional to A, B, C. 

Take two straight lines, DE, containing any angle 

EDF; and upon these f make D(1 equal to A, CE equal to B, 

and DU equal to C ; join ofl, and through 

E, draw EF parallel ^ to it; HF shall be 

a fourth proportional to A, B, C. 

Because GH is parallel to EF, one of 

the sides the triangle DEF, DO is to 

GE *, as Dll to IIF ; but DG is equal to* 

A, OE lo B, and Dll to C ; therefore, as 

A is to B+, so IS C to HF. Wherefore, to the three "iven 
• o 

straight lines A, B, C, a fourth pjoportional IIF is found. 
Which was to be done. 



PROPOSITION xrir. 


PnOB.— To find a mean proportional between two given straight 

lines. 

Let AB, BC be the two given stmiglit lines ; it is required 
to find a mean proportional between them. 

Place AB, BC in a straight line, and upon 
AC describe the semicircle ADC; and from 
tlie point B, draw * BD at right angles to 
AC : '^D shall be a mean proportional be- a 
tween AB and BC. 

Join AD, DC; and because the angle ADC iii a semi- 
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circle uiijjlc ", and because in the rij»‘ht-aii*^led tri- • 51. .*?. 

aif|rle IjD is drawn from iht'. rhiht angle perpendi¬ 

cular to the base, DIS is a mean preportional between A15, 

ItC tin vj;!nents of the base’ Tliorcforo, between the two * Cor. 6,6. 
given straight lines AW, WC, a mean prop4>rtioual UB is found. 

AVhicli .vai; to be done. 


rH( POSITION MV. 

'rur.ou.— luj uil p:it'ii//i'logra/}!s w7<.V7/ /nivc nuc an^lc of the 
oar, io Otic an^ic of thv oHicr, hare ihetr .skies ahout 

i’hc upod (oip^L’s rcr]provaHij proportional; ami paraihlo^ 
that haiO one anoxic (f (he onc^ equal lo one an^lc of 
llic other, and fhrir sides about the equal anffles rrclprovaUy 
protno'ile.atl, arc equal to one an(dher. 


Let Al>, be equal jiarailelograms vrhich have the angles 
at ]{ equal: the sides of the parallelograms Alb liC about 
the equal angles, shall be reciprocally proportional; that is, 
DU shall be to BK, as OB to BF. 

Let tin; sides DB, Bri be placed in the 
same aiy light line; wherefore also % FB, BO 
arc in one straiglit line ^ ; complete the 
])arallelograin FB; and because the paral- 
lelijgn.m AB is eq,ual to BC, and that FE 
is another parallelogram, AB is to FE, as 
r>i to FB : but as AB to FE, so is the base PB to BE*, and 
, as to FE, so is the base <iB to BF ; therefi»re, as DB to 
BE, so is OB to BF*. Wherefore, the sides of the parallelo¬ 
grams AB, BC- about tlioir equal angles are reciprocally pro¬ 
portional. 

Next, let the sides about the equal angles be reciprocally 
jiroportioual, viz. as DB to BE, so OB to BF: the parallelo¬ 
gram AB shall be equal to the parallelogram BC. 

JSeeause, as DB to BE, so is OB to BF ; and as DB to BE +, 
so is tl^e jiarallelogram AB to the parallelogram FE ; and as 
CiB lo BF, so is the parallelogram BC to the parallelogram 



14. 1. 
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11. d. 


t 1. 0. 


t Bi'ca^isf tlie angle DBF is equal f to the angle GBF, atUI lo each llie Hyp. 
engic IBR ; tliorcforc tlic two angles DBF, FBK are logclhcr eqital fHo the 2 Ax. 
two angles FBK EBG : but DBF, FBR arc logellier equal f to two right t l-'i- 1* 
angles; thcrofore bBE, EBG are together equal f to two right angles: f 1 Ax. 
therefore FB, BG are in Uic same* straight line. * BE 1. 

^ • I- 
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* 11,5. FE; therefore* as AB lo FE, so BC to FE : therefore the 

* 9. d. parallelogram AB is equal * to the parallelogram BC. ThcjTe- 

fore, equal parallelograms, &c. g. e, d. 


PROPOSITION XV. 

% 


Tiieor .—Equal triangles which have one angle of the one^ 
equal to one angle of the other, hare their sides about the 
equal angles reciprovaliff proportHmal; an\t triangles whteh 
have one angle m the one, equal lo one angle in the other, 
and their sides about the equal angles reviprovally 
tional, are equal to one another. 


t See N. last 
Prop. 

* 2i. 1. 


*7. S. 


* 1. f>. 

• l.C, 

♦ 1J.6. 


•Let ABC, ADE be equal triangles, which have the angle 
BAC equal to the angle DAE: the siiles about the equal 
angles of the triangles shall be reciprocally proportional; that 
is, CA shall be to AD, as EA to AH- 

Let the triangles be placed so that their 
sides CA, AD be in one straight line; where¬ 
fore f also EA and AB arc in one straight 
line * ; and join BD. Because the triangle 
ABC is equal to the triangle ADE, and that 
ABD is another triangle, therefore us the triangle CAB, is to the 
triangle BAD*, so is the triangle AED to tjie triangle DAB : 
but as the triangle CAB to the triangle BAD, so is the base 
CA to AD*, and as the triangle EAD to the triangle DAB, 
so is the base EA to AB * ; therefore^as (iA to AD *, so is EA 
to AB : wherefore the sides of the triangle ABC, ADE, about 
the equal angles, are reciprocally proportional. 

Next, let the sides of the triangles ABC, ADE, about tlie 
equal angles, be reciprocally proportional, viz. C;A to AD, as 
EA to AB : the triangle ABC shall be equal to the triangle 
ADE. 



* 1 . 6 . 

♦ 1 . 6 . 

• 11. d. 


*9. 6. 


Join BD as before : then l)ecause, as CA to AD, so is EA to 
AB ; and as CA to AD, so is the triangle ADC to the triangle 
BAD *; and as EA to AB, so is the triangle EAD to the tri¬ 
angle BAD * ; therefore * as the triangle BAC to the triangle 
BAD, so is the triangle EAD to the triangle BAD ; that is, 
the tlriangles BAC, EAD have the same ratio to the triangle 
BAD : wherefore the triangle ABC is equal * to the triangle 
ADE. Therefore, equal triangles, &c. g. e, d. * 
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PROPOSITION XVI. 

TiiiiioR .—If four straight lines be proportionals^ the rectangle 
contained htj the extremes is equal to the rectangle contained 
by th? means; and if thf^rectanglc contahied by the extremes 
he equal to the rectangle contained by Ih* means^ the four 
straight lines are prop^riionah. 

Let tlie four sfraight lines AB, CD, E, F, be proportionals, 
viz. as AB to CD, so' E to F: the rectani^le contained by AB, 
F, snail be equal to the rectangle contained by CD, E. 

From the points A, C, draw * AG, CH at right angles to AB, 
CD, and make + AG equal to F, and CIl equal to E ; and com¬ 
plete t the parallelograms BG, I>II. Be¬ 
cause, as Al^ to I'D, so is E to F ; and that 
E is equal to CH, and F to AG, AB is* to q 
CD as CH to AG: tlicrcfofe the sides of 

the parallelograirs BG, DII, about the equal ^ _ 

angles, are rccipr^ally j^roportional; but A BCD 
parallelograms which have tiicir sides about 
equal angles reciprocally proportional, are equal to one an- 
otli jr therefore the parallelogram BG is equal to the parallelo¬ 
gram DII: but the parallelogram BG is containc^l by the 
straight lines AB,* V, because AG is equal to F; and the 
parallelogram Dll is contained by CD and E, because CH is 
equal to E ; therefore the rectangle contained by the straight 
•lines AB, F, is equal to that wliich is contained by CD and E* 
And if the rectangle contained by the straight lines AB, 
F, be equal to that which is contained by CD, E, these four 
lines shall be proportional, viz. AB shall be to CD, as E to F. 

The same construction being made ; because the rectangle 
contained by the straight lines AB, F, is equal to that which 
is contained by CD, E, and that the rectangle BG is containetl 
by AB, F, because AG is equal to F ; and the rectangle DH 
hy CD, S, because CH is equal to E ; therefore the parallelo¬ 
gram BG is equal f to the parallelogram DH ; and they are 
equiangular : but the sides about the equal angles of ^'qual 
parallelograms are reciprocally propurtioiial * : wherefore, as 
AB to CD, so is CH to AG : but CH is equal to E, and AG to 
F ; therefore as AB is to CD so is £ to F. Wherefore, if 
four, &c. Q. E. D. 
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PKOPOSITIQS XVII. 

'riiEOU .—If three A7r///^7// Vuivs he proporttonalii^ (he rectangle 
vontamed by the extremes is eqaal (o (he sqaure of the mean ; 
and if the rectangle contained by die extremes he (•'[lad to 
the square of the mean, the three straight lines are jiro- 
portionah. 

4 

•' Let the tlirce straight lines A, W, c he j^|:oj)ortioiials, viz. 
as A to li, so II to € : the roctiinglc cinitaineil hy A, C, shall 
be equal to the square of TI. 

Take 1> equal to B: and b(^eause as A to 15, so 15 to l‘; and 

^ 7,fj. (hat 15 is equal to D, A is to II, as D to (': but if four 
straight lines be proportionals, the 
rectangle contained by the extremes is 
equal to that whicli is contained by 1) -- 

* IG. G, the means*; therefore the rectangle ^ 

contained by A, is equal to luat 
contained by B, D : but the rectangle A 

contained by B, D, is the square of J|, • 

because B is equal to D; therefore the rectangle contained hy 
A, C, is equal to the square f)f B. 

And if the rectangle contained by A, C, be equal to the 
square of il, A shall be to B, as II to C. 

The same construction being made ; because tlic rectangle 
contained by A, C, is equal to the square of B, and the square 
of B is equal to the rectangle contained by B, T), because II is 
equal to D, therefore the rectangle cdbtained by A, C, is equal 
to that contained by B, D: but if the rectangle contained by 
the extremes bo equal to that contained by the means, the 

* 16. 6, four straight lines arc proportionals * : therefore A is to B, as 

D to (^: but B is equal to D ; wherefore, as A to B, so B to 
C. Therefore, if three straight lines, &c. o. k* t). 

PROPOSITION XVIII. 

ft 

SccNt Prop.— Upon a given straight line to describe a rectilineal 

figure^ similary and similarly situaicdy to,a given rectilineal 
figure. 

Let AB be the given straight line, and CDEF the given 
rectilineal figure of four sides ; it is required, upon the given 
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slniiglil lino AK. to <loscril)e a roctiliiioal similar, and 

simiiarly situated, in (-DIjF. 

Jnin DF, and at the jxiiiils A, !», in the straight line AB, 
maire tlie angle BA(J eqnal to the angle at C, and the angle 
Aj?t* equal lo the angle FDI'; ihere- 
Imo llx^rcituiining angle FFI) In equal 
to the reniain^ntr anijrle A (jiij ^ ; Ihme- 
lore ihe triiu^le I't'D i.s i-quLuJguhir 
1*> ih' fi,M5 : A'»ain, ;.l the 

pointsU, in 4!!e straight l-ne GVt, 

luahe til-' angle U<W1 (»qiiai to the angle 1>FE and the angle 
ennal to FIMC ; thereiore the nnxuii’niiiii ane’lc FEU is 
equal Lm the reqiaining angle (.JIIB, ami the triangle FDE 
equiangular to the triangle (ilHI: then, because the angle 
i-. o^[ual to tlxe angle TFl), and BOIi to DFE, the whole 
angle At;II Ls ecjual *1* to ilie Avhole CFE ; for the same reason, 
the oTigle Alin i.-, equal to tlie also the angle at 

A is efjual f t() liic angle at F, and the angle OlIB to FED; 
1 here fore tlie rectilineal hguivAEUt; is equiangular to FDEF : 
likewise these ligutes have their sides about the equal angles 
projKirtionids; L^^causc the triangles FAlb FCl) being equian¬ 
gular, BA is * to AO, as DC to CF; and because AFr is to GB, 
as t(> FD; and as (115 to GH, by reason of the equiangular 
triangles BitIJ, DFlb is FD to FE ; therefore, ex ecquali AG 
is to GlI, as FF to FE: in the same manner it majf' be proved 
that AB is to BlI, as FD to DC: and GlI is to HB as FE to 
ED. Wliorefore, becaux^e the rectilineal figures ABIIG, CDEF 
are 0(|iiiaiigulur, and have tlieir sides about the equal angles 
proportionals, they are snniliir * to one another. 

Next, lei it be required to describe ujion a given straight 
line AB, a rectilineal figure, similar, and similarly situated, 
to the rectilineal figure FDKEF of five aides.' 

Join DE, and upon tlie given straight line AB, describe the 
rccliliyeul figure ABIIG, similar and similarly situated, to the 
quadrilateral figure FDEF, by the Ibrmer case: and at the 
points B, 11, in t)ie slraiglil line BIl, make the angle HBL 
equal to llie angle EDK, and the angle BIIL equal to the angle 
DKK ; therefore the remaining angle at K is equal f to the 
remaining angle, at Ij : and because the figures ABHG,*FDEF 
are similar, tlie angle (illU is equal f to the angle FED: and 
BIIL is equal to DEK ; wherefore the whole angle GHL is 
equal to the. >vhole angle FEK : for the same reason, the angle 
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ABL is equal to the angle CDK: therefore the five-sided 
figures AGHLB, CFEKD are equiangular: and because *he 
figures AGHB, CFED are similar, GH is to IIBt, as FE to 
ED; but as IIB to IIL, so is ED to EK *; therefore, ex sequali 
GH is to HL, as FE to EK: for the same reason, AB is to BL 
as CD to DK: and BL is to LH, as * DK to KE, because the 
triangles BIjII, DKE are equiangular: therefore, because the 
five-sided figures AGlIIiB, CFEKD are equiangular, and have 
their sides about the equal angles prop iftiouals, they arc similar 
to one another. In the same manner a rectilMieal figure of six 
sides may be described upon a given straight line similar to 
one given, and so on. Which was to be dune. 

PROPOSITION XIX. 

Theoh .——friaiiglcs are to one another in the duplicate 

ratio of their hmnologotts sides. 

Let ABC, DEF be similar triangles, having the angle B 
equal to the angle E, and let AB be to BC,*^as DE to EF, so 
that the side BC may be * homologous to EF: ilu! triangle 
ABC shall have to the triangle DEF the duplicate ratio of that 
which BC has to EF. 

Take* BG a third proportional to BC, EF, so that BC may 
he to EF,'as EF to BG, and join GA : then, because, as AB to 
BC, so DE to EF ; alternately AB is 
to DE, as BC to EF: but as BC to EF t, 
so is EF to BG ; therefore as AB to 
DE, so is EF to BG : therefore the sides 
of the triangles ABG, DEF, which arc 
about the equal angles, are recipro¬ 
cally proportional: but triangles, which have the sides about 
two equal angles reciprocally proportional, arc equal * to one 
another; therefore the triangle ABG is equal to the triangle 
DEF: and because as BC is to EF, so EF to BG, and that if 
three straight lines be proportional, the first is said * to have 
to the third the duplicate ratio of that which it has to the 
second, therefore BC has to BG the duplicate ratio of that 
whicK BC has to EF: but as B<^ to BG, so is* the triangle 
ABC to the triangle ABG; therefore the triangle ABC has to 
the triangle ABG the duplicate ratio of that which BC has to 
EF; but the triangle ABG is equal to the triangle DEF j thcrc- 


A 
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fore also the triangle ABC has to the triangle DEF the dupli- 
c»te ratio of that wliich BC has to EF. Therefore, similar 
triangles, &C- Q. e. d> 

Cor- From this it is manifest, that if three straight lines 
be proportionals, as the first is to the third, so is any triangle 
upon t^hc first, to a similar and similarly described triangle 
upon the second. 


PKOPOSITION XX. 


Tiikor.— Similar jzjlygous vmy he dwlded into (he same nnm^ 
aer of similar triangles, having the same ratio to one another 
that the polygons have ; and the polygons have to one a7iolhcr^ 
the duplicate ratio of that which their homologous sides have. 


Let ABODE, F(tIIKL be similar polygons, and let AB be 
the homologous side to FC: the polygons ABODE, FGIIKL 
may be divided into the same number of similar triangles, 
whereof each shall have to each the same ratio which the poly¬ 
gons have; and tlic polygon ABODE shall have to the polygon 
FGHKIj, the duplicate ratio of that which the side AB has to 
the side FG. 

Join BE, EC, GL, LH : and because the polygon ABODE is 
similar to the jiolygon FGHKE, the angle BAE is equal* to the 
angle GFL, and BA is to AE *, as OF to FL: therefore, because 
tliC triangles ABE, FGL have an angle in one, equal to an 
angle in the other, and their sides about these equiil angles 
proportionals, the triangle ABE is equiangular * to the triangle 
FGIi, and therefore * similar to it; 
wherefore the angle ABE is equal 
to the angle FGL: and, because the 
polygons are similar, the whole 
angle ABC is equal * to the whole 
angle.FGH, therefore the remaining angle EBC is equal t to the 
remaining angle LGH : and because the triangles ABE, FGL are 
similar, £B is to BA *, as LG to GF; and also, because the 
polygons are similar, AB is to BC as FG to GH ; therefore, 
ex scquali *, EB is to BC, as LG to GH; that is, the sides 
about the equal angles EBO, LGH, arc proportionals; therefore 
the triangle EBC is equiangular * to the triangle LGII, and 
similar * to it; for tlie same reason, the triangle ECD likewise 
is similar to the triangle LIIK: therefore, the similar polygons 



1 Def. 6. 
1 Def. 0. 




6 . 0 . 


‘ 4,6. 


‘ 1 Def.6. 
3 Ax. 


• 4. 6. 

* 1 Def. 6. 

' 22 . 6 , 


^ 6 . 6 . 

► 4.6. 



152 


F.UOLIUS Kl.KMENTi:i, 


♦ lf>. 0. 


• 11. 5. 


* 11 . 5 . 


* 12. 5. 
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ABCDE, FdllKL arc divided into the same iiumbor of similar 
triangles. y 

Also these triangles "hall liave, i^ach to each, 'lie same ratio 
M'hieh the jxdy^oiiK La^ o to one another, tlie antecedents being 
ABE, KIM), ECj>, and the c(,ii-:*([iients FGE, LGU, LUK: and 
the polygon .Mlt'jlE shall have to th<* ])olvgon FGHKIj, the 
diijdicate ratio of tviat whicli tiie side AB lias to the homolo¬ 
gous side TO. 

Because the triangle ABi; Niiniliiiv to tiie triangle TGL, 
ABE has to r<iL, the dujdicate ratio * of ihat^wlueh llte side 
BE has to tlie side (-E: for the same rea^ 0 Il, the tri.ingle BE(’ 
has to GEIi the diqilieate ratio <ff tliat whidt EE has to (iL; 
therefore, as the triangle ABE is to tlie triamyle EtUi, so ^ is 
the triangle ttt tlie tnungle (ildl. Again, liecanse the 
triangle ElU’ is similar to the triangle i:iU' has to LGII, 

the dujilicute ratio of tliut wliich the side EE has to tlie side 
LH : for the same reason, the triangle KED hu" to the triangle 
LHK, the duplicate ratio of that u’liich VC has to Ell : there¬ 
fore, as the triangle EJKJ to the triangle LtiJl, so is ■ the tri¬ 
angle ECD to the triangle EUK: but it has be^n proved, that 
the triangle EBC is likewise to tlie A '• 

triangle LGIJ, as the triangle ABE ^ 

to the triangle TGE ; tlunefore, as - yG 

the triangle ABE to the triangle 
l'(Ui, so is t\ianglo i;jU'to triangle ^ ^ 

l-EIl, and twuijglc E(’l) to triangle I^IIK : and therefore, as 
one of tile antecedents to one of the consequents^, so are all 
the antecedents to all the consequents; that is, as tlie triangle 
ABE to tile triangle F(ai, so is the |)olyg(m AltEDE to the 
]»olygon FGHKE: but the triangle ABE lias to the triangle 
FGE, the duplicate ratio t of that whidi the side AB has to 
the homologous side F(i ; therefore also, the polygon ABEDK 
lias to the polygon FGHKIj the duplicate ratio of that wliich 
AB has to the liomologous .side F(». Wherefore, similar jioly- 
g<ms, &c. 0. F, D, 

Con, 1. In like manner it may be ])rov(*d, that similar 
four-sided figures, or of any number of sides, are one'to an¬ 
other in the duplicate ratio of ihcir lioniologons sides; and it 
has already been ]»rovedt in triangles; tlu'njfore, universally, 
similar re<-ti]ineul figures are to one another in llio dujdicate 
ratio of their homologous .sides. 

Cob. 2, And if to AB, FG, two of the homologous sides, a 


- D 
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third f proportioriul M be taken, AB * has to M the duplicate t 6* 
niiio of that which AB has to FG: but the four-sided figure * 5. 

or polygon up( n AB, has to tlie four-sided figure or polygon 
upon FG, likewise the duplicate ratio t of that which AB has t Cor. 1, 
to FG ; therefore as AB is to jM> so is the figure upon AB t Ih 5. 
to the figure upon FG ; wliicli was also proved in triangles; * Cor. 19.6. 
therefore, universally, it ^is inauifevSt, th;.t if three straight 
lines he proportionals, as the first is to the third, so is any 
rectilincid figure upon the fii^t, to a similar and similarly 
descriluMl reclili^ieal figure upon the second 


FROrOSJTlON XXL 

TiiKoii.— liccIiUncal Jigurcs which are similar io the same 
rcc/iUneal JfgarCy arc als'o similar lo one auoiher. 

Let each of the rectilineal figures A, B be similar to the 
recliliiieal figure V ; the fig re A shall be similar to the 
figure ii. 

Uecausc A is similar to (', thej arc equiangular, and also 
have their sides about tiic equal angles proportional * : again, Def. 6. 
hccaus': B is similar to V, they are 
equiangular, and have their sides about /c^ 

the equal angles proportionals*: there- / \ . /B'^ *1 Def. 6. 

fa»’e the figures A^ B are each of them 

equiangular to G, and have the sides about the equal angles 
of each of them, and of C, proportionals. Wherefore, the 
rectilineal figures A and (.' are * equiangular, and have their * 1 Ax. 1. 
sides about the equal angles* proportionals: therefore A is *11.5. 
similar * to B. Tliercfore, rectilineal figures, &c. Q. £. D. * 1 Def. 6. 


PROPOSITION XXII. 


Tiikou. — Tf four straight lines be proportionals, the similar 
revlilincal Jigures similarly described upon them shall also 
he proporliomds: and if the similar reclilmeal figures simi¬ 
larly described upon four straight lines be proportionals, 
those slraight lines shall be proporlionals. 

Let the four straight lines AB, CD, EF, GII be j)ropor- 
tionals, viz-AR to CD, us EF to GH ; and upoJi AB, CD, let 
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the similar rectilineal figures KAB, LCD be similarly described; 
and upon EF, GH, the similar rectilineal figures MF, NH, ;n 
like manner: the rectilineal figure KAB shall be to LCD, as 
MF to NH. 

To AB, CD, take a third pro¬ 
portional * X; and to EF, GH, a 
third proportional : and be¬ 
cause AB is to CD as EF to GH, 
therefore CD is * to X as GH to 
O; wherefore, ex a?quali as 
AB to X, so EF to O : but as 
AB to X, so is the rectilineal figure KAB to the rectiliKeal 
figure LCD, and as EF to O, so is* the rectilineal figure IVIF 
to the rectilineal figure Nil; therefore, as KAB to LCD, so* 
is MF to NH. 

And if the rectilineal figure KAB be to liCD as MF to NH, 
the straight line AB shall be to CD as EF to GH. 

Make * as AB to CD, so EF to PK; and upon PR describe * 
the rectilineal figure SR, similar and similarly situated to 
cither of the figures MF, Nil: then, because ds AB to CD, so 
is EF to PR, and that upon AB, CD, rre described the similar 
and similarly situated rectilincals KAB, LCD, and upon EF, 
PR, in like manner, the similar rectilincals MF, SR, therefore 
KAB is to LCDj, as MF to SR; hut by the hyjmthesis KAB 
is to LCD,‘^as MF to NH ; and therefore, the rectilineal MF 
having the same ratio to each of the two NH, SR, these arc 
equal * to (me another: they are also similar, and similarly 
situated ; therefore GH is equal to PR: and because as AB to 
CD, so is EF to PR, and that PR is equal to GH, AB is to CD+, 
as EF to GII. If, therefore, four straight lines, &c. v- f. h. 


K 



PROPOSITION XXIIl. 

Sec N. Tiieor.— Equiangular j)arallch>grams have io one a^toiher, 

the raiio which is cmnimindcd of the ralios of their sides, 

4 . 

Let AC, CF he equiangular parallelograms, having the an¬ 
gle BCD equal to the angle EC(^ : the ratio of the parallelo¬ 
gram AK) to the parallelogram CF, shall be the same with the 
ratio which is compounded of the ratios of their sides. 


\ By the preceding ca&c of this Propusitlou. < 
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Let BC, CO be placed in a straight line ; therefore DC | and 
C® arc also in a straight line *; and complete the parallelo¬ 
gram DO ; and taking any 'straight line K, make * as BC to 
CO, so K to L ; and as DC to CE, so make * I* to M: there¬ 
fore the ratios of K to L, and L to M, are the 
same with the ratios of the sides, viz. of BC 
to CO, and DC to CE : buf the ratio of K jto 
M is that which is said to be compounded • 
of the raiios of K to L,«and L to M ; there¬ 
fore K has to M^ihe ratio compounded of the 
ratios of the sides: and because as BC to CO, 
so js the parallelogram AC to the parallelo¬ 
gram CH *; but as BC to CG, so is K to L; therefore K is * 
to L, as the parallelogram AC to the parallelogram CII: again, 
because as D(y to CE, so is the parallelogram CH to the paral¬ 
lelogram CF ; but as DC to CE, so is L to IM ; wherefore L is * 
to M, as the parallelogram CH to the parallelogram CF: there¬ 
fore since it has been proved, that as K to L, so is the paral¬ 
lelogram AC to the parallelogram CH ; and as L to IM, so the 
parallelogram CH to the parallelogram CF; ex jequali K is 
to M, as the par'dlclogrjam AC to the parallelogram CF: but 
K has to M the ratio which is compounded of the ratios of the 
sides; 'therefore also, the parallelogram AC has to the paral¬ 
lelogram CF the ratio which is compounded of the ratios of the 
sides. Wherefore, equfangular parallelograms, Q, £. £>• 
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PROPOSITION XXIV. 

» 

Tujson.— ParalleIogra?ns about the diameter of amj paralldo- Sec N. 
graitiy arc similar to the whole, and to one another* 

Let ABCD be a parallelogram, of which the diameter is AC; 
and EG, HK parallelograms about the diameter: the paral- 
Iclogritms EG, HK shall be similar both to the 
whole parallelogram ABCD, and to one 
another. 

Because DC, GF are parallels, the angle ADC 
is equal * to the angle AGF: for the same 
reason, because BC, £F arc parallels, the an¬ 
gle ABC is equal to the angle A£F: and each 
of the angles BCD, EFG is equal to the opposite angle DAB ' 34. I. 
and thcrcfoi^ they arc equal to one another; wherefore the 
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KUCLIDS ELEMENTS. 

parallelogram ATlCDj AEF(i arc equiangular: and because tlir 
angle AIIC is equal to the angle AEF, and the angle UM' 
common to the two triangles BAC", EAF, they a'o equiangulai 
to one another; therefore '*^ as AB to BC, so is AE to EF : 
and because the opposite sides of parallelograms are equal to 
one another^, AB^ is t*» AI), as AE lo A(i; and DC to CB, 
as GF to FE ; and »].-%;> CD lo DA, FG to (»A : theiefore the 
sides of the pAialloiogram^ AIX-D, AEF<' ;:h ut the equal 
■angles are proportionals; and tlie’, av‘tbereiore similar to 
one another ; for the same reason, the paralle^nvn.m A:*t D i.^ 
similar to tlie ]iarallologrum J'liCK; win refore eadi of the 
parallelograms Gi:, KlI is siinilar to DB: but rttlllii.veal 
figures which arc similar to the same rectilimvl hgnre, uu. 
also similar'^ to one another; therorhre the ]'urallclogram tiE 
is similar to KII, Wherefore, parallelograms Xc. v- n. 


TROrOSITION XXV. 

PaojB.— To describe a rcctdhieal figure irhieh shall be a/wh- 
Inr io ouCy and equal to another^ gwen rcctulncal Jlgure. 

ft# 

Let AB(’ be the given rectilineal figure to tvhiclj the figure 
to be described is required to be similar, and 1) that to wdiich 
it must be equal; it is required to describe a rectilineal figure 
similar to ^BC, and equal to D. ^ 

Upon the straiglit line BC, describe* tlie parallelogram BE 
equal to the figure ABC ; also U])on CK, describe ** the jiaral- 
lelogram C3f equal to D, and having the angle Ft^E e<jual io 
the angle CBL: therefore J BC and <’F are in a htraigbt line *, 
as also LE and E3f; between BC and CF find * a mean pro¬ 
portional Oil; and U])on GIl describe * the rectllineul figure 
KGH, similar and similarly situated to the figure ABC, 


^ Because iIjc angle FCE is equal f to ilic atigtc CBL, .uM lt> oarl* tlic an¬ 
gle ECB ; therefore tlie angles FCE, F-CB are eciuai f- to (lie anglcs'ECB, 
CBL : but the angles ECB, CBIj are ivpml * lolwo right anglt s; therefore 
the angles FCE, ECB are equal f lo two right angle;,; tiien ft-rc* • BC .ind 
CF are in the same straight line. Again, because the angle J^BC i.s equal to 
the angle FCE, and that the angle LBC is equal to the opposite angle • 
LEG, therefore the angle EEC is equal t to the angle ECF : juM lo eaeli the 
angle CEIvI; therefore the angles LEC, CKM arc equal to the iitigU's FCE, 
CEM : but the angles FC1% CEM arc equal * to two right ar ')♦ ; tht-refore 
the angles EEC, CEM aie equal t to two light angles; lln.r(i'.r< 

EM arc in the same straight Ihii, 
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Because is to (ill as Gil to OF, and that if three •straight 
lines be proportionals, as tVe first is to the third, so is * the 
figure upon tlie first t(» the similar 
and similarly described figure upon 
the second, therefore as BC to CF, 
so is the rectilineal figure; ABC to 
KGli : but as BC to CF, so is the 
paralleh gram BE to the parallelo¬ 
gram EF; therefore * as the rectili¬ 
neal figure AB(?is to KGH, so is the parallelogram BE to the 
parallelogram EF; and the rectilineal figure ABC is equal f to 
the ]>arallelogram BE ; therefore the rectilineal figure KCill is 
equal to the parullelograni EF; hut EF is equal f to the 
figure 1); wherefore also, KGH is equal to l> ; and it is simi¬ 
lar t<» ABC, Therefore, the rectilineal figure KtHI has been 
described similar to the figure ABC, and equal to D. Which 
was to be done. 


PKOPOSITION XXVI. 

'ruKOii .—If two Hhndar 'pKiralleJogramH have a common angle, 
and be suiulai lij situated, Ikcy are ahoiit the same diameter. 

Let the parallelograms ABCJ>, AEFG be similiur and simi¬ 
larly situated, ard have the angle DxVB common : ABCD and 
AEFG shall he about the same diameter. 

For, if not, let, if possible, the parallelogram BD have its 
diameter AHC in a different straight line from AF, the diame¬ 
ter of the parallelogram EG, and let GP meet 
AHC in H; and through H, draw UK parallel 
to AD or BC : therefore the parallelograms 
ABCD, AKHG, being about the same diame¬ 
ter, are similar * to one another: wherefore 
ns DA to AB, so is * GA to AK: but because 
ABCD and AEFG arc similar t parallelograms, as DA is to AB, 
so is tJA to AE; therefore * as UA to AE, so GA to AK ; that 
is GA has the same ratio to each of the straight lines AE, AK; 
and consequently AK is equal* to AE, the less to the greater; 
which is impossible: therefore ABCD and AKHG are not about 
the same diameter: wherefore, ABCD and AEFG must be 
about the same diameter. Therefore, if t\^'o similar, &c. 
Q. E. D, 
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EUCLID’S ELEMENTS. 


^ To understand the three following propositions more 
' easily, it is to be observed, 

L ^ That a parallelogram is said to be applied tea straight 
' line, when it is described upon it as one of its sides. £x. 
^ gr. the parallelogram AC is said to be applied to the straight 
' line AB. 

2. ^ But a parallelogram AE is said to be applied to a 
^ straight line AB, deficient by a parallelogram, wher- AD the 
' base of AE is less than AB, and thci^eforc 
‘ AE is less than the parallelogram AG de- ^ R C C 
^ scribed upon AB in the same angle, and j j 

' between the same parallels, by the paral- a DB F 
^ lelogram DC ; and DC is therefore called 
^ the defect of AE. 

t3. ^ And a parallelogram AG is said to l>c applied to a 
^ straight line AB, exceeding by a parallelogram, when AF 
^ tlie base of AG is greater than AB, and therefore AG exceeds 
' AC the parallelogram described upon AB in tlie same angle, 
' and between the same parallels, by the parallelogram BG.' 

PROPOSITION XXVII. 

I « 

See N. Tiieou. —Of all parallelograms applied to the same straight 

Ime^ and deficient by parallclogra.^is similar ayul %miilarly 
situated to that which is described upon flhr half of the lincy 
that which is ajiplied to the half and is similar to defect^ 
is the greatest* • 

*• 

Let AB be a straight line divided into two equal parts in 
C; and let the parallelogram AD be applied to the half AC, 
which is therefore deficient from the parallelogram upon the 
whole line AB, by the parallelogram CE upon the other half 
CB: of all the parallelograms applied to any other parts of 
AB, and deficient by parallelograms that arc similar and* simi¬ 
larly situated to CE, AD shall be the greatest. 

Let AF be any parallelc^ram applied to AK, any other 
part of AB than the half, so as to be deficient from the pa¬ 
rallelogram upon the whole line AB, by the parallelogram 
KII similar and similarly situated to CE : AD shall be greater 
than AF. 

First, let AK the base of AF, be greater than AC the half 
of AB: and because C£ is similar f to the parallelogram KH, 


t Hyp. 
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they are about the same * diameter: draw their diameter * ec. 6. 
Dlf, and complete the scheme: then, because 

the parallelogram CF is equal* to FE, add DL *4S. 1. 

KII to both ; therefore the whole CII is equal Yip 

to the whole KE: but CH is equal* to CO, ^ (H * 30 . 1 . 

because^hc base AC is equal to the base CB; 

therefore CG is equal + to KE : to each of these A C K B 

add CF;^then the whole AF is equal + to f 2 Ax. 

the gnomon (MIL : therfffore CE or the parallelogram AD, is 

greater than tlic^arallelogram AF. 


Next, let AK the base of AF, be less 
thaif AC; then, the same construction being 
made, because BC is equal to CA, therefore 
ilM is * equal to MG • therefore the paral¬ 
lelogram DH is equal * to the parallelogram 
DO; wherefore Dli is greater than LG: but 
Dll is equal * to DK ; therefore DK is greater 



^ 43 . 1 . 


than LO : to each of thes^ add AL; then the whole AD is 
greater than the whole AF. Therefore, of all parallelograms 
applied, &c. Q* E. D. 


PROPOSITION XXVIII. 


Prcb. — To a given straight line to apply a parallelogram See N. 
equal io a given rccti^neal fgnre^ and dejicient hy a paral-^ 
Iclogram stmilaP*to a given liarallelogram: hut the given 
rectilmeal^figure io which the parallelogram io be applied is 
to he equals must not be greater than the parallelogram \21.G, 
applied to half of the given /inc, having its defect similar to 
the defect of that rvhich^s to he applied^ that is^ io the given 
paralhlogranu 

Let AB be the given straight line, and C the given recti¬ 
lineal figure to which the parallelogram to be applied is re¬ 
quired .to be equal, which figure must not be greater than 
the parallelogram applied to the half of the line, having its 
defect from that upon the whole line similar to the defect of 
that which is to be applied; and let D he the parallelogram 
to which this defect is required to be similar ; it is required 
to apply^ a parallelogram to the straight line AB, which* shall 
be equal to the figure C, and be deficient from the parallelo¬ 
gram upon the whole line by a parallelogram similar to D. 

Divide AB into two equal ports * in the point E, and upon • lo. l. 
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EB describe the parallelogram EBFCI similar * and similarly 
situated to D, and complete tlio parallelogram AO, which 
must either be ciiual to C, or greater ihuii it, by the determi¬ 
nation. If Ao be equal to O, then Avhat w'as recpiired is al¬ 
ready done : for, upon the straight line 
AB, the parallchigriun A<i is auplied 
equal to the figure O, and deficient by 
the parallelogram EF similar to D. JJnt, 
if AG be not equal to it is greater 
than it: and KF is equal f to AG; 
therefore EF also is greater than C. 

Make^ the parallelogram KLMN equal 
to the excess of EF above C, and similar and similarly 
situated to D: then, since I) is similar t to KF, therefore**^' 
also KM is similar to EF : lot KE he the honiologtius side to 
EG, and LM to GF : and because EF is equal to C and KM 
together, EF is greater than KM ; therefire tlie straight line 
EG is greater tluiii KL, and <iF tlian EltJ : make F (;X equal 
to LK, and GO equal to EM, and complete + the parallelo¬ 
gram X(H)P ; therefore XO is equal and sitnilar to KiM : but 
KJM is similar to EF ; wliorefore uLo XO is similar to EF ; 


E S il 

’ I.-.M 


and therefore ^ XO and EF arc abotit the same diameter : let 
OPB be tlieir diameter, and complete the schejue. Tiieii, 
because EF is equal to G and KM t<)g/ahcr, and XO a part of 
the one, is equal to KiM a part of tlie otjier, the remainder, 
viz. the gnomon ERO, is equal t to tlie rentainder G: and 
because OR is equal ^ to XS, by adding SR to each, the whole 
OB is equal to the whole X)l ; but XU is equal to TK, be¬ 
cause the base AE is equal to the, base ICB; wherefore also 
TE is equal f to OB : add XS to each, then the whole TS 
is equal to the whole, viz. to the gnomon ERO : but it has 
been proved that the gnomon ERO is equal to G ; and there¬ 
fore also TS is equal to C, Wherefore the parallelogram 
TS, equal to the given rectilineal figure G, is applied to the 
given straight line AB, deficient by the parallelogram SR, si¬ 
milar to the given o)ic D, because SR is similar *^to EF- 
Which was to be done. 


PROPOSITION XXTX. 

PuoB .—To a given straight line to apply a jyarallclogra 


See N. 
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equal to a gwen rectilineal Jigure, exceeding fcy a parallelo¬ 
gram eimilar to another given* 



Let AB be^tbe given straight line, and C the given rectili¬ 
neal figwe to which the parallelogram to be applied is re¬ 
quired to be equal, and D the paralielogram to which the ex¬ 
cess the to be app^ed above that upon the given line 
is required to be similar; it is required to apply a parallelo¬ 
gram to . the given straight line 4B which shall be equal to 
the figure C, exceedin^by a parallelogram similar to D« 
Divide AB iftto two equal parts t in the point £; and 
upon £B, describe * the parallelogram £1/ similar and simi- 
lariy situated to D; and make * the 
parallelogram GH equal to £L and 
C together, and similar and simi¬ 
larly situated to D: wherefore GH 
is similar * to £L: let KH be the 
side homologous to FL, and KG to 
F£ ; and because the parallelt^am 
GH is greater than £L, therefore the 
side KH is greatm* than FL, and KG 

than FE: produce FL a^d FE, and make FLM equal to KH, 
and FEN to KG, and complete the parallel(^ani MN ; MN is 
therefore equal* and similar to GH: but GH is similar to EL; 
wherefore MN is similar to EL; and consequent^ EL and 
MN arc about the .?ame diameter ♦: draw their diameter FX, 
and complete the scheme. Therefore, since GH is equal to EL 
and C together, and that GH is equal to MNt MN is^equal to 
EL and C: take away .)th« common parlT^L; then the re¬ 
mainder, viz. the gnomomNOL, is eqi^ to C. And because 
AE is equal to BB, the parallelagiam AN is equal • to the 
parallelogram NB, that is, to BM •: add NO to each; there¬ 
fore the whole, viz. the paraUeloj^m AX, is equal to the 
gnomon NOL: but the gnomon NOL is equal to C; there¬ 
fore aLo AX is equal to C. Wherefore, to the straight line 
AB, there is applied the parallelogram AX equal to the given 
rectilineal figure C, exceeding by the parallriogram PO, which 
is similar to D, because PO is siiqilar * to EL. Which was 
to be done. 
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See N. 


PROPOSITION XXX. 

Prob. — To cut a given straight line in er/rcme and mean 

^ ratio. 

Let AB lie the given straight line; it is required to cut it 
ill extreme and mean ratio. 

Upon AB describe* the square BC> and to AC* apply the 
parallelogram CD, equal to BC, exceeding by the figure AD 
similar to BO : then, since BC is a square, thci^- 
fore also AD is a square: and because BC is 
equal to CD, by taking the common part C:K 
from each, the remainder BF is equal to the re¬ 
mainder AD : and these figures are equiangular, 
therefore their sides about the equal angles arc 
reciprocally * proportional; therefore, as FE to 
ED, so AE to EB: but FE is equal* to AC, 
that is, to + AB ; and ED is equal to AE ; therefore as BA to 
AE, so is AE to EB : but AB is' greater than AE ; where¬ 
fore AE is greater than EB * : tlieroforc the straight line 
AB is cut in extreme and mean ratio in E *. Which was to 
be clone. 

Otherwise : 

Let AB be the given straight lincf it is required to cut it 
in extreme and mean ratio. 

Divide AB in the point C, so that the rectangle contained 

by AB, BC, mayrbe equal * to the square of AC : _ 

tlien, because the rectangle AB, BC is equal to A C B 
the square of AC, as BA to AC, so is AC to CB * : 
therefore AB is cut in extreme and mean ratio in C*. Which 
was to be done. 


(-|D 


PROPOSITION XXXI. 

Tiieor.— /« right-angled triangles^ the rectilineal figure de¬ 
scribed upon the side opposite to the right angle^ is equal to 
the similar and similarly described Jigures npm tuc sides 
containing the right angle. 

Let ABC l>e a right-angled triangle, having the right angle 
BAC : the rectilineal figure described upon BC, ediall be equal 
to the similar and similarly described figures upon BA, AC.' 
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Draw the perpendicular + AD : therefore, because in the 
right-angled triangle ABC, AD is drawn from the right angle 
af A, perpendicular to th^* base BC, the 
triangles ABD, ADC are similar * to the 
whole triangle ABC, and to one another: 
and because the triangle ABC is similar to 
ADB, tSs CB to BA, SO is *.BA to BD : and 
because these three straight lines are pro¬ 
portionals, as the first is to the third, so 
is the figure upon the first to the similar and similarly de¬ 
scribed figure *%pon the second: therefore as CB to BD, so is 
the figure upon CB to the similar and similarly described figure 
upon BA : and inversely*, as DB to BC, so is the figure upon 
BA to that upon BC : for the same reason, as DC to CB, so is 
the figure upon CA to tliat upon CB : therefore as BD and DC 
together to BC *, so are the figures upon BA, AC, to that upon 
BC : but BD and DC together are equal to BC ; therefore the 
figure described on BC is equal* to the similar and similarly 
described figures upon AC* Wherefore, in right-angled 
triangles, &c. Q. d. 



PROPOSITION XXXIL 

Tiiisoii .—If two triangles, which have two sides of the one, 
j)roj)oriional to two sides q/* the other, he joined at one an¬ 
gle so as to have their homologous sides paralldU to one an¬ 
other, the remai?ting sides shall be in a straight line. 

Let ABC, DC£ be two triangles, which have the two sides 
BA, AC proportional to the two CD, DE, viz. BA to AC, as CD 
to D£ ; and let AB be parallel to DC, and AC to DE: BC and 
CE shall be in a straight line. 

Because AB is parallel to DC, and the straight line AC meets 
them, the alternate angles* BAC, ACD are equal; for the 
same reason, the angle CDE is equal to 
the angle ACD; wherefore also BAC is 
equal t to CDE : and because the triangles 
ABC, DCE have one angle at A equal to 
one at D, and the sides about these angles 
proportionals, viz. BA to AC, as CD to DE, 
the triangle ABC is equiangular* to DCE ; 
therefore the angle ABC is equal to the angle DCE : and the 
angle BAC was proved to be equal to ACD ; therefore the whole 
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f Ax. angle ACE is equal t to the two angles AhC, BACJ: add the 
common angle ACB, then the angles ACE, ACB arc equal to the 
I, angles ABC, BAC, ACB: but ABC, BAC, ACB are equal * to 
two right angles; therefore also the angles ACE, ACB are 
equal to two right angles: and since at the point C, in the 
straight line AC, the two straight lines BC, C£, which arc on 
the op]H)sitc sides of it, make the adjacent angles ACE, ACB 

♦ 14. 1. equal to two right angles, therefore* BC and CE are in a 
straight line. Wherefore, if two triangles, &c. y. p. d. 

'' PROPOSITION XXXIIl. ^ 

See N. Theoh.— In equal ctrclcs, angha, whether at the centres or 

circuwferenccSy have the same ratio fvhich the ciremnfer^ 
ences on which they stand hai^c to one another ; so also have 
the sectors* 


* 27. 3. 


* 27, 3. 


Let ABC, DEF be equal circles; and at their centres the 
angles BGC, EHF, and the angles BAC, EDF at their circum¬ 
ferences : as the circumference BC to the circumference EF, 
so shall the angle BGC be to the angle £H^, and the angle 
BAC to the angle EDF ; and also the sector BGC to the sector 
EHF. 

Take any number of circumferences CK, KL, each equal to 
BC, and ai\y number whatever FM, IVJN, each equal to EF; 
and join GK, GL, HM, HN. Because the circumferences BC, 
CK, KL arc all equal, the angles BGC, CGK, KGL arc also 
all * equal; therefore what multiple soever the circumference 
tiL is of the circumference BC, the same multiple is the an¬ 
gle BGL of the angle BGC : for 

the same reason, whatever mul- ^ ^ 

tinle the circumference EN is of /K w 

*■*./. -I I \ \ I \\ V — 

the circumference EF, the same I \ \V\V / 

multiple is the angle EHN of xy y / 

the angle EHF: and if the cir- ” ^ E F 

cumfcrciice BL be equal to the 

circumference EN, the angle BGL is also equal * to the^angle 
EHN ; and if the circumference BL be greater than EN, like¬ 
wise thfi angle BGIi is greater than EHN; and if less, less: 
therefore since there are four magnitudes, the two circtlmfer- 
ences BC, EF, and the two angles BGC, EHF; and that of the 
circumference BC, and of the angle BGC, have been taken. 
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any cquinmltiplos whatever^ viz. the circumference BL^ and 
lift angle BGL; and of the circumference and of the an¬ 
gle EUF, any equimultiples whatever, viz. the circumference 
EN, and the angle EHN ; and since it has been proved, that 
if the circumference BL be greater than EN, the angle BQL 
is greater than EHN ; anej if equal, equals and if less, less: 
therefore as the circumference BO to the circumference EF, so * b I)ef. 5. 
is the angle BGC to tlie angle EUF : but as the angle BGC is 
to the angle EHF, so is^ the angle BAC to the angle EDF, for ' 16. 6. 
each is double *^)f each ; therefore, as the circumference BC ' 20. 3. 
is to EF, so is the angle BGC to the angle EUF, and the angle 
BAO to the angle EDF* 

Also, as the circumference BC to EF, so shall the sector 
BGC be to the sector EUF. Join BC, CK, and in the circum¬ 
ferences BC, CK take any points X, O, and join BX, XC, CO, 

OK: then, because in the triangles GBC, GCKj the two sides 
BG, GC are equal to the two CG, GK, eadi to each, and that 
they contain equal angles ; the base BC is equal ^ to the base * 4» 

CK, and the triangle GDC to the triangle GCK : and because 
the circumference BC is equal to the circumference CK, the 
remaining part of the whole circumference of the circle ABC, 
is equal f to the remaining part of the whole circumference f s Ax. 
of the same circle: therefore the angle BXC is equal * lo the * 27. 3. 
angle COK; and the segment BXC is therefore similar to the 
segment COK* ; and they are upon equal straight lines, BC, • ii Dcf.3. 
CK; but similar segments of circles upon equal struiglit lines, 
arc equal * to one another; therefore the segment BXC is * 3. 

t equal to the segmeiit COK; and the triangle BGC was proved 
to be equal to the triangle CGK; therefore the whole, the sec¬ 
tor BGC, is equal to the whole, 
the sector CGK: for the ^amQ 
reason, the sector KQL is equal to 
each of the sectors, BGC, CQK : 
in the same manner, the sectors 
EHF, FIIM, MHN may be proved 
equal to one another: therefore, 

what multiple soever the circumference BL is of the circum¬ 
ference BG, the same multiple is the sector^ BGL of the sector 
BGC; and for the same reason, whatever multiple tfie cir¬ 
cumference EN is of EF, the same multiple is the sector EHN 
of the sector EHF : aud if the circumference BL be equal to 
£N, the sector BGL is equal to the sector EHN ; and if the 
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circumference BL be greater than £N, the sector BOL is 
greater than the sector EHN; and if less, less: since th^n, 
there are four magnitudes, the two circumferences BC, EF, 
and the two sectors BGC, EHF; and that of the drcaimfercnce 
BC, and sector BOC, the circumference BL and sector B6L 
are any equimultijoles whatever; ..and of the circumference 
EF, and sector EHF, the circumference EN, and sector EHN 
are any equimultiples whatever; and since it has been proved, 
that if the circumference BL be greater than EN, the sector 
BGL is greater than the sector EHN; and if ^ual, equal; and 
. if less, less: therefore *, as the circumference BC is to the cir¬ 
cumference EF, so is the sector BGC to the sector E'HF. 
Wherefore, in equal circles, •ic. e. b. d. 

PROPOSITION B. 

Tiieor. — 1/an angle of a triangle be bisected by a straight 
line which likewise cuts the base^the rectangle contained by 
the sides (f the triangle is equal to the rectangle contained 
by the segments of the base, togeth^ with, the square of the 
straight line which bisects the angle. 

Let ABC be a triangle, and let the angle BAC be bisected 
by the strdght line AD : the rectangle BA, AC shall be equal 
to the rectangle BD, DC, together with thir square of AD. 

Describe the circle * ACB about the triangle, and produce 
AD to the circunlference in E, and join EC: then because the 
angle BAD is equal + to the angle CAE, and 
the angle ABD to the angle * ABC, for they 
are in the same segment, the triangles ABD, 

AEG are equiangulart to one another: 
therefore as BA to AD, so is • BA to AC; 
and consequently the rectangle BA, AC is 
equal * to the rectangle EA, AD, that is * 
to the rectangle ED, DA, together with the square of AD: but 
the rectangle ED, DA is equal to the rectangle * BD, DC; 
therefore the rectangle BA, AC is equal to the rectangle BD, 
DC, together with the square of AD. Wherefore, if an angle, 
&c. q. E. n. > 
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• PROPOSITION C. 

Tiieor .—If froin any angle of a triangle a Hraigld line be 
drafV7% perpendicular to the base^ the rectangle contained by 
the ,^ides <f the Irianglcy is equal to the rectangle contained 
by the perpendicular and the diameter of the circle descr ibed 
about the triangle. 

Let ABC be# triangle^ and AD the perpendicular from the 
angle A to the base BC : the rectangle BA, AC shall be equal 
to the rectangle contained by AD and the diameter of the 
circle described about the triangle* 

Describe * the circle ACB about the triangle, and draw its 
diameter AE, and join £C : because the right 
angle BDA is equal * to the angle EGA in a 
semicircle, and the angle ABD equal * to the 
angle AEG in the same segment; the tri¬ 
angles ABD, AEG are equiangular: therefore 
as * BA to AD, so is EA to AG ; and conse¬ 
quently the reclangle BA, AC is equal * to 
the rectangle EA, AD. If, therefore, from 
q. E. n* 



any angle, &c. 


PROPOSITION D. 

Tiieor.— The rectangle contained by the diagonals of a qua¬ 
drilateral Jigure inscribed in a circle, is equal to both the 
rectangles contained by its opposite sides. 

Let ABCD be any quadrilateral figure inscribed in a circle, 
and join AC, BD : the rectangle contained by AC, BD shall 
be equal to the two rectangles contained by AB, CD, and by 
AD, BCj. 

Make the angle ABE equal t to the angle DBC ; add to 
each of these the common angle EBD, then the angle ABD is 
equal to the angle EBC : and the angle BDA is equal * to the 
angle BCE, because they are in the same segment ; therefore 
the triangle ABD is equiangular to the triangle BCE*: where- 
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fore as BC is to CE, so is BD to DA; and consequently the 
rectangle BC, AD is equal * to the rectangle BD, CE: again, 
because the angle ABE is equal to the angle DBG, and tne 
angle * BAE to the angle BDC, the triangle ABE is equi¬ 
angular to thcr triangle BQD; therefore as 
BA to AE, so is BD to DC; wherefore the 
rectangle BA, DC is equal to the rectangle 
BD, AE; but th^ rectangle BC, AD has 
been shewn equal to the rectangle BD, CE $ 
therefore:}: the w'hole rectangle AC, bD* is 
equal to the rectangle AB, DC, tc^ther 
with the rectangle AD, BC. Therefore, the rectangle, &c- 
Q. E« n. 



t Therefore the rectangles BC, AD, and BA, DC are together equal f to 
the rectangles BD, C£, and BD, A£; that i»t whole rectangle BD, 
AC. 
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BOOK XI. 


DEFINITIONS. 

I. A SOLID is that which hath length, breadth, and thickness. 

II. That which bounds a solid is a superficies. 

TIT. A straight line is perpendicular, or at right angles, to a 
plane, when it makes right angles with etrery straight line 
in that* plane which meets it. 

IV. A plane is perpendicular to a plane, when the straight 
lines drawn in one of the planes perpendicular to the com¬ 
mon section of the two planes, are perpendicular to the 
other plane. 

I 

V. Tlie inclination of a straight line to a plane, is the acute 
angle contained by that straight line, and another drawn 
from the point in which the first line meets the plane, to 
the point in which a perpendicular to the plane drausu from 
any point of the first line above the plane, meets the same 
plane. 
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VI. The inclination of a plane to a pltme, is the acute angle 
contained by two straight lines drawn from any the saHic 
point of their common section at right angles to it^ one 
upon one plhne^ and the other upon the other plane. 

VII. Two planes are said to have the same or a like inclina¬ 
tion to one another which two ot^cr planes havc> when the 
said angles of inclination arc equal to one another. 

VIII. Parallel planes arc sucli as do not nueet one another 
though produced. 

See N. IX. A solid angle is that which is made by the meeting of 

more than two plane angles^ which arc not in the same 
planCj in one point. 

See N. X. ' The tenth definition is omitted for reasons given in the 

notes.' 

* 

* 

Sec N. XI. Similar solid figures are such as have all their solid angles 

equal, each to each, and arc contained by''thc same number 

of similar planes. 

• * 

XII. A pyramid is a solid figure contained by planes that arc 
constituved betwixt one plane and one point above it in 
which they meet. 

XIII. A prism is''a solid figure contained by plane figures, of 
which two that are opposite are e^hal, similar, an^ parallel 
to one another; .and the others parallelograms. 

XIV. A sphere is a solid figure described by the revolution of 
a semicircle about its diameter, which remains unmoved. 

XV. The axis of a sphere is the fixed straight line about 
which the semicircle revolves. 

/i 

XVI. The centre of a sphere is the same with that of the 
semicircle. 

XVII. The diameter of a sphere is any striught line which 
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passes through the centre, and is terminated both ways by 
•the superficies of the sphere. 

XVIII. A cone is a solid figure described by the revolution of 
a right-angled triangle about one of the sides containing 
the vight angle, which side remains fixed. 

If the fixed side be equal to the other side containing the 
right angle, the cone is called a right-angled cone; if it be 
less than the other side, an obtuse-angled; and if greater, 
an acute-an^ed cone. 

XIX. The axis of a cone is the fixed straight line about which 
the triangle revolves. 

XX. The base of a cone is the circle described by that side 
containing the right angle which revolves. 

XXI. A cylinder is a sol: 1 figure described by the revolution 
of a right-angled parallelogram about one of its sides which 
remains fixed.. 

XXII. The axis of a cylinder is the fixed straight line about 
which the parallelogram revolves. 

XXIII. The bases of a cylinder are the circles described by 
the two revolving opposite sides of the parallelogram. 

* 

XXIV. Similar cones and cylinders arc those which have their 
axes and the diameters of their bases proportionals. 

XXV. A cube is a solid figure contained by six equal 
squares. 

XXVI. A tetrahedron is a solid figure contained by four equal 
and equilateral triangles. 

XXVII. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

XXVIll. A dodecahedron is a solid figure contained by twelve 
equal pentagons which arc equilateral and equiangular. 
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XXIX. All icosahedron is a solid figure contained by twenty 
equal and equilateral triangles. * 

Def. a. a pa^allelopiped is a ,solid figure contained by six 
quadrilateral figures, whereof every opposite two arc pa¬ 
rallel. « 

« 

* PROPOSITION I. 

See N. Theorem.— One pari of a siraighl lute cannot be in “a plane, 

r and another part above it. ► 

If it be possible, let AB, part of the straight line ABC, 
be in the plane, and the part BC above it: and since the 
straight line AB is in the plane, it can be 
produced in that plane; let it be pro¬ 
duced to D; and let any plane pass through 
the straight line AD, and be turned about 
it until it pass through the point C ; and 

* 7 Def. 1. because the points B, C are in this'planc, the straight line * 

BC is in it: therefore there are two straight lines ABC, ABD 
in the same plane that have a common segment AB ; which 

* Cor. 11.1. is* impossible. Therefore, one pari, Uc. v, e. d. 

i • 

PROPOSITION II. 

f 

Thjbor. — Jhvo straight lines which cut one qnoiher are in one 
plane; and three straight lines which meet one another arc 
in one plane* 

f 

Let two straight lines AB, CD cut qne another in £: AB, 
CD shall be in one plane; and three .straight lines £C, CB, 
BE, which meet one another, shall be in one plane. 

Let any plane pass through the straight line EB, and let 
the plane be turned about EB, produced if necessary, until it 
pass through the point C: then, because the 
points E, C are in this plane, the straight line * 

* 7 Def. 1. EC is in it; for the same reason, the straight 

line BC is in the same; and by the hypothesis, 

EB is in it; therefore the three straight lines 
EC, CB, BE are in one plane; but in the plane 
in which* EC, EB are, in the same are • CD, 

1.11. AB: therefore AB, CD are in one plane. Wherefore, two 

straight lines, &c. q. b. d. 
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^ PROPOSITION III. 

} 

Thkor .—If /tro planes cut one another^ their'^^ommon section See N. 

is a straight line. 


Let two planes AB^ BC cut one anotker^ and let the line 
DB be their common section: DB shall be a straight line. 

If it be not, from tfce point D to B t, draw, 
in the plane AB. the straight line DEB, and in 
the plane BC, the straight line DFB: then two 
straight lines DEB, DFB have the same extre¬ 
mities, and therefore include a space betwixt 
them; which is* impossible: therefore BD, 
the common section of the planes AB, BC, cannot but be a 
straight line. Wherefore, if two planes, &c. Q- E. n. 
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PROPOSITION IV. 

Theor.— IJ* a clraigkt line stand at right angles to each of See N. 
Ifvo straight linis in the point of their hitcrscciion, it shall 
also be at right angles to the plane which passes through 
them, that is, to the jdaue in which they are. 


Let the straight line I:f stand at right angles 4o each of 
the straight lines AB, CD, in £, the point of their intersec¬ 
tion : £F shall also be at right angles to the plane passing 
through AB, CD. ® 

Take the straight liixCiS A£, EB, CE, ED, all equal to one 
another; and through if, draw, in the plane in which are 
AB, CD, any straight line GEH, and join AD, 

CB; then from any point F, in EF, draw FA, 

FG,. FD, FC, FH, FB: and because the two 
straight lines A£, £D are equal to the two BE, 

EC, each to each, and that they contain equal 
angles * AED, B£C, the base AD is equal * to 
the ba!^ BC, and tbc angle DAE to the angle 
EBC: and the angle AEG is equal* to the angle BEH; 
therefore the triangles AEG, BEH have two angles of the one, 
equal to two angles of the other, each to each, and the sides 
AE, EB, adjacent to the equal angles, equal to one another; 
wherefore they have their other sides equal *; therefore GE is 



• 16.1. 

• 4. 1- 

* 15. I. 


^S6. 1. 
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equal to EII^ and AG to BH: and because AE is equal to EB, 
and FE common and at right angles to them, the base AF, is 

• 4*. 1. equal * to the base FB ; for the i$ame reason, i CF is equal to 

FD : and becfvise AD is equal to BC, and AF to. FB, the two 
sides FA, AD are equal to the two FB, BC, each to each ; and 
the base DF^ was proved equal to the base FC ; therefore the 

• fi. I- angle FAD is equal^* to the angle FBC : again, it was proved 

that GA is equal to BH, and also AF to FB ; therefore FA and 
AG, arc equal to FB and BH, each ^o each; and ^he angle 
FAG has been proved equal to the angle FBI! ; therefore the 
*4.1. base OF is equal • to the base FH: again, because it was 
proved that GE is equal to EH, and EF is common, therefore 
GE, EF are equal to HE, EF, each to each; and the base GF 
*8-1. is equal to the base FH ; therefore the angle GEF is equal ^ 
to the angle HEF ; and consequently each of these angles is a 

• to Def. 1. right * angle: therefore FE makes right angles with OH, that 

is, with any straight line drawn through E, in the plane pass¬ 
ing through AB, CD. In like manner it may be proved, that 
FE makes right angles with every ‘straight line which meets 
it in that plane. But a straight line is at r'ght angles to a 
plane when it makes right angles with c-very straight line 

• 3 Def. II. which meets it in that plane *: theretore EF is at right angles 

to the plane ^in which a .‘2 AB, CD. Wherefore, if a straight 
line, &c. Q. E. D. 

PROPOSITION V. 

>ee N. Theok .—Jf three straight lines meet all in Ofie point, and a 

straight line stand at right angles to each of them in that 
pomU these three straight lines qfc in one and the same 
plane> 

Let the straight line AB stand at right angles to each of the 
straight lines BC, BD, BE, in B the point where they meet: 
BC, BD, BE shall be in one and the same 
plane. 

If not, let, if it be possible, BD and BE 
be in one plane, and BC be above it; and 
let a plane pass through AB, BC, the com¬ 
mon section of which, \rith the plane in 
•an. which BD and BE are, is a straight line; let 

this be BF: therefore the three straight lines AB, BC, BF are 
all in one plane, viz. that wliich passes through AB, BC: and 
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because AB stands at right angles to each of the straight 

l^es BD> BE, it is also at right angles * to the plane passing * i. 11 . 

through them, and therefore makes right angles* with *8Dcf. 11. 

every straight line in that plane which lnee^s it: but BF, 

which is in ihat^ plane, meets it; therefore the angle ABF 

is a right angle; but the angle ABC, by the hypothesis, 

is also a right angle ; therefore the angle ABF is equal to the 

angle ABC, and they are both in the same plane; which is f t ^ 

impossible: therefore 4hc straight line BC is not above the 

plane in which are BD and BE: wherefore the three straight 

lines BC, BD, BE are in one and the same plane. Therefim, 

if three straight lines, &c. K. d. 

PROPOSITION VI. 

Thror.—^ t7VO straight lines be at right angles to the sajne 
plane, they shall be parallel to one anoihe7\ 

Let the straight lines AB, CD be at right angles to the same 
plane: AB shall be parallel to CD. 

Let them mect^thc plane in the points B, D, and draw the 
straight line BD, to whieh<>drawt J>E at right angles, iu the f 11 . 1 . 
same plane; and make f DE equal to AB, and join BE, AE, f 1 . 3 . 

AD. ITien, because AB is perpendicular to the 
make right * angles wkh every straight line 
which meets it, at^d is in that plane: but BD, 

BE, which arc in that jdaiic, do each of them 
meet AB; therefore each of the angles A3D, 

ABE is a right angle for the same reason, 
each of the angles CDB,=CDE is a right angle; 
and because AB is equal to DE, and BD com¬ 
mon, the two sides AB, BD are equal to the two ED, DB, each 
to each; and they contain right angles; therefore the base AD 
is equal * to the Imse BE; again, because AB is equal to DE, * 4. 1 . 
and BE to AD; AB, BE are equal to ED, DA, each to each ; 
and, in the triangles ABE, EDA, the base AE is common; 
therefore the angle ABE is equal* to the angle EDA: but ABE * 8. 1 , 
is a right angle; therefore EDA is also a right angle, and ED 
perpendicular to DA: but it is also perpendicular to t^ich of 
the two BD, DC; wherefore ED is at right angles to each of 
the three straight lines BD, DA, DC, in the point in which 
they meet; therefore * these three straight lines are all in the ^ 5 .! u 


plane, it shall 

•SDcf. 11 . 
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same plane: but AB is in the plane in which are BD, DA*, 
because any three straight lines which meet one another, rxo 
in one plane; therefore AB, BD, DC are in (tne plane: and 
each of the aicgles ABD, BDC is a right angle; therefore AB 
is parallel* to CD. Wherefore, if two straight lines, &c. 
Q. E. n. 

ff 

4 

PROPOSITION VII. 

f. i 

Theor. —If two siraigkl Ivies be parallel, the straight line 
drawn from any point in the one to any point in the other, 
is in the saine plane with the parallels* 

Let AB, CD be parallel straight lines, and take any point 
E in the one, and the point F in the other: the straight line 
which joins £ and F, shall be in the same plane with the 
parallels. 

If not, let it be, if possible, above the 
plane, as EGF; and in the plane A^BCD, in 
which the parallels arc, draw the straight 
line £HF from £ to F: and since EGF also 
is a straight line, the two straight lines 
EHF, EGF include a space between them; which is * ipipossi- 
ble: therefore the strsnglic line joining the points E, F is not 
above the plane in which the parallels AB, Cl) are, and is 
therefore in that plane. Wherefore, if two straight lines, &c. 

£. JO. 



PROPOSITION YIII. 

Theor.-— straight lines be parallel, and one if them is 
at right angles to a plane, the other also shall be at right 
angles to the same plane* 

Let AB, CD be two parallel straight lines, arid let one of 
them AB be at right angles to a plane; the other CD shall be 
at right angles to the same plane. 

Let AB, CD meet the plane in the points B, D, and join 
BD : therefore * AB, CD, BD are in one plane. In the plane 
to which AB is at right angles, draw f DE at right angles to 
BD, and make f DE equal to AB, and join BE, A£, AD. And 
because AB is periieudiculur to the plane, it is perpendicular 
to every straight line which meets it and is in that plane*; 
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therefore each of the angles ABD^ ABE is a right angle; and 
because the straight line BD meets the parallel straight lines 
AB, CD, the angles ABD, CDB arc ti^ether 
equal * to two right angles: and ABD is a right 
angle; therefore also CDB is a right angle, and 
CD perpendicular to BD: and because AB is 
equal to D£, and BD common, the two AB, BD 
arc equal to the two ED, DB, each to each ; and 
the angle ABD is equal n>theangIcEDB,because 
each of them is ^ right angle ; therefore the base AD is equal * * 4. i, 
to the base BE: again, because AB is equal to DE, and BE to 
AD, the two AB, BE are equal to the two ED, DA, each to 
each; and tlie base AE is common to the triangles ABE, EDA ; 
wherefore the angle ABE is equal* to the angle EDA: but * s. l. 

ABE is a right angle; and therefore EDA is a right angle, and 

ED perpendicular to DA: but it is also perpendicular to + BD; t Conatr. 

therefore ED is perpendicular* to the plane which passes *4. li. 

through BD, DA ; and. therefore * makes right angles witli ♦ 3 Def. 11. 

every straight line meeting it in that plane: but DC is in the 

plane passing through BD, DA, because all three are in the 

plane in which are the parallels AB, CD; wherefore ED is at 

right angles to DC; and therefore CD is at right angles to 

DE : bat CD is also at right angle*:: to DB; therefore CD is at 

right angles to the two straight lines De, DB, in the point of 

their intersection D; and therefore is at right angles * to the « i. n. 

plane passing through DE, DB, which is the same plane to 

which AB is at right angles. Therefore, if two straight lines, 

&c. Q. E. D, 
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Theor.— Two straight lines which are each of them parallel 
to the same straight line, and not in the same plane with it, 
are parallel io one another^ 


Let AB, CD be each of them parallel to EF, and not in the 
same plane with it: AB shall be parallel 
to CD. 

In EF, take any point G, from which t 
‘draw, in the plane passing through EF, AB, 
the straight line OH at right angles to EF; 
and in the plane passing through EF, CD, 
draw GK at right angles to the same EF- And because EF 



f 11.1. 
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is perpendicular both to GH and GK, EF is perpendicular * to 
the plane HGK passing through them : and EF is parallel ^o 
AB ; therefore AB is at right angles * to tho^ plane HGK : 
for the same 'reason^ CD is likewise at right angles to the 
plane HGK j therefore AB^ CD are each of them at right angles 
to the plane HGK. But if two straight lines arc at right 
angles to the same' plane^ they are parallel * to one another ; 
therefore AB is parallel to CD. Wherefore, two straight lines, 

&C. Q. Em Dm • 

PROPOSITION X. * 

Theob.— IJ^ two straight Ibies meeting one another be parLlIel 
to two others that meet o7ie another^ and are 7iot in the same 
plane with the Jtrst two, the Jirst two and the other two shall 
emtain equal anglesm 

Let the two straight lines AB, BC, which meet one another, 
be parallel to the two straight lines DE, EF, that meet one 
another, and arc not in the saxnd plane with AB, BC ; the 
angle ABC shall be equal to the angle DEF, 

Take BA, BC, ED, EF all equal to ona an¬ 
other ; and join AD, CF,* BE, AC, DF : then be¬ 
cause BA is equal and paj^'Iel to ED, therefore 

• SS. 1. AD is ^ both eqnp} and parallel to BE: for the 

same reasDn, CF is equal and parallel to BE ; 
therefore AD and CF are each of them dqual 
and parallel to BE. But straight lines that arc 
parallel to the sdme straight line, and not in the same plane 

• 9. 11. with it, are parallel * to one anotlicr } therefore AD is parallel 

• 1 Ax. 1, to CF; and it is equal * to it; and Ac, DF join them towards 

•33. the same parts; and therefore* AC is equal and parallel to 

DF. And because AB, BC arc equal to DE, EF, each to each, 

• B. 1 . and the base AC to the base DF, the angle ABC is equal * to 

the angle DEF. Therefore, if two straight lines, &c. g. e. i>. 

PROPOSITION XI. 

Problem. — To draw a straight line perpendicular to a plane, 

from a given p<nnt above it. 

Let A be the given point above the plane BU; it is required 
to draw from the point A, a straight line perpendicular to the 
plane BH. 



• 4. 11. 

• 8 . 11 . 

• 6 . 11 . 
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In the plane, draw any straight line BG, and from the point, 
A;»draw * AD perpendicular to BC : if then AD be also per¬ 
pendicular to the plane BH, the thing re¬ 
quired is already done: but if it be not, 
from the point D, draw *, in the plane BH, 
the straight line D£ at right angles to BC ; 
and from the point A, draw AF perpen- ' 
dicular to DE: AF shall be perpendicular 
to the plane BH. * 

Through F, draw • OH parallel to BC: and because BC is 
at right angles to ED and DA, BC is at right angles * to the 
plana passing through ED, DA ; and OH is parallel to BC: 
but, if two straight lines be parallel, one of which is at right 
angles to a plane, the other is at right* angles to the same 
plane; wherefore OH is at right angles to the plane through 
ED, DA ; and is porj)endicular * to every straight line meet¬ 
ing it in that plane: but AF, which is in the plane through 
ED, DA, meets it; therefore OH is perpendicular to AF; and 
consequently AF is perpendicular to GH: and aF' is perpen¬ 
dicular to DE; therefore AF is perpendicular to each of the 
straight lines GH, EE. Jiut if a straight line stand at right 
angles to each of two straight lines in the point of their inter¬ 
section, It is also at right angles t to p^nc passing through 
them: but the plane passing through ED, C-H, is the plane 
BH ; therefore AF is perpendicular to the plane BH : tibcreforc, 
from the given point A, above the plane BH, the straight line 
AF is drawn perpendicular to that plane. Which was to be 
done. 



• 12 . 1 . 


11 . 1 . 


• Si. K 

• 4. 11. 


• fl. 11. 
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PROPOSITION XII. 


Pros.— To erect a straight lifie at right angles to a given 
plajiCj from a pmnt given m the plane. 

Let A be the point given in the plane; it is required to 
erect a straight line from the point A, at right angles to the 
plane. 

From any point B above the plane, draw • 

BC perpendicular to it; and from A, draw * 

AD parallel to BC. Because, therefore, AD, 

CB are two parallel straight lines, and one of 
them BC is at right angles to the given plane, 
the other AD is also* at right angles to it: 


D 


rnz 


• n. II. 

• 31. 1. 


therefore, a * 8, IT. 
n2 
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Straight line has been erected at right angles to a given plane, 
from a point given in it. Which was to be done. 

PROPOSITION XIII. 

Theor. — Frovt the same point in a given planc^ there cannot 
be two straight iines at right angles to the plane, upon the 
same side of it: and there can be hut one perpendicular to 
a plane fratn a point above the plane. 

f 

For, if it be possible, let the two straight lines AB, AC be 
at right angles to a given plane, from the same point A in the 
plane, and upon the same side of it. Let a plane pass through 
BA, AC ; the common section of this with the given plane is 
•3.11- a straight* line passing through A: let 
DAE be their common section: therefore the 
straight lines AB, AC, DAE are in one plane: 
and because CA is at right angles to the 
f SDef. 11. given plane, it makes right angles + with 

every straight line meeting it in that plane: but DAE, Avhich 
is in that plane, meets CA ; therefore CAE is a right angle: 
for the same reason BAE is a right angle; wherefore the angle 
f 11 Ax. CAE is equal ■|' to the anghj BAE ; and they are in one plane, 
which 18 impossible- ^ Aiso, from a point above a jdane, there 
can be but one Jierpendicular to that plane; for if there could 

• 0. 11. be two, they would be parallel * to one a^'other, which is ab¬ 

surd. Therefore, from the same point, &c. g, e. n. 

It 

PROPOSITION(,XIV. 

Theor. — Planes to which the same straight line is perpen* 

dicular, arc parallel to one another. 

Let the straight line AB be perpendicular to each of the 
planes CD, £F: these planes shall be parallel 
to one another. 

If not, they shall meet one another when 
produced: let them meet; their common sec¬ 
tion is a straight line GH, in which take any 
point K, and join AK, BK. Then, because AB 
is perpendicular to the plane EF, it is perpen- 

• 3 Dcf. II. dicular * to the straight line BK which is in 

that plane; therefore ABK is a right angle: for the same 
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reason BAK is a right angle ; wherefore the two angles ABK, 
of the triangle ABK, are equal to two right angles; which 
is * impossible': therefore the planes CD, EF, though produced, * 17.1. 
do not meet one another; that is*, they are pavollcl. There- • s Def. 11 . 
fore, planes, &c. q. e, d. 


PROPOSITION XV. ' 

TiiKon.- -If iwo straigiii lines meeting one another^ he parallel See N, 
to two other straisyht lines which meet one another but are 
7 wl in the same p/owc 7 vith the first Uvo, the plane which 
passes through these is parallel to the plane passing through 
the others. 

Let AB, BC, two straight lines meeting one another, be 
parallel to DE, EF that meet one another, but arc not in the 
same plane with AB, BC: the planes through AB, BC, and 
DE, EF shall not meet, though produced- 

From the point B, drau BO perpendicular* to the plane ♦ II. li. 
which passes through DE, EF, and let it meet tliat plane in 
O ; and through G, draw GlI parallel * to • 31.1. 

ED, and OK parallel to EF. And because 
BG is perpendicular to the plane through 

DE, EF, it makes * right angles w*th cvet/' * 3 Dcf. 1 1 . 

straight line meeting it iir that plane: but 

the straight lines -SH, OK in that plane ^ 

meet It ; tlicrefore each of the angles BOH, BGK is a right 

angle: and because BA is parallel * to OH, (for each of them * 9. 11. 

is parallel to DE, and they'are not both in the same plane with 

it,) the angles OB A, BOH* are together equal* to two right * 29 . 1 . 

angles; and BOH is a right angle ; therefore also GBA is a 

right angle, and OB perpendicular to BA: for the same reason 

OB is perpendicular to BC ; since therefore the straight line 

OB stands at right angle’s to the two straight lines BA, BC 

that cut one another in B, OB is perpendicular * to the plane • 4. 11 . 

through BA, BC: and it is perpendicular + to the plane through t Constr. 

DE, EF ; therefore BO is perpendicular to each of the planes 

through AB, BC, and DE, EF: but planes to which the same 

straight line is perpendicular, arc parallel* to one another; • 14. 11 . 

therefore' the plane through AB, BC is parallel to the plane 

through DE, EF. Wherefore, if two straight lines, &c. 

9 . E. D. 
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PROPOSITION XVI. 

> 

See N. Theob.— parallel planes he cut hy another plane^ their 

£ommon sections with it are parallels. 

liCt the parallel planes AB, CD be cut by the plane .EFHG, 
and let their common sections with it be £F> GH : £F shall 
be parallel to GH. 

For if it is not^ £F^ GH shall meet if produced either on 
the side of FH, or EG. First, let them be produced on the 
side of FH, and meet in the point K ; there¬ 
fore, since £FK is in the plane AB, every 
f 1. 11. pointt in EFK is in that plane: and K is a 
point in EFK ; therefore K is in the plane 
AB : for the same reason, E is also in the 
CD ; wherefore the planes AB, CD, 
produced meet one another: but they do not 
meet, since they are parallel by the hypo¬ 
thesis ; therefore the straight lines £F, GH do not meet when 
produced on the side of FH : in the same manner it may be 
proved, that EF, GH do not meet,when produced on the side 
of EG. But straight lines which are in the same plane, and 
do not meet, thoughj?’'cJufced either way, are parallel; there¬ 
fore EF is parallci to OH. Wherefore, if two parallel planes, 
&c. 9. E. n. 

PROPOSITION XVII. 

Tbeor.—//' two straight lines be c\it by parallci planes^ they 

shall he cut in the same ratio. 

Let the straight lines AB, CD be cut by the parallel planes 
GH, KL, MN, in the points A, E, B ; C, F, 

D; as AE is to EB, so shall CF be to FD. 

Join AC, BD, AD, and let AD meet the 
plane KL in the point X ; and join EX, 

^ XF. Because the two parallel planes KL, 

MN arc cut by the plane EBDX, the com- 
* 10. n. mon sections EX, BD are* parallel: for 
the same reason, because the two parallel 
planes GH, KL arc cut by the plane AXFC, the common sec¬ 
tions AC, XF arc parallel: and because EX is purullel to BD, 






book. KI. BROP. KVIII. XIX. 


183 


a side of the triangle ABD ; as AE to EB, so is * AX to XD: * a, e. 
agaixij because XF is parallel to AC^ a side of the triangle ADC; 
as AX to XDj so is CF to FD: and it was proved, that AX is 
to XD, as AE to BB ; therefore*, as AE to PB, so is CF to ♦ 11 , 6 . 

FD. Wherefore, if two straight lines, &c* c. £. n. 

PROPOSITION XVIH. 

TiieoR '.—If a straight line be at right angles ioaplanCy every 
plane fvhich^asses through it shall be at right angles to that 
plane. 

Let the straight line AB be at right angles to the plane CK: 
every plane which passes through AB, shall be at right angles 
to the plane CK. 

Let any plane DE pass through AB, and let CE be the com¬ 
mon section of the planes DE, CK ; take any point F in CE, 
from which draw FG, in the plane DE, at 
right f angles to CE: ar/l because AB is 
perpendicular to the plane CK, therefore ^ 
it is also perpendicular to every straight 
line in that plane meeting it, and conse¬ 
quently it is perpendicular-to CE; where¬ 
fore ABF is a ri^ht angle: but GFfi*krJikc- 
wise + a right angle; therefore AB is paraliti * to FG ; and AB t 
is at right angleSjto the plane CK; therefore FG is also* at 
right angles to the same plane. But one plane is at right an¬ 
gles to another plane, when the straight l^nes drawn in one 
of the planes at right angles to their common section, are also 
at right angles * to the other plane; and any straight line FG • 4 Def. 11. 
in the plane DE, which is at right angles to CE, the common 
section of the planes, has been proved to be perpendicular to 
the other plane CK ; therefore the plane DE is at right angles 
to the plane CK. In like manner it may be proved, that all 
planes which pass through AB, are at right angles to the plane 
CK. Therefore, if a straight line, &c. Q. E. n. 

PROPOSITION XIX. 

Tiieqh-— IJ^ two planes which cut one another be each q/* them 
perpendicular to a third planc^ their common section shall 
be perpendicular to ike same plane. 




184 


T.VCVIVH ET^KMENTS. 


t II. 1. 


• 4 Def. 11 


* 13. II. 


See N. 


• 23. 1. 


Let the two planes AB, BC be each of them perpendicular 
to a third plane^ and let BD be the common section of the first 
two : BD shall be perpendicular to'the third pla.nc. 

If it be not, /rom the point D t, draw in the plane AB, the 
straight line DE at right angles to Al>, the common section of 
the plane AB with the third plane ; and in the 
plane BC, draw DIJ at right anglcs-to CD, the 
common section of the plane BC with the third 
plane. And because the plane AB is perpendi¬ 
cular to the third piano, and DE is drawn in 
the plane AB at right angles to AD their con\- 
. mon section, DE is perpendicular * to the third 
plane: in the same manner it may be proved, 
that DF is perpendicular to the third plane ; wherefore, from 
the point D, two straight lines stand at right angles to the 
third plane, upon the same side of it; which is * impossible: 
therefore, from the point D, there cannot be any straight line 
at right angles to the third piano, except BD the common sec¬ 
tion of the planes AB, BC ; therefore BD is perpendicular to 
the third plane. Wherefore, if two planes, y. k , n. 



PROPOSITION XX. 




Tiieor— 7/*^^ soIid^-.*yfgic be coniained bij three plane angles^ 

two them arc greater ihan the third* 

\ 

Let the solid angle at A be contained by the three plane 
angles BAC, CAD, DAB : any two of them shall be greater 
than the third. 

If the angles BAC, CAD, DAB be all equal, it is evident 
that any two of them are greater than the third: but if they 
are not, let BAC be that angle which is not less than either 
of the other two, and is greater than one of them DAB ; 
and at the point A, in the straight line AB, make, in tlic plane 
which passes through BA, AC, the angle BAE equal * io the 
angle DAB ; and make AE equal to AD, and 
through E, draw BEC cutting AB, AC, in tlie 
points B, C, and join DB, DC. And liccause 
DA is equal to AE, and AB is common, the 
two DA, AB are equal to the two KA, AB, 
each to each ; and the angle DAB is equal to 
the angle EAB ; therefore the base D15 is equal * to the base 
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BE : and because BD^ DC are greater* than CB, and one of * SO, 1. 
them BD has been proved equal to BE a part of CB, therefore 
the other DC is greater + thun the remaining part EC: and t ^ -Ax. 
because DA is equal to AE, and AC common, but the base DC 
greater than the base EC, therefore the angle DAC is greater* • 25. l. 
than the angle EAC; and, by the construction, the angle DAB * 

is equal to the angle BAEy wherefore tlie angles DAB, DAC 
are together greater + than BAE, EAC, that is, than the an- t ^ Ax. 
gle BAC ; but BAC is q|>t leas than either of the angles DAB, 

DAC ; tliorcforc BAC with either of them is greater than the 
other. Wherefofe, if a solid angle, &c, q. e. o. 

PROPOSITION XXI. 

TiiKon,— Every solid is eonlained by plafic aiigles^ 

which together arc less than Jour right angles. 

First, let the solid angle at A be contained by three plane 
angles BAC, CAD, DAB: these three together, shall be less 
than four right angles. 

Take, in each of the straight lines AB, AC, AD, any points 
B, C, D and join BC, CD, DB, 'Phen, because the solid angle 
at B is contained by the three plane'itngles CBA, ABD, DBC, 
any two of them are greater* than the thiPtl; therefore the • 20 . lu 
angles CBA, ABD ire greater than the angle 
DBC : for the same reason, the angles BCA, 

ACI> are greater than the angle DCB, and the 
angles CDA, ADB greater than BDC; wliere- 
forc the six angles CBA, ABD, BCA, ACD, 

(JDA, ADB arc greater than the three angles 
DBC, BCD, CDB ; but the three angles DBC, BCD, CDB are 
equal to two right angles * ■ therefore the six angles CBA, * 32. 
ABD, BCA, ACD, CDA, ADB are greater than two right an¬ 
gles : and because the three angles of each of the triangles 
ABC, ACD, ADB are equal to two right angles, therefore the 
nine ai’gles of these three triangles, viz. the angles CBA, BAC, 

At’B, A Cl), CDA, DAC, ADB, DBA, BAD are equal to six 
right angles: of these, the six angles CBA, ACB, ACD, CDA, 

ADB, DBA arc greater than two right angles; therefore the 
reinaiiiing three angles BAC, CAD, DAB, which contain the 
solid angle at A, arc less than four right angles. 
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• 20 . 11 . 


• 32. 1. 


• 1 Cor. 32. 

1 . 

f 1 Ax. 


Next^ let the solid angle at A be contained by any number 
of plane angles BAC^ CAD, DAB, BAF, FAB: these shall to* 
gethcr be less than four right angles. 

Let the planes in which the angles are, be 
cut by a plane, and let the common sections of 
it with those planes be BG, CD, DE, EF, FB. 

And because the solid angle at B> is contained 
by three plane angles GBA, ABF, FBC, of which 
any two are greater * than the thir^, the an¬ 
gles CBA, ABF are greater than the angle FBC : for the same 
reason, the two plane angles at each of the'points C, D, £, F, 
viz. those angles which are at the bases of the triangles having 
the common vertex A, are greater than the third angle at the 
same point, which is one of the angles of the polygon BCDBF; 
therefore all the angles at the bases of the triangles are to¬ 
gether greater than all the angles of the polygon; and be¬ 
cause all the angles of the triangles arc together equal to twice 
as many right angles * as there are triangles, that is, as there 
are sides in the polygon BCDE]^; and that all the angles of 
the polygon, together with four right angles, are likewise 
equal to twice as many right angles * os there are sides in the 
polygon; therefore all the angles oL ttie" triangles are equal f 
to all the angles of the polygon together with four right 
angles: but all the^angWs at the bases of the triangles are 
greater than aBxlie angles of the polygon, as has been proved; 
whcTcfofc the remaining angles of the triangles, viz. those at 
the vertex,, which contain the solid angle at A, arc less than 
four right angles. Therefore, every solid angle, &c. q. b, i). 



• PROPOSITION XXII. 

See N. Theor.— IJ' every two of three plane angles be greater than 

the third, and if the straight lines which contain them be all 
equal, a triangle may he made of the straight lines that Join 
the extremities of' those equal straight lines. 

t 

Let ABC, DEF, GHK bc the three plane angles, whereof 
every two are greater than the third, and let them be contain¬ 
ed by the equal straight lines AB, BC, DE, EF, GH, HK: if 
their extremities be joined by the straight lines AC, DF, GK, 
a triangle may be made of three straight lines equal to AC, 
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DF, OK; that every two of them shall together be greater 
than the third. 

If the angles at are equals ACj DF^ GK are also 

equal and any two of them greater than the third: but if 
the angles are not all equals 
let the angle ABC be not 
less than either of the 
two at By H ; therefore the 
straight line AC is ^not 
less * than either of the 
other two DF, %^K ; and 
therefore it is plain that AC, together with either of the other 
two, must be greater than the third; also DF, with OK shall 
be greater than AC; for at the point B, in the straight line 
AB, make * the angle ABIi equal to the angle OHK, and make 
BIi equal to one of the straight lines AB, BC, D£, £F, GH, 
HK, and join AL, DC. Then, because AB, BD arc equal to 
GH, HK, each to each, and the angle ABL to the angle OH;k, 
the base AL is equal*}' to the base GK: and because the 
angles at £, H, are greater ^ than the angle ABC, of which the 
angle at H is equal to ABD, therefore the remaining angle at 
K is greater t than the ..ngle LBC; and because the two sides 
LiB, BC are equal to the two DE, £F, each to each, and that 
the angle DEF is greater than tUC angle DBC, the base DF is 
greater * than the base jNC: and it has hees proved, that GK 
is equal to AL; therefore DF and GK are greater't than AL 
and LC ; but AL and LC are greater * than AC ; much more 
then are DF and OK greater than AC. Wherefore, every two 
of these straight lines AC, DF, GK, arc greater than the third; 
and, therefore, a triangle may be made the sides of which 
shall be equal to AC, DF, GK. q. jb. x>. 



• 4. 1. 


• 4. or 84. I. 


• 83. 1. 


f 4. 1. 

t Hyp. 

f 5 Ax. 


• 24. 1. 
t 4 Ax. 

* 20. I. 


♦ 28. I. 


PROPOSITION XXIIl. 

Prod. —To make a solid angle which shall be contained by SeeN. 
three givc7i plane angles, any two q/* them being greater f *0* 
than the third, and all three together less than Jour right f 21. 11. 
angles. 

Lot the three given plane angles be ABC, DEF, GlIK, any 
two of which are greater than the third, and all of them to- 
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• 5. 4. 
t 1. 3. 
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• a 1. 


* 2 C''r. 15. 

1 , 


t22.). 


• 8 . 1 . 


* 21 . 1 . 
* 21 . 1 . 


gether, less than four right angles; it is required to make a 
solid angle contained by throe plane angles equal to ABC, 
DEF, GHK, each to each. 

From the s^Tiiglit lines 
which contain the angles, 
cut off AB, BC, BE, EF, 

GH, IIK all equal to one 
another; and join AC, 

DF, GK; then a triangle may be mjvde of three, straight 
lines equal to AC, DF, GK: let this be the triangle liMN 
so that AC be equal to LM, DF to MN, andH^K to LN; and 
about the triangle LMN describe * a circle and find its 
centre X, which will be either within the triangle, or in one 
of its sides, or without it. 

First, let the centre X be within the triangle, and join LX, 
WX, NX : AB shall be greater than LX. If not, AB must 
either be equal to, or less than I-X: first, 
let it be equal: then because AB is equal to 
LX, and that AB is also equal tn^ BC, and 
LX to XM, AB and BC are equal to liX and 
XM, each to each ; and the base AC is, by 
construction, equal to the base wiiere- 

fore the angle ABC is eqind-‘^a the angle 
LXM ♦ ; for the same reason, the angle DEF is equal to the 
angle MXN, and the angle GHK to tl^^j angle NXL ; therefore 
the three angles AB(^, DEF, GHK arc equal fo the three angles 
LXM, MXN, NXL : but the three angles LXM, MXN, NXL are 
equal * to four right angles; therefore also the three angles 
ABC, DEF, GHK are equal to four right angles: but, by the 
hypothesis, they are less than four right angles ; which is ab¬ 
surd : therefore AB is not equal to LX. But neither can AB 
be less than LX : for, if possible, let it be less; and upon the 
straight line LM, on the side of it on which is the centre X, 
describe + the triangle IjOM, of which, two of the sides LO, 
OM are equal to AB, BC : and because the base L3I is "equal 
to the base AC, the angle LOM is equal * to the angle ABC: 
and AB, that is LO, is, by the hypothesis less than LX : 
wherefore LO, OM fall within the triangle IjXM ; for, if they 
fell upon its sides, or without it, they would be * equal to, or 
greater than, LX, XM; therefore the angle LOM, that is the 
angle ABC, is greater * than the angle LXM : in the same 
manner it may be proved, that the angle DEF is greater than 
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the angle MXN, and the angle GHK greater than the angle 
NXL; therefore the three angles ABC, DEF, GHK are greater 
than the three angles IjXM, JVIXN, NXL, that is-[■, than 
four right angles: but the same angles ABC, DEF, GIIK are 
less + than four right angles ; which is absurd; therefore AB is 
not less than LX: and it has been proved, that it is not equal 
to I^X .-''wherefore AB is greater than LX- 

Next, let the centre X of the circle, fall 
in one of the sides of the triangle, viz. in 
MN, and join XL: in tTiis case also, AB shall 
be greater than ftX ; if not, it is cither equal 
to, or less than it. First, let it be equal to 
LX; therefore AB, and BC, that is, DE and 
EF, are equal to MX and XL, that is, to MN: 
but by the construction, MN is equal to DF; therefore DE, 
EF arc equal to DF; which is f impossible; wherefore AB 
is not c(]ual to LX : nor is it less; for then, much more, an 
absurdity would follow; therefore AB is greater than LX. 

But, let the centre X of the circle fall without the triangle 
liMN, and join liX, MX, NX : in this case likewise, AB shall 
be greater than i-iX ; if not, it is either equal to or less than 
LX- First, let it life t^j^^al: it may be proved, in the same 
manne^ as in the first case, tKilt ♦he angle ABC 
is equal to the angle MXL, and GtfK to LXN; 
tlicrcfore the whoie angle MXN is equal to the 
two angles ABC, GHK : but ABC and GHK 
are together greater -j- than the angle DEF; 
therefore also the angle MXN is greater than 
DEF : and because DE, EF are equal to MX, 

XN, each to eacli, and the base DF to the 
base MN, the angle MXN is equal* to the angle DEF: 
but it has been proved, that it is greater than DEF ; which is 
absurd ; therefore AB is not equal to LX: neither is it less; 
for then, as has been proved in the first case, the angle ABC 
is greater than the angle MXL, and the angle GHK greater 
than the angle LXN. At the point B, in the straight line 
CB, make the angle CBP equal to the angle GHK, and make 
BP equal to HK, and join CP, AP. And because CB is equal 
to OH; CB, BP are equal to GH, HK, each to each; and 
they cqntain equal angles; wherefore the base CP is equal to 
the base GK, that is, to LN. And in the isosceles triangles 
ABC, MXL, because the angle ABC is greater than the angle 
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MXL, therefore the angle MLX nt the base^ is greater 
than the angle ACB at the 
base: for the same reason^ 
because the angle GHK or 
CBP, is greater than the 
angle LXN> the angle XLN 
is greater than the angle 
BCP ; therefore tile whole 
angle MLN is greater than the whole angle AGP. And be¬ 
cause MLj LN are equal to AC^ CP^ each to cach^ but the 
angle MLN is greater than the angle AGP, #vhc base MN is 
greater * than the base AP ; but MN is equal to DF ; there¬ 
fore also DF is greater than AP. Again> because DE, EF are 
equal to AB, BP, each to each, but the base DF greater than 
the base AP, the angle DEF is greater * than the angle ABP; 
but ABP is equal to the two angles ABC, CBP, that is, to the 
two angles ABC, GHK ; therefore the angle DEF is greater 
than the two angles ABC, GHK; but it is also Icsst than 
these; w'hich is impossible; therefore AB is not less than 
LX : and it has been proved, that it is not equal to it; there¬ 
fore AB is greater than LX. 

From the point ,X, erect * XR at.^'^iic'anglcs to the plane 
of the circle LMN. And bccf'^iSe it has been proved, in all 
the cases, that AB is greater than LX, find a 
square equal to the excess of the sqyare of 
AB abovc^the square of LX, and mahe RX^ 
equal to its side, and join RL, RM, RN : the 
solid angle at R shall be the angle required. 

Because RX is perpendicular to the plane 
of the circle LMN, it is * perpendicular to 
each of the straight lines LX, MX, NX. 

And because LX is equal to MX, and XR common, and at 
right angles to each of them, the base RL is equal f to the 
base RM: for the same reason, RN is equal to each of the 
two RL, RM ; therefore the three straight lines RL, RM, RN 
are all equal. And because the square of XR is equal to the 
excess of the square of AB above the square of LX, therefore 
the square of AB is equal to the squares of LX, XR: but the 
square of RL is equal * to the same squares, because LXR is 
a right angle; therefore the square of AB is equal .to the 
square of RL, and the straight line AB to RL. But each of 
the straight lines BC, DE, EF, GH, HK, is equal to AB, and 
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each of the two RM, RN, is equal to RL; therefore AB, BC, 

DBJ EF, GH, HK are each^ of them equal to each of the 
straight lines RM, RN. * And because RE, RM are equal 
to AB, BC, each to each, and the base EM to the base AC, 
the angle ERM is equal • to the angle ABC: for the same • 8. l. 
reason, the angle MRN is ^ual to the angle DBF, and NRE 
to GHK. Therefore, .there* is made a solid angle at R, which 
is contained by three plane angles ERM, MRN, NRE, which 
arc equal *to the three given plane angles ABC, DEF, GHK, 
each to each. M^tich was to be done. 


PROPOSITION A. 


Tiikor.—-T/" each two solid angles be contained by three See N. 

2 >lanc angles, which are equal to one another, each to each, 
the planes in which the equal angles are, have the same in¬ 
clination to one another. 

•# 


Let there be tv'O solid angles at the points B ; and let 
the angle at A be co'Qtaiiied by the three plane angles CAD^ 

CAE, EAD, and the ang^e ot. B by the three plane angles 
FBO, FBII, HBG, of which’tbe^a^igle CAD is equal to the 
angle FBG, and CAB to FBH, and EAD to HBG: the planes 
in which the equal angles are^ shall have the same inclination 
to one another, ® 

In the straight line AC, take any point K, and from K *t', f 11. i. 
draw. In the plane CAD, the straight line KD at right angles 
to AC, and in the plane GAE, the straight line KL at right 
angles to the same AC : therefore the angle DKD is the in* 
clination * of the plane CAD to the plane CAE. In BF, take * o Def. 11. 
BM equal to AK, and from the point M, draw in the planes 
FBG, FBH, the straight lines MG, MN 


at right angles to BF; therefore the 
angle GitfN is the inclination* of the 
plarib FBG to the plane FBH. Join 
LD, NGi And because in the triangles 
KAD, MBG, the angles KAD, MBO 



^ 6Def. 11. 


are t equal, as also the right angles AKD, BMG, and that t ^1>T- 
the sidcEPAL, BM, adjacent to the equal angles, are equal to 
one another, therefore KD is equal ♦ to MG, and AD to BG: • 20 . i, 
for the same reason, in the triangles KAL, MBN, KL is 
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equal to MN, and ALto BN; therefore in the triangles LAD, 
NBG, LA, AD are equal to NB, BG, each to each; and’i,hey 
contain equal angles; therefore the base LD is equal* to 

* the base NG! Lastly, in the triangles KLD, RING, the sides 
DK, KL are equal to <JM, MN each to each, and the base 

• 8, 1. LD iQ ^,ase NG ; therefore the angle DKL is d'qual to * 

the angle GRIN :* but the angle DKTi is the inclination of the 
plane CAD to the plane CAE, and the angle GRIN is the in¬ 
clination of the plane FBG to the jNlanc FBI!, M'hich planes 

•7D'’f. !!• have therefore the same inclination* to ofic another. And 
in the same manner it may be demonstrated, that the other 
planes in which the equal angles are, have the same inclina¬ 
tion to one another. Therefore, if each of two solid angles, 
&C. E, D. 


PBOPOSITION B. 


See N. 


•A. 11. 


Tiikor.— If (iro solid angles he qmfahiedy each hij ihree plane 
angles which arc equal to one another^ each to each, and 
alike situated, these solid angles are equal to one another* 


Let there be two solid Angles at A and B, of \Vhich the 
solid angle at A is contained by the three .plane angles CAD, 
CAE, EAD, and that at B, by the three plane angles FBG, 
FBH, HBG, of which CAD is equal to FBG, (’AE to FBII, 
and EAD to HBG : the solid angle at A shall be equal to the 
solid angle at F« 

Let the solid angle at A be applied to the solid angle at B: 
and iirst, the plane angle CAD being applied to the plane 
angle FBG, so that the point A may coincide with the point B, 
and the straight line AC with BF; then 
AD coincides with BG, because the angle 
CAD is equal to the angle FBG: and be¬ 
cause the inclination of the plane CAE to 
the plane CAD, is equal * to the inclina¬ 
tion of the plane FBH to the plane FBG, 
the plane CAE coincides Muth the plane FBH, because the 
planes CAD, FBG coincide with one another: and because 
the straight lines AC, BF coincide, and that the angl6 CAE is 
equal to the angle FBII, therefore AE coincides willi BH: 
and AD coincides with BG; wherefore the plane EAD coin- 
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cidos with the plane HBO: therefore^ the solid angle A coin¬ 
cides with the solid angle and consequently they are equal* * 8 Ax. I. 
to one another, c. R. JE>. 


PROPOSITION C. 


Thkor.— jS^o/td Jl^gures which are contained by the mme num* See N. 
ber of equal and similar planes alike situated, and having 
none qf their solid angles contained by more than three plane 
angles, are cqwal and similar to one another. ’ ' 

Let AG^ KQ he two solid figures contained by the same 
number of similar and equal planes^ alike situated^ viz. let 
the plane AC be similar and equal to the plane KM; the plane 
AF to KP; BO to LQ ; GD to QN; DE to NO; and, lastly, 

FH similar and equal to PR: the solid figure AO shallj^ 
equal and similar to the solid figure KQ. 

Because the solid angle at A is contained by the three plane 
angles BAD, BA£,‘£AD, Which, by the hypothesis, are equal 
to the plane angles LKN, LKO, OKN, which contain the solid 
angle at K, each t(/ therefore the solid angle at A is 
equal * to the solid angle at ^ ^ the same manner, the other * B. 11. 
solid angles of the figures are cqufd to one another. Let then 
the soliii figure AO be applied to 
the solid figure KQ: first the plane ^ 
figure AC being applied to the plane ISs^ 

figure KM, so that the straight line 
AB may coincide with KL, the 
figure AC must coincide ^ith the 
figure KM, because they are equal and similar; therefore the 
straight lines AD, DC, CB coincide with KN, NM, ML, eadi 
with each; and the points A, D, C, B, with the points K, N, 

M, L: and the solid angle at A coincides with * the solid an- * B. 11. 
gle at K; wherefore the plane AF coincides with the plane 
KP^ and the figure AF with the figure KP, because they are 
equal and similar to one another: therefore the straight lines 
AE, £#, FB coincide with KO, OP, PL; and the points E, F,, 
with the points O, P: in the same manner, the figure AH 
coincides with the figure KR, and the straight line DH, with • 

NR, and the point H with the point B. And because tbe 
solid angle at B is equal to the solid angle at L, it may be 
proved in the same manner, that the figure BO coincides with 


Pfi I3wj 

“B K- 
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the figure LQ, and the straight line CG with MQ, and the 
point G with the point Q. Therefore, since all the planes and 
sides of the solid figure AG, coincide with the ]/lancs and sides 
of the solid figure KQ, AO is equal and similar to KQ. And 
in the same manner, any other solid figures whatever, con¬ 
tained by the same number of equal and similar plan^, alike 
situated, and havkig none of their solid angles contained by 
more than three plane angles, may be proved to be equal and 
similar to one another, q. e. d. * - 


See N. 


• 16 . 11 . 


•16. IK 


10 . 11 , 


• 4 . 1 . 


• S4. K 


PROPOSITION XXIV. 

Theok.—^ a solid be contained by six phntes, hvo and two 
of which are parallels (he opjyosite planes arc similar and 
equal parallelograms^ 

Let the solid CDGII be contained by the parallel planes AC, 
GF; BG, CE; FB, AE; its opposite planes shall be similar 
and equal parallclograma. 

Because the two parallel plancs^BG, CIS are cut by the plane 
AC, their common sections AB, CD * arc pjAallcl: again, be¬ 
cause the two parallel planes cut by the plane 

AC, their common sections AT?*, JiC * are parallel: and AB is 
parallel to CD; therefor^ AC is a parallelogram. *^In like 
manner it may be proved, that each of the 
figures GE, FG, GB, BF, AE, is a parallelo¬ 
gram. Join AH, DF; and because AB* is 
parallel to DC, and BH to CF; the two straight 
lines AB, BH, which meet one another, are 
parallel to DC and CF, which me/*t one an¬ 
other, and are not in the same plane with the other two: 
wherefore they contain * equal angles; therefore the angle 
ABH is equal to the angle DCP: and because AB, BH are 
equal to DC, CF, each to each, and the angle ABH equal to 
the angle DCF, therefore the base AH is equal * to the base 
DF, and the triangle ABH to the triangle DCF: but^the 
parallelogram BG 'is double * of the triangle ABH, and the 
parallelogram CE double of the triangle DCF; therefore the 
parallelogram BO is equal and similar to the parallelogram 
CE. In the same manner it may be proved, that the paral¬ 
lelogram AC is equal and similar to the parallelogram OF, and 
the parallelogram AE to BF. Therefore, if a solid, &o. 

1 $. B, D. 
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PROPOSITION XXV. 


*S 6 . I. 


Theor. —If a solid paraUelopipcd be cut by a plane parallel See N. 
to two of its opposite planes, it divides the whole into two 
solidsf the base if one of which shall be to the base tf the 
other, as the one solid is to the other. 

Let the solid parallelopiped ABCD be cut by the plane £V^ 
which is parallc^to the opposite planes AR^ HD, and divides 
the whole into the two solids ABFV, EGCD: as the base AEFY 
of the first is to the base EHCF of the other, so shall the solid 
ABFV be to the solid EGCD. 

Produce AH both ways, and take any number of straight 
lines IIM, MN, each equal to Ell, and any number AK,*'KL, 
each equal to EA, and complete the parallel(^rams LO, KY, 

HQ, MS, and the solids LP, KR, UU, MT. Then, because the 
straight lines LK, EA, AE, are all equal, the parallelograms 
LO, KY, AF are * equal; and 
likewise the paraPelograms KX, 

KB, AG: also * the. jjji^jillelo- 
grams LZ, KP, AR are equatjl a- 
cause thby are opposite planes:' 
for the same reason, the paral¬ 
lelograms EC, HQ, MS oire equal *, and the parallxdograms • 35 , 1 . 
HG, HI, IN: as also* HD, MU, NT: therefore three planes ♦ 24 . ll. 
of the solid LP ore equal and similar to three planes of the 
solid ER, as also to three planes of the solid AY: but the 
three planes opposite to these three are equal and similar * to « 24 , n; 
them in the several solids,'and none of their solid angles are 
contained by more than three plane angles; therefore the 
three solids LP, ELR, AY are equal * to one another: for the * c. 1 1 . 
same reason, the three solids £D, HU, MT are equal to one 
another: therefore what multiple soever the base LF is of the 
base AF, the same multi^e is the solid LY of the solid AY; 
and whatever multiple the base NF is of the base HF, the same 
multiple: is the solid NY of the solid ED; and if the base LF be 
equal to the base NF, the solid LY is equal * to the solid NY; * 0 . 11 . 
and if the base LF be greater than the base NF, the solid LY 
is greate^r than the solid NY; and if less, less. Since then 
there are four magnitudes, viz. the two bases AF, FH, and 
the two solids AY, ED; and that of the base AF and solid. 

o 2 
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AV, the base LF and solid LV are any equimultiples what¬ 
ever ; and of the base FH and solid £D> the base FN and sabd 
NV are any equimultiples whatever; and 8 i;ace it has been 
proved^ that i? the base LF is greater than the base FN, the 
solid LV is greater than the solid NV ; and if equal, equal; 
* fi Dcf. 5. and if less, less; therefore * as the base AF is to the base FH, 
so is the solid AV to the solid ^1>. W^herefore, if a solid, 
&C 4 o« £. n. 

« 

• PROPOSITION XXVI. I 


Sec N. Pbob.— a given point in a gwen straight line^ fo make a 

solid angle equal to a given solid angle contained by three 
plane angles* 


Let AB be a given straight line, A a given point in it, and 
D a given solid angle contained by the three plane angles £DG, 
£DF, FDC; it is required to make at the point A, in the 
straight line AB, a solid angle eqdal to the solid angle D. 

* 11 . 21 . In the straight line BF take any point F, £.om which draw * 

FG perpendicular to the plane £D(^mc.,dng that plane in G, 

* SS. 1* and join DG: at the point A^^ the straight line AB, make * 

the angle BAL equal to the angle EDO; and in the pWne BAL, 
make the angle BAK equal to the angle £PG; then make A K 

* 12.11. equal to 4)G,'and from the point K, erect • KH at right angles 

to the plane BAL, and make KH equal to GF, and join AH: 
the solid angle at A which is contained by tlie three plane an¬ 
gles BAL, BAH^ HAL, shall be equal to the solid angle at O 
contained by the three plane angle^'EDC, £DF, FDC. 

Take the equal straight lines AB, D£, and join HB, KB, F£, 
G£. And because FG is perpendicular to the plane £DC, it 


•SDef, 11 . makes right angles * with every straight line meeting it in 
that plane; therefore each of the angles FGD, FG£ is a right 
angle: for the same reason, I1K4> HKB are right.angles. 


• 4 . 1 . 
f Coattr. 
• 4 . 1 . 


And because KA, AB are equal to GD, 
D£, each to each, and that they con¬ 
tain equal angles, therefore the base 
BK is equal * to the Imse EG; and KH 
is equal f to GF, and HKB, FGE are 
right angles, therefore HB is equal * 



to F£. Agsin, because AK, KH are equal to DG, GF, each 


to each, and contain right angles, the base AH is equal to the 
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base DF; and AB is equal to D£; therefore> HA, AB are equal 
to FD^ BK, each to each; and the base HB is equal to the ^se 
FB; therefore the angle BAH is equal * to th^ angle £DF : 
for the same reason^ the angle HAL is equal to the angle FDC: 
because.if AL and DC be made equal, and KL, HL, GC, FC be 
joined; since the whole angle BAL is equal to the whole KDC, 
and the parts of them BAK, £DG are, by the construction, 
equal, therefore the regiaining angle KAL is equal to the re- 
uiainiug angle GDC: and because AL are equal to GD, 
DC,^ each to ead&, and contain equal angles, the base KL is 
cqu'sil * to the base GC ; and KH is equal to OF; so that LK, 
KH are equal to CG, OF, each to each; and they contain right f 
angles; therefore the base HL is equal + to the base FC: again, 
because HA, AL are equal to FD, DC, each to each, and the 
base HL to the base FC, the angle HAL is equal * to the an¬ 
gle FDC. Tliereforc, because the three plane angles BAL, 
B^tn, HAL, winch contain the solid angle at A, are equal to 
the three plane angles £DC, £DF, FDC, which contain the solid 
angle at D, each to each, and are situated in the same order, 
the solid angle ut A Js equal ^ to the solid angle at D. There¬ 
fore, at a given point iiiH*given straight line, a solid angle 
has been made equal to a gi\eh'solidangle contained by thi^ 
plane angles. Which was to be dune. 


^ 8 . 1 . 


♦ 4 . 1 . 

f S Def.ll. 
t 4. 1. 

•8. L 


• B. 11. 


PROPOSITION XXVII. 


Thkor. —To describe, ^rom a given Straight line, a solid See N. 
parallclopiped similar aud simUarly situated to one given. 

het AB be the given straight line, and CD the given solid 
parallelopiped; it is required from AB, to describe a solid 
parallelopipcd similar and similarly situated to GD. 

At the point A of the given straight line AB, make * a * 86.11 . 
Mlid angle equal to the solid an^e 
at G, r:iad let BAK, KAH, HAB he 
the three plane angles which con¬ 
tain it, 80 that BAK be equal to the 
angle EGG, and KAH to 0,CF, and 
HAB to FCE: and as EC to GO, so 

mak * BA to AK; and as GC to CF, so make * KA^to AH ; • is. 6. 
wherefore, ex aequali ♦, as EC to CF, so is BA to AH: com- * ^ 6* 
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t 1 Def. 6. 

• 24.11. 

« 

♦ B. 11 . 
•llDef.n. 


See N. 


♦ 9.11. 

♦34.1. 

♦34.11. 

♦ C Jl. 


plete the parallelogram and the solid AL: AL shall ^be 
similar and similarly situated to DD. 

Because^ a^EC to OG^ so BA to AKj the sides about the 
equal angles £CG^ BAK, arc proportionals; therefore the 
parallelc^ram B£ is similar t to EG: for the same reason^ the 
parallelogram ELH is similar to GF^'-and HB to F£; wherefore 
three parallelograms of the solid AL are similar to th^ee of 
the solid CD : and the three opposite^ones in each •solid are 
equal * and similar to these^ each to each. AIsOj because the 
plane angles which contain the solid angles 6f the figures are 
equal, each to each, and situated in the same order, the ^olid 
angles arc equal *, each to each: therefore the solid AL is 
similar* to the solid CD. Wherefore, from a given straight 
line AB, a solid parallelopiped AL has been described similar 
and similarly situated to the given one CD. Which was to 
be done. 

# 

PROPOSITION »XXVIII. 

f 

Theob. —If a solid parallelopiped Ji/e by a plane passing 

through the diagonals of ttvo,-^'the opposite planes, it shall 
be cut into two equal parts. 

9 

9 

Let Ag be a solid parallelopiped, and DE, GF, the diagonals 
of the opposite parallelograms AH, OB, vis. those which are 
drawn betwixt the equal angles in each : and because CD, F£ 
are each of then pqj'allcl to OA, and not in the same plane 
with it, CD, FE are * parallel; wherefore the 
diagonals CF, DE are in the plane in which the 
parallels are, and are themselves * parallels; 
and the plane CDEF shall cut the solid AB 
into two equal parts. 

Because the triangle CGF is equal * to the 
triangle CBF, and the triangle DAE to DHE; 
and that the parallelogram CA is equal * and similar to the 
opposite one BE, and the parallelogram GE to CH; therefore 
the prism contained by the two triangles CGF, DAE, and the 
three parallelograms CA, GE, EC, is equal * to the prism oon-^ 
tained by the two triangles CBF, DHE, and the three paral¬ 
lelograms BE, CH,^ EC/ because they are contained by the 
same number of equal and similar planes, alike situated, and 
none of their solid angles are contained by more than three 
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pkne angles. Thcrcforei the solid AB^is cut into two equal 
pAts by the plane CDEF, 9. 


PROPOSITION XXIX 


TnnoT^iSolid parallelopipeds upon the same base, and qf See N. 
ike same altitude, the insisting straight tines of which are 
ichnmaied in the same straight lines in the plane opposite 
to the base, are cquA to one another. 


Let the soIicP parallelepipeds AH, AK be upon the same 
Imse AB, and of the same altitude, and let their insisting 
straij^it lines AF, AO, JjM, IiN be terminated in the same 
straight line FN, and CD, CB, BH, BK be terminated in the 
same straight line DK : the solid AH shall be equal to the 
solid AK. 

First, let the parallelograms DO, HN, which are opposite to 
the Imse AB, have a common side HG. Then because the 
solid AH is cut by the plane AGHG passing 
through the diagonals AO, CH of the op¬ 
posite planes ALGF, CBHD, AH is cut into 
two equal parts • by tiia plane AGHC; 
therefore the solid AH is'double of the 
prism which is contained betwixt the tri¬ 
angles ALG, GBH : for the same reason, because the solid AK 
is cut by the plane LGHB, through the diagonals LO, BH of 
the opposite planes ALNG, GBKH, the solid AK is double of 
the same prism which is contained betwixt t^e triangles ALG, 
GBH : therefore the solid AH is equal t*to the solid AK. 



• 28 . 11 . 


f 6 Ax. 


Next, let the paralleld^ams DM, £N, opposite to the base, 
have no common side. Then, because CH, CK are parallelo¬ 


grams, CB is equal* 
to, each of the oppo¬ 
site sides DH, EKs 
wherefore DH is equal 
to £K: add, or take 
away the common part 



• 84 . 1 . 


HE ; then DE is equal + to HK: wherefore also the triangle f 2 or 3 Ax. 
CDE is equal * to the triangle BHK, and the parallelogram DO • 38 . 1 . 


^ * N.B, The msisting Btralghi haes of a pamllelopiped, mentioned in this 

* and some following propositions, are the sides of the parallelograms be- 

* twixt the base and tlie opposite plane parallel to it.' 
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is {H]ual * to the parallelogram HN: for the same reason^ the 
- triangle AFG is equal to the triangle LMN: and the paral** 
lelogram CF equal * to the parallelogram BM, and CG to 
BN; for they are opposite. Therefore the prism which is 
contained by the two triangles AFG^ CDE^ and the three 
parallelograms AD, DG, GC, is equal* to the prisin con-» 
tained by the two triangles LMN, BHK, and the three 
parallelograms BM, MK, KL. If, the^fore, the prism LMN, 
BHK be taken from the solid of which the base is the paraU 
lelogram AB, and in which FDKN is the on# opposite to it; 
and if from this same solid there be taken the prism AFG, 
CDE ; the remaining solid, viz. the parallolopiped AH is 
equal t to the remaining parallelopipod AK. Therefore, solid 
parallelopipcds, &c. Q. e* d. 

PROPOSITION XXX, 

Theor.— parallelopipeds upon ike same basCj and of 
the same altitude:, the insisting straight lines of which are 
not terminated in the same straight line^ in the plane oj>po- 
site to the base, are equal to one another* 

% • I. 

Let the parallelopipeds CM, CN be upon the same base AB, 
and of the same altitude, but their ii^visting straight lines AF, 
AG, LMj^LN, CD, CE, BH, BK not terminated in the same 
straight lines: the solids CM, CN shall be equal to one 
another. ^ 

Produce FD, MH, and NG, K£,^and let them meet one 
another in the points O, P, R; atnd join AO, LP, BQ, CR- 
And because the plane LBHM is 
parallel to the opposite "plane ACDF, 
and that the plane LBHM is that in 
which are the parallels LB, MHPQ, 
in which also is the figure BLPQ; 
and the plane ACDF is that in which 
are the parallels AC, FDOR, in which 
also is the figure CAOR ( therefore 
the figures BLPQ, CAOR are in pa* 
rallel planes: in like manner, because the plane AfeNO is 
parallel to the opposite plane CBKE, and that the |dane ALNG 
is that in which are the parallels AL, OPGN, in which also is 

the ALPO; and the plane CBKE is that in which are 

0 
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the parallels CB, RQEK, in which also is the figure CBQB; 
therefore the figures ALPO, CBQR are in parallel planes: and 
the planes ACBL, ORFQ are t parallel; therefipe the solid CP t 
is a parallelepiped: but the solid CM is equal* to the solid 39. 11. 
CP, because tliej are upon the same base ACBL, and their 
insisting straight lines A¥, AO, CD, CR^ LM, LP, BH, BQ 
are in the same straight lines FR, MQ: and the solid CP is 
equal * to the solid C]>^ for they.are upon the same base ACBL, S9. II. 
and their insisting straight lines AO, AG, LP, LN; CB, CE, 

BQ, BK are in same straight lines ON, BK ; therefore the 
solid CM is equal to the solid CN. Wherefore, solid paral- 
Iclopipeds, &c. q. k. o. 


PROPOSITION XXXI. 

Theor.— parallelopipeds, which arc upon equal bases. See N. 
and of the same altitude, are equal to one another. 


Let the solid parullelopipeds A£, CF be upon equal bases 
AB, CD, and be ot the' ^me altitude: the solid AE shall 
be equal to the solid CF. 

First, let the insisting straight lines, be at right angles to 
the bases AB, Cb, and,, let the bases be placed in the same 
plane, and so tha,t; the sides CL, LB 
may be in a straight line; therefore 
the straight line LM, which is at 
right angles to the plane in which 
the bases are, in the poiift L, is com¬ 
mon * to the two solids AE, CF: let 
the other insisting lines of the solids be AG, HK, BE ; DF, 



• IS. 11. 


OP, CN: and first, let the angle ALB be equal to the an^e 

CLD ; then AL, LD are in a straight line *. Produce OD, • 14 . i. h 

HB, and let them meet in Q, fuid complete the solid parallelo- ®* 

piped LR, the base of which is the parallelogram L^ and of 

which LM is one of its insisting straight lines. Therefore, 

because the parallelogram AB is equal to CD, as the base AB 

is to the base LQ, so is * the base CD to the base LQ. And * 7 . s. 

because the solid parallelopiped AR is cut by the plana 

LMEB, which is parallel to the opposite planes AK, DR j as 

the base AB is to the base LQ, se is * the solid AE to the * 85. il, 

solid LR: for the same reason, berause^e solid parallelojnped 
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4 


' 89 . 11 . 


*85. Is 


♦ 11 . 11 . 


CR is cut by the plane LMFDj which is parallel to the oppd* 
site planes CP^ BR; as the base CD to the base LQ, so is h\e 
solid CF to th^ solid LR: but as the base AB to the base LQ, 
so the base CD to the base LQ, as before was proved: therefurOj 
as the solid AE to the solid LR so is the solid CF to the solid 
LR: and therefore the solid AE is i^qual * to the solid CF. 

But let the solid parallelepipeds SE^ CF be upon equal 
bases SB^ CD^ and be of the same altitude^ and let jheir in¬ 
sisting straight lines be at right 
angles to the bases; and place the 
Imses SB, CD in the same plane, so 
that CL, LB may be in a straight 
line; and let the angles SLB, CLD 
be unequal: the solid S£ shall be 
equal to the solid CF. Produce DL, 

TS until they meet in A; and from B, draw BH parallel to 
DA ; and let HB, CD produced meet in Q, and complete the 
solids A£, LR : therefore the solid. A£ is equal * to the solid 
S£, because they are upon the same base LE, and of the same 
altitude, and their insisting straight lines, LA, LS, BH, 
BT; MG, MV, £K, EX, are in tbef same straight lines AT, 
6X: and because the parallelogram AB is equal ^ to,SB, for 
they are upon the same base LB, and between the same pa* 
rallels LB, AT: and that the biise ^B is 'equal to the base 
CD ; thefeforc the base AB is equal to the Jbasc CD ; and the 
angle ALB is equal to the angle CLD ; therefore by the first 
case, the solid AE is equal to the solid CF: but the solid AE 
is equal to the solid S£, as was demonstrated; therefore the 
soUd SE is equal to the solid CF, 

But if the insisting straight lines AG, HK, BE, LM ; CN, 
RS, DF, OP be not at right angles to the bases AB, CD; in 
this case likewise, 
the solid AE shall be 
equal to the solid CF. 

From the points G, 

K, £, M; N, S, F, P, 
draw the straight 
lines GH, KT, EV, MX ; NY, SZ, FI, PU, perpendicular • to 
the planes in which are the bases AB, CD ; and let them meet 
them in the points Q, T, V, X; Y, Z, I, U ; and join QT, 
TV, VX, XQ ; YZ, ZI, lU, UY. Then, because GQ, KT are 
at right angles to the same plane, they are parallel * to one 




• 6 . 11 . 



BOOK xi. pjiop. xxxn. 


aoB 


another: and MO, EK are parallels; therefore the plabcs 
ET, (of which one passes through MO, GQ, and the 
other through £E, KT, which are parallel to MG, GQ, and 
not in the same plane with them,^ are parallel * to one an¬ 
other : for the same reason, the planes MV, GT are parallel 
to one another: therefore^ the solid QE* is a parallelopiped. 
In like manner it may be proved, that the solid YF is a pa- 
rallclopined. But, fi^m what has been demonstrated, the 
solid £Q is equal to the solid FY, because they are upon equal 
bases MK, P5, aftd of the same altitude, and have their insisting 
straight lines at right angles to the bases: and the solid £Q 
is equal * to the solid A£, and the solid FY to the solid CF, 
because they are upon the same bases and of the same alti¬ 
tude ; therefore the solid A£ is equal to the solid CF. Where¬ 
fore, solid parallclopipeds, &c. e. e. d. 


PROPOSITION XXXII. 

Throb.— iSolid parallelopipeds which have the same altitude, 

are to one another as their bases. 

Let AB, CD be solid parallelopipeds of the same altitude: 
they shall be to one aqpther as their bases; that is, as the 
base AE to the base CF,'bo shall the solid AB be to the solid 
CD. 

To the straight line FG, apply the parallelogram FH equal * 
to AE, so that the angle. FOH may be equal to the angle LCQ; 
and upon the base FH,*^ complete 
the solid parallelopiped GK, one of 
whose insisting lines is FD, where¬ 
by the solids CD, GK must be of 
the same altitude: therefore the 
solid AB is equal * to the solid GK, 
because they are upon equal bases AE, FH, and we of the same 
altitude: and because the solid parallelopiped CK is cut by 
the plane DG, which is parallel to its opposite planes, the base 
HF is • to the base FC, as the solid HD to the solid DC; but 
the base HF is equal to the Imse AE, and the solid GK to the 
solid AB; therefore as the base AE to the base CF, su is the 
solid AB to the solid CD. Wherefore, solid parallelopipeds, 
&c. Q. E. D. 
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Cor. From tbis it is manifest^ that prisms upon triangular 
basesj of the same altitude, are to»one another as their bases. 

Let the prisms, the bases of which are the triangles A£M, 
CFG, and NBO, PDQ the triangles opposite to them, have the 
same altitude: they shall be to one another as their bases. 
Complete the parallelograms A£, and the solid pa^allelo* 
pipeds AB, CD, in the first of which let MO, and in the other 
let QQ be one of the insisting lines. And because ^he solid 
parallelepipeds AB, CD have the same altitude, they are to 
' ' one another as the base AE is to the base CF: wherefore the 

• 28 . 11 . prisms, which are their * halves, are to one another, as 

base A£ to the base CF; that is, as the triangle A£M to the 
triangle CFO. 


PROPOSITION XXXIII. 


*24. 11. 
• C. 11. 


Thkob.—(S zOTiVflr solid jmralhlojnpcds arc one lo another in 
the triplicate ratio of their-homologous sides* 

Let AB, CD be similar solid parallelepipeds, and the side 
AE homologous to the side CF ; ther solid AB shall have to the 
solid CD, the triplicate ratio of that which AE has to OF. 

Produce A£, G£, HE; and in these produced, take EK 
equal to CF, £L equal to FN, and EM- equal to FR ; and com* 
plete the parallelogram KL, and the f 
solid KO. Because KE, Eli are equal 
to CF, FN, each to each, and the angle K ^ \ \— 

KEIi equal to the angle CFN, because ^ L -G y 

it is equal to the angle AEG, which ] “ j i* ^ 

is equal to CFN, by reason that the 
solids AB, CD are similar; therefore 
the parallelogram KL is similar and 

equal to the parallelogram CN : fm: the same reason the pa- 
rallelc^ram MK is similar and equal to CR, and als(» OB' to FD. 
Therefore three parallelograms of the solid KO are equal and 
similar to< three parallelc^rams of the solid CD ; andl:he three 
opposite ones in each solid are equal * and similar to these; 
therefore the solid KO is ojual * and similar to the solid CD. 
(^wplete the parallelogram GK ; and upon the bases CfK, KL, 
Ci^plete the solids £X, LP, so that £H be an insisting straight 
Ufte in each of them, whereby they must be of the same alti¬ 
tude with the solid AB. And because the solids AB, CD, 
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are similarj and by permutation^ as AK is to CF, so is EG to 
F#r, and so ifr EH to FR: but FC is equal to EK, and FN to 
EL, and FR to EM ; therefore, as AE to EK, so is EG to EL, 
and so is HE to EM : but as AE to EK, so • is the parallelo- 1. 6. 
gram AG to the parallelogram GK; and as GE to EL, so is * 1.6. 

GK to ; and as HE to EM, so * is PE to KM : therefore * l- 6- 
as the parallelogram AG to the parallelogram GKf so is GK to 
KL, and PE to KM ; but as AG to. OK, so is * the solid AB • 26.11. 
to the solid EX ; and ts GK to KL, so* is the solid EX to • «6.11. 
the solid PL; ^d as PE to KM, so * is the solid PL to the * 26 .ii. 
solid KO: and fterefore as the solid AB to the solid EX, so 
is six to PL, and PL to KO: but if four magnitudes be con¬ 
tinual proportionals, the first is said to have to the fourth, the 
triplicatef ratio of that which it has to the second; there- t 
fore the solid AB has to the solid KO, the triplicate ratio of 
that which AB has to EX : but as AB is to EX, so is the {la- 
rallelogram AG to the parallelogram GK, and the straight line 
AE to the straight line EK; wherefore the solid AB has to 
the solid KO, the triplicate ratio of that which AE has to 
EK: bui;the s'^lid KO is equal to the solid CD, and the 
straight line EK is cqufil to the straight line CF ; therefore 
the solid AB has to the solid CD, the triplicate ratio of that 
which ^he side AE has to the homologous side CF. There¬ 
fore, similar solid parallelepipeds, &c. q. jc. d. 

Cor. From this it iff manifest, that, if four straight lines 
be continual propurtionals, as^thc first is to the fourth, so is 
tlie solid parallelo})ipod described from the first to the similar 
solid similarly described from the second;'^because the first 
straight line has to the f(;j;rth, the triplicate ratio of that which 
it has to the second. 


PROPOSITION D. 

Theor .—Solid parallchpipeds which arc cmiained hy paraU Sm N. 
Iclograms equiangular to one another, each to, each, that is, 
of which the solid angles are equal, each to each, have 
one'anoihef* the ratio which is the same with the ratio c&d^ 
pounded of the ratios qf their sides* 

¥ 

Let AB, CD be solid pandlelopipeds, of which AB is 
tained by the parallelograms AE, AF, AG, which are 
gular, each to each, to the parallelisms CH, CK, CL, 
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contain the solid CD: the ratio which the solid AB hoA to the 
solid CDj shall be the same with that which is oompoundedtof 
the ratios of the sides AM to DL/AN to DK> and AO to DH. 

Produce mX, NA, OA, to P, Q, R, so that AP be equal to 
DLj AQ to DK^ and AR to DH ; and complete the solid pa¬ 
rallelepiped AX contained by the parallel(^rams AS, *J,T, AV, 
similar and equal to CH, CK, CL, each to each : therefore the 

*C. 11. solid AX is equal * to the solid CD. Complete likewise the 
solid A V, the base of which is AS, and* AO one of its'insisting 
, .r straight lines. Take any straight line a, an^ aa MA to AP, so 

112.6. make f n to b; and as NA to AQ, so make b to c; and as AO 

to AR, so c to d. Then, because the parallelogram AR is 
equiangular to AS, AE is to 
AS, as the straight line a to c, 
as is demonstrated in the 23d 
Prop. Book VI.: and the 
solids AB, AY, being betwixt 
the parallel planes BOY, EAS, 
are of the same altitude; there¬ 
fore the solid AB is to the 

* 52.11. solid AY, as * the base A£ to 

the base AS; that is, as the straight line a is to c. And the 
85.11. solid AY is to the solid AX, as *'the base OQ is to the biise 
QR; that is, as the straight line OA to AB ; that is, as the 
straight jine c to the straight line d. And because the solid 
AB is to the solid AY, as a is to c, and the solid AY to the 
solid AX, as c is to d; ex sequaii, the solid AB is to the solid 
AX, or CD which is equal to it, as the straight line a is to d. 

* Def. A 5. But the ratio of a to d is said to be compounded ^ of the ratios 

of a to b, b to c, and c to d, which are the same witK the ratios 
of the sides MA to AP, NA to AQ, and OA to AR, each to 
each: and the sides AP, AQ, AR afe equal to the sides DL, 
DK, DH, each to each ; therefore the solid AB has to the solid 
CD, the ratio which is the same with that which is com¬ 
pounded of the ratios of the sides AM to DL, AN to DK, and 
AO to DH. q. £. D. 

PROPOSITION XXXIV. 

See N. Thbob .—The bases and ^altitudes of equal solid paraUelo^ 

*pipeds, are reciprocalltf proportional: and if the bases and 
altitudes he reciprocally proporiionalj the solid paraUch^ 
pipeds are cquaL 
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Let AB, CD be two solid parallclopipeds: and first, let the 
insisting straiglit lines AG, EF, LB, HK; CM, NX, OD, PB, 
be at right angles‘to the bases. If the solid AB be equal to 
the solid CD, their bases shall be reciprocally proportional to 
their altitudes; that is, as the base EH « 

is to thi base NP, so shall CM be to AG. 

If the base EH be equal to^the base NP, 
then-because'the solid AB is likewise 
equal to >.he solid CD, 0M shall be equal 
to AG: because the bases EH, NP be 
equal, but the altitudes AG, CM be not equal, neither shall 
the solid AB be equal to the solid CD: but the solids arc 
equal, by the hypothesis; therefore the altitude CM is not un¬ 
equal to the altitude AG; that is, they are equal. Where¬ 
fore, as the base EH to the base NP, so is CM to AG. 

Next, let the bases EH, NP not be equal, but EH greater 
than the other: then since the solid AB is equal to the solid 
CD, CM is therefore greater than AG: 
for if it be not, neither also in this 
case would the s«.lid8 AB, CD be equal, q 

which, by the hypothesis, arc equal. 

Make then CT equal to AG, and com¬ 
plete tfie solid parallelopiped CV, of 
which the base is ^P, and altitude CT. 


R D 
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Because the solid AB is equal to the solid CD, therefore the 
solid AB is to the solid CV, as * the solid CD to the solid CV: 
but as the solid AB to the solid CV, so * is the base EH to the 
base NP ; for the solids AB, CV are of the san<e altitude: and 
as the solid CD to CV, sC* is the base MP to the base PT, and 
so is the straight line MC * to CT : and CT is equal to AG; 
therefore as the base EH to the base NP, so is MC to AG. 
Wherefore the bases of the solid parallelepipeds AB, CD are 
reciprocally proportional to their altitudes. 

^ Let pow the bases of the solid parallelepipeds AB, CD be 
reciproeally proportional to their alti¬ 
tudes, viz. as the base EH is to the base 
NP, so let CM be to AG: the solid AB 
shall be equal to the solid CD. 

If the ^se EH be equal to the 'base 
NP, then, since EH is to NP as the al¬ 
titude of the sdid CD is to the altitude of the solid AB,there- 
fore the altitude of CD is equal * to the altitude of AB: but 
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solid parallelepipeds upon equed bases, and of ^ the same 
*31.11. ^titude, are equal* to one another; therefore the solid 
is equal to the solid CD. »• 

But let the bases £H, NP be unequal, and let £H be the 
giieater of the two: therefore, since, as the base £H to the 
base NP, so is CM the altitude of the solid CD to AO^^lie alti* 

* A. 6. tude of *AB, CM i^ greater * than AG. Therefore, as before, 

take CT equal to AG, and complete the solid OV. And be¬ 
cause the base EH is to the base NPy^ J 

as CM to AG, and that AG is equal to R D 

CT, therefore the base £H is to the base B 

NP, as MC to CT. But as the base EH 
•SS, 11. is to NP, so* is the solid AB to the ^ Ipi 

solid CV ; for the solids AB, CV are of ^ 

the same altitude: and as MC to CT, 
t 1.6. 80 f is the base MP to the base FT, and the solid CD to the 

* 85. 11 . Bolld * CV : therefore as the solid AB to the solid CV, so is 

. the solid CD to the solid CV ; that is, each of the solids AB, 
CD has the same ratio to the solid CV; and therefore the solid 
t 0. 6. AB is equal t to the solid CD. 

Second general case. Let the insisting straight lines FE, 
BL, GA, KH; XN, DO, MC, RP not be at right angles to the 
bases of the solids. 

In this case, likewise, if the solids AB, pD be equal, their 
bases shall be reciprocally proportional to their altitudes, viz. 
tlie base EH shall be to the base NP, as tbe altitude of the 
solid CD to the altitude of the solid AB. 

From the points F, B, K, O; X, D, R, M, draw perpendicu¬ 
lars to the planes in which arc th^ bases EH, NP, meeting 
those planes in the points S, Y, V, T; Q, I, U, Z; and com¬ 
plete the solids FV, XU, which are parallelopipeds, as was 
proved in the last port of Prop. 

31, of this Book. K_p R_ T> 

Because the solid AB is equal j \ ) \ t- ! 
to the solid CD, and that the / / / H / / / 

* 89, or SO. solid AB is equal * to the solid 7^ / Z I 

BT, for they are upon the same 

base FK, and of the same alti- E C N 

tude; and that the solid CD is 

* 89. or so. equal* to the solid DZ, being upon the same base XR!, and of 

the same altitude; therefore the solid BT is equal to the 
solid DZ; but the bases are reciprocally proportioxml to the 
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altitudes of equal solid porallelopipeds of which the insisting 
8t|uight lines are at right angles to their bases, as before was 
proved ; therefore as the b,ase FK to the base XR, so is the ' 
altitude -of the solid DZ to the altitude of the solid BT: and 
the base FK is equal to the Iwse EH, and the base XR to the 
base wherefore, as the base 'EH to the base NP, so is the 
altitude of the solid DZ to the altitude of the solid BT; but 
the altitudes of the solids DZ, DC, as also of the solids BT, 

BA, are the same; therefore as the base EH to the base NP, 
so is the altitude of the solid CD to the altitude of the solid 
AB; that is, th^bases of the solid parallelopipeds AB, CD are 
reurprocally proportional to their altitudes. 

Next, let the bases of the sdids AB, CD be*reciprocally 
proportional to their altitudes, via. the base EH to the base 
NP, as the altitude of the solid CD to the altitude of the solid 
AB: the solid AB shall be equal to the solid CD. The same 
construction being made ; be¬ 
cause, as the base EH to the 1^ B 

base NP, so is the altitude of J A—i Xf 

the solid CD ta the altitude j j f 
of tlie solid AB; and tliqt the 
base EH is equal to the base 
FK, and NP to XR ; therefore ^ * 

the base FK is to the base XR, as the altitude of the solid CD 
to the altitude of AB: but the altitudes of the solid^AB, BT 
are the same, as tilso of CD and DZ; therefore as the base 
FK to the base XR, so is the altitude of the solid DZ to the 
altitude of the solid BT: wherefore the ba^ of the ^solids 
BT, pz, are reciprocallj^prbpoi'tional to their altitudes: and 
their insisting straight lines are at right angles to the bases ; 
wherefore, as was before proved, the solid BT is equal to riba 
solid DZ : but BT is equal * to the solid BA, and DZ to the * 89. or SO. 
solid DC, because they are upon the same bases, and of the 
same altitude; therefore the solid AB is equal to the soUdk 
CD. l*'herefore, the bases, &c. Q. s. a. 

PROPOSITION XXXV. 

TuEon— If, from, the veHheg^twaequal plane angles, there See N. 
be di-awn two straight lines devoted fAe '^anes in 
which the angles are, and eontaining-e^ual angles witit the 
sides of those angles, to each ; and the Unes above 
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the planes there be taketi any jHnnlSi and Jrwn Lhim perpen^ 
diculars be drawn to the planes in which thejksi nan^ 
angles are ; and from the poi7its in mhi^* they meet the 
planeSf sirafght lines be drawn to the vertices of the angles 
frrsi named; these straight lines shall contain equal angles 
with the straight lines which ate above the plan^* of ike 
angles. > 

Let BAC, EDF be two equal plane* angles: and from the 
points A, D, let the straight lines AG, OM be elevated above 
the planes of the angles, making equal angles with their sides, 
each to each, viz- the angle GAB equal to the angle MDE, t-^d 
GAC to MllK; and in AG, DM, 
let anj points G, M be taken, and 
them, let perpendiculars GL, 

MN be drawn t to the planes BAC, 

£DF, meeting these planes in the 
points L, N; and join LA, ND: 
the angle GAL shall be equal to tile angle MDN. 

Make AH equal to DM, and through H, draw HK parallel 
to OL : but OL is perpendicular to the plane BAC; wherefore 
HK is perpendicular* to the same plane. From the points 
K, N, to the straight lines AB,"AC, D£, DF, draw 'perpen* 
diculars KB, KC, NE, NF; and join HB, BC, ME, EF. Be¬ 
cause is perpendicular to the plane BAC, the plane HBK 

* 18. II. which passes through HK, is at right an^s * to the plane 

BAC; and AB is drawn in the plane BAC at right angles to 
the common seetion BK of the two planes; therefore AB is 

• 4 Def. 11. perpendicular * to the plane HBK, ^and makes right angles * 
•SDef. 11. with every straight line meeting it in that plane: but BH 

meets it in that plane; therefore ABH is a right angle : for 
the same reason, DEM is a right angle, and is therefore equal 
to the angle ABH: and the angle HAB is equal f to the angle 
MDE; therefore in the two triangles HAB, MDE, there are 
two angles in one, equal to two angles in the other, each to 
each, and one side equal to one side, opposite to one of the 
equal angles in each, viz. HA equal to DM; therefore the re** 
maining sides are equal *, each to each ; wherefore AB equal 
to D£. In the same manner, if HC and MF be joined, it may¬ 
be demonstrated, that AC is equal to DF: therefore, since A3 
is equal to D£, BA and AC are equal to ED and DF, each to 
t Hyp. each; and the angle BAC is equal t to the angle EDF ; where- 


t Hyp. 
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fore the base BC is equal * to the base EF, and the remaining * i. K 
angles to the remaining angles; therefore the angle ABC is 
equal to the aAgle DEF: and the right angle ^BK is equal to 
the right angle DEN; whence the remaining angle CBK is 
equal to the remaining angle FEN: 
for the«;l2me reason, the i^gle BCK 
is equal to the angle EFN; therefore 
in the two triangles BCK, EFN, there 
are two Angles in one, equal to two 
angles m the' (^er, each to each, 
and one side equal to one side adjacent to the eqrai ugles in 
eaefi, viz. BC equal to £F; therefore the other sides are equal 
to the other sides ; BK then is equal to EN: and 'AB is equal 
to DE; wherefore AB, BK are equal to DE, £N^ each to each ; 
and they contain right angles; wherefore the base AK is equal 
to the base DN. And since AH is equal to DM, the square 
of AH is equal to the square of DM ; but the squares of AK, 

KH are equal to the square * of AH, because AKH is a right * i7. T. 
angle ; and the squares of i3n, NM are equal to the square of 
DM, for DNM is u right angle; wherefore the squares of AK, 

KH arc equal to the squares of DN, NM: and of these the 
square of A K is equal to the square of DN; therefore the re* 
maining square of KH is equ^ to the remaining square of NM; 
and the straight line KH to the straight line NM; and because 
HA, AK are equal to MD,^DN, each to each, and the base HK 
to the base MN, as has been proved, therefore the angle HAK 
is equal * to the plane MDN. Therefore, if from the vertices, • B, i. 
&c. g- K. D. * 

Cor* From this it is manifest, that if from the vertices of 
two equal plane angles, there be elevated two equal straight 
lines containing equal angles with the sides of the angles, 
each to each; the perpendiculars drawn from the extremities 
of the equal straight lines to the planes of the first angles, are 
equal to^one another. 

o Another Demansiratim of the Corollary, 

Let the plane angles BAG, EDF be equal to one another, 
and let 4 H, DM be two equal straight lines above the planes 
of the angles, containing equal angles with BA, AC, ED, DF, 
each to each, viz. bhe angle HAB equal to MDE, and HAC 
equal to the angle MDF; and from H, M, let HK, MN be 
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perpendiculars to the planes BAC^ EBF: HK shall be equsd 
to MN. c 

Because the^ solid angle at A is contained by the three plane 
angles BAG, BAH, HAG, which are, each to eadi, equal to the 
three plane angles BDF, EDM, MDF, containing the solid angle 
at D; the solid angles at A and P *are equal, and therefore 
coincide with one Another ; to wit, if the plane angle BAG be 
applied to the plane angle £DF, the straight line AH coincides 
with DM, as was shewn in Prop. B. of this book: anfl because 
AH is equal to DM, the point H coincides iv^th the point M: 
wherefore HK, which is perpendicular to the plane BAG, 
coincides with MN • which is perpendicular to the plane I^JSf, 
because these planes coincide with one another. Therefore 
HK is equal to MN. Q. e. d. 


PROPOSITION XXXVI. 

Theok .—If ikree straight lines he propoTiionals^ the solid 
parallelopiped described from all three, asciis sides, is equal 
to the equilateral parallelopiped, described from the mean 
proportional, one the solid angles tf which is contained 
hjf three plane angles equal, each to each, to the ih^ee plane 
angles containing one cf the solid angles cf the other fgure. 

Let A, B, C be three proportionals, viz.® A to B, as B to C; 
the solid described from A, B, C shall be equal to the equila¬ 
teral solid dc8<SVibed from B, equiangular to the other. 

Take a solid angle D contained hy three plane angles EDF, 
FDO, ODE; and make each of the straight lines ED, DF, DO 
equal to B, and complete the solid parallelopiped Dll; make 
LK equal to A, and at the point K, in the straight line LK, 
make * a solid angle contained by 
the three plane angles LKM, MKN, 

NKL, equal to the angles EDF, 

FDG, ODE, each to eaeh; and make 
KN equal to B, and KM equal to 
C; and complete the solid paral¬ 
lelopiped KO. And because, as 
A is to B, so is B to C, and that*^A is equal to LK/and B is 
equal to each of the strai^t lines DB, DF, and C equal to KM; 
therefore hK is to BI> as DF to KM; that is, the sides about 
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the equal angles are reciprocally proportional; therefore the 
p|rallelogram LM is eqnal ^ to EF; and because EDF, LKM 
are two equal plane angles/ and the two equal straight lines 
DGj KN are drawn from their vertices above tLeir planes, and 
contain eqnal angles with their sides; therefore the perpen- 
dicular^t/rom the points JG, N, to the planes EDF, LKM are 
equal to * one another; therefore the solijds KO, DH are of 
the same altitude; and they are upon equal bases LM, £F; 
and therefore they aro equal * to one another: but the solid 
KO is described from the three straight lines B, C, and the 
solid DH from tft straight line B. Therefore, if three straight 

lilies, &c. Q. X. JO. 


PROPOSITION XXXVII. 


Jhur siraigkl lines he proporlimalsj the similar 
solid parallclopipeds svnilarly described from them shall 
also be proportionals: and if the similar parallclopipeds 
similarly described from four straight lines be proportionals, 
the straight lines shall be proportionals. 

j. 

Let the four straight lines AB, CD, EF, GH be propor¬ 
tionals, viz. as AB to CD, so EF to GH ; and let the similar 
parallclopipeds AK, CL, EM, ON be similarly described from 
them, AK shall bC to CL, as EM to GN. 

Make * AB, CD, O, P continual proportionals, as also 
EF, GH, Q, R: and because as AB is to CD^ so EF to GH; 
and that CD is* to O, GH to 
Q, and O to P, as Q to R; there¬ 
fore, ex eequali . AB is to P, as 
£F to R: but as AB to P, so * 
is the solid AK, to the solid CL; 
and as EF to R, so * is the solid 
£M to the solid GN; therefore * 
as the solid AK to the solid CL, 
so is the solid EM to the solid GN. 

Next let the solid AK be to the solid CL, as the solid EM 
to the solid GN: the straight line AB shall be to CD, as £F 
to GH. 

Take as AB to CD, so EF to ST, and from ST describe * a 
solid parallelopiped SV similar and similarly situated to cither 
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of the solids EM, ON. And because AB is to CP, as £F to 
ST, and that from AB, CD, the solid parallelopipeds AK, CL 
are similarly described ; and in bke manner tine solids EM, 
SV, from the sitraight lines EF, ST ; therefore AK is to CL, 
as EM to SV ; hut, by the hypothesis, AK is to CL, as EM 
to ON ; therefore ON is equal * to SV : but it is lik^prise si¬ 
milar and similarly^ situated to SVj therefore the planes which 
contain the solids ON, SV are simibr and equal, and their 
homologous sides OH, ST equal to one another: and| because 
as AB to CD, so EF to ST, and that ST is equal to OH, there¬ 
fore AB is to CD, as EF to OH. Therefore, ^if four straight 
lines, &c. «. e. d. t 5 


PROPOSITION XXXVIII. 

Theor. — “ If a plane be perpendicular to another platie, and 
“ a straight line he drawn from a point in one of the planes 
“ perpendicular to the other plane, this straight line shall 
“fall on the common section of the planes.” 

“ Let the plane CD be perpendicular to the plane AB, and 
“ let AD be the 6ommon section : if‘any point E be taken in 
“ the plane CD, the perpendicular, drawn from £ to the plane 
“ AB, shall fall on AD. 

“ For if it does not, let it, if possible, ‘fall elsewhere, as 
“ EF; ahd let it meet the plane AB in fhe point F; and 
“ from F, draw *, in the plane AB, a per- 
“ pendicular FG to DA, which is also jjer- 
“ pendicular • to the plane CD j and join 
“ EG. Then, because FG is perpendicular 
“ to the plane CD, and the straight line 
“ EG which is in that plane, meets it, 

" therefore FOE is a right angle * : but EF is also at right 
“ angles to the plane AB, and therefore EFG is a right 
“ angle: wherefore two of the angles of the triangle EFG 
“ are equal together to two right angles ; which is f absurd; 
“ therefore the perpendicular from the point £ to the, plane 
“ AB, dues not fall elsewhere than upon the straight line AD; 
** it therefore falls upon it. If, therefore, a plane, &c. > Q. E. x>." 
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PROPOSITION XXXIX. 

ThroR'. —In J solid parallelopiped, if the sides of two of the SeeN. 
opposite planes be divided, each into two equal parts, the 
oommon scctwn of the planes passing through ike •points of 
divintn, and the diameter of the solid paralMopiped, cut 
each other into two equal parts- 

Let tl'e sides of th» opposite planes €F^ AH of the solid 
]iarallelopipcd AF^ be divided each into two equal parts in 
,l;he points K, L,%I, N ; X, O, P, R; aad join KL, MN, XO, 

I'Tli: and because DK^ CL are equal and parallel^ KL is pa¬ 
rallel * to DC : for the same reason, MN is parallel to BA : ' 33. 
and BA is parallel to DC; therefore, 
because KL, BA are each *of them 
parallel to DC, and not in the same 
plane with it, KL is parallel * to BA; 
and because KL, MN are each of 
them parallel to BA, and not in the 
same plane with it, KL is parallel * 
to MN: wherefore KL, MN are in 
one plane. In like manner it may 
be proved, that XO, PR arc iu one 
plane. Let VS be the common section of the planes KN, 

XR; and DG the diameter of the solid paralUdopiped AF: 

YS and DG shall n eet, and cutoneanother into two oquhl parts. 

Join DY, Y£, BS, SG. Because DX is parallel to 0£, the 
alternate angles DXY, YOE are equal * to one another: and •29, i. 
because DX is equal to.OE, and XY to YO, and that they 
contain equal angles, the base DY is equal * to the base Y£, • 4.1, 
and the other angles are equal; therefore the angle XYD is 
equal to the angle OY£, and DY£ is a straight * line: for the • 14. a. 
same reason, BSG is a straight line, and BS equal to SG. 

And because CA is equal and parallel to DB, and also equal 
and parallel to EG, therefore DB is equal and parallel* to *9.11. 
£G: and DE, BG join their extremities; therefore D£ is 
equal £.nd parallel* to BG: and DG, YS are drawn from *33. i. 
points in the one, to points in the other, and are therefore 
in one plane; whence it is manifest, that DG, YS must meet 
one another : let them meet in T. And because DE is paral¬ 
lel to BG, the alternate angles EDT, BGT are* equal: and * L 

the angle DTY is equal * to the angle GTS: therefore in the * ^ 
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triangles DTY, GTS, there arc two angles in the one, cqujd to 
two angles in the yther, and one side equal to one side, op¬ 
posite to two of the equal angles, "riz. DY to GP, for they are 
the halves of BG ; therefore the remaining sides are 
I. equal *, each to each; wherefore DT is equal to TO, and YT 
equal to TS. Wherefore, in a solid, &c. q. e. d. , 


PROPOSITION XL. 

Thbor.—T/’ there be two Iriangttlar prism of the same alii- 
iude, the base of me of which is a parallelogram, and the 
base of the other a triangle; if the parallelogram be dotlke 
of the triangle, the prisms shall be equal to one another. 


\ 


* 34.1. 


•SI. 11. 

• 88 , 11 . 

•SS.ll. 


Let the prisms ABCDEP, OHELMN be of the same alti¬ 
tude, the hrst whereof is contained by the two triangles ABE, 
CDF, and the three parallelograms AD, DE, EC ; and the 
other by the two triangles GHK, LMN, and the three paral¬ 
lelograms LH, HN, NO ; and let 'ine of them have a paral¬ 
lelogram AF, and the other a triangle GHK,. for itii base: if 
the parallel(^m AF be double of the triangle GHK, the 
prism ABCDEF shall be equal to the prism 6HKLMN. 

Complete the solids AX, 60 r’and because the perallclo- 
gram AE is double of the triangle GHK, and the parallelo¬ 
gram HK double * of the same tri- 
angle, therefore the parallelogram 
AF is equal to HK : but solid pa- 
rallelopipeds upon equal bases, and 
of the same altitude, are equal * to ^ 
one another; therefore the solid 
AX is equal to the solid GO ; and the prism ABCDEF is half * 
of the solid AX ; and the prism GHKLMN half* of the solid 
GO: therefore the prism ABCDEF is equal to the prism 
GHKLMN. Wherefore, if there be two, &c. q, jb. d. 
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LEMMA I. X 

JJ'Jrom the greater of inc unequal magnitudes, there he taken See N. 
moro than its half, and from the remainder more than its 
half, and so an ; there shall at length remain a nsagnitude 
less than the Itbst of the proposed magJiiludes, 

Cl 

Let AD and C be two unequal magnitudes, of which AB is 
the greater: if from AB there be taken inqre than its half, 
and from the remainder more than its htdf, and so on ; there 
shall at length remain a\nagmtude less than C. 

For C may be multiplied so a» at length to be¬ 
come greater than AB. Let it be so multiplied, 
and let D£ its multiple be greeter than AB, and let 
DE be divided into DF, FO, GE, each equal to C. 

From'AB, take BH greater than its half; and 
from the remainder AH, take HK greater than its 
half, and so on, until there be as many divisions 
in AB as there are in PE; and let the divisions in 
AB be AK, KH, HB; and the divisions in DE be DF, FG, OE. 

And because DE is greater than AB, and that EG taken from 

f This is the first proposition of the teuth book, sad is necessary to some of 
the propositions of this hook. 


P 

H 
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DE is not greater than its halfi but BH taken from AB is 
greater than its therefore the remainder OD is greater 
than the remainder HA. Again^ because OD is greater than 
HA> and that is not greater than the half of OD^ but HK 
is greater than the half of HA^ therefore the remainder FD 
is greater than the remainder AK. And FD is eq^al to C, 
therefore C is greater than AK; that is, AK is less than C. 
V- E. D, 

And if only the halves be taken away, the same thing may, 
ill the same way, be demonstrated. 

PROPOSITION L e/' 

Theorem. —Similar j)olygons imeribed in circles, are to one 
another as ike squares of their diameters. 


> 

•2LS. 


♦SKS. 


• i.6. 

• 10 Def, a. 
it 22 . 6 . 

♦20. e. 


liCt ABODE, FOHKL be two circles, and in them the siuii* 
lar polygons ABODE, FGHKE: and let BM, ON be the dia¬ 
meters of the circles: as the squar^ of BM is to the square 
of ON, so shall the polygon ABODE be to the polygon 
FOHKL. 

Join BE, AM, GL, FN: and because the polygon ABODE 
is similar to the polygon FOHKL,. the angle BAE is equal to 
the angle OFL,* and as BA to A£, so is OF to FL ; therefore 
the two triangles BAE, GFIi, 
having otiC angle in one, equal 
to one angle in the other, and the 
sides about the e^ual angles pro¬ 
portionals, are equiangular; and 
therefore the angle AEB is equal 
to the angle FLO : bat AEB is 
equal* to AMB, because they stand upon the same circum¬ 
ference : and the angle FLO is, for the same reason, equal to 
the angle FNO; therefore also the angle AMB is equal to 
FNO : and the right angle BAM is equal to the right * angle 
GFN ; wherefore the remaining angles in the triangles ABM, 
FON are equal, and they are equiangular to one another: 
therefore as BM to ON, so * is BA to OF ; and therefore the 
dupUcate ratio of BM to ON, is the same * with the duplicate 
ratio of BA to OF : but the ratio of the square of BM d:o the 
square of ON, is the duplicate * ratio of that which BM has 
to ON; and the ratio of the polygon ABODE to the polygon 
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FOHKL is the duplicate • of that whidi BA has to OF; ■ so. 6. 
therefore as the square of BM to the square of ON, so is the 
p<Jlygon ABODE to the polygon FOHKL. therefore, similar 

polygons, &c. Q. £» d. , 


PROPOSITION II. 

Thaor *—Circles are to o^e another as ihf squares ^ their SeeN. 

diameters. 


Let ABCD, EFGH be two circles, and BD, FH their dia- 
* meters: as the ^uare of BD to the square of FH, so shall 
tih?^ circle ABCD be to the circle EFGH. 

For if it be not so, the square of BD xi.ust be to the square 
of FH, as the circle ABCD is to some space either leas than 
the circle EFGH, or greater than it First let it be to a 
spi a® S less than the circle EFGH; and in the circle EFGH I* f 6. 4, 
describe the square EFGH. This square is greater than half 
of the circle EFGH; because, if, through the points E, F, G, 

H, there be drawn tangents to the circle, the squaite EFGH is 
half* of the squiire described about the circle: and the circle • 41. 1. 
is less than the square described about it therefore the 
square EFGH is greater than half of the circle Divide the 



circumferences EF, FG, 

OH, HE, each into two^ 
equal p'lrts in th<? points. 

K, L, M, N, and jiin £K, 

KF, FL, LiG, GM, MH, 

HN, NE: therefore each 
of the triangles EKF,^ 

FLG, OMH, HNE, is greater than half of the segment of the 
circle in which it stands; because, if straight lines touching 
the circle be drawn through the points K, L, M, N, and the 
parallelogramis upon the straight lines BF, FG, GH, HE be 
completed, each of the triangles EKF, FLG, GMH, HNE, is 
the half * of the parallelogram in which it is: but every seg* 
inent is l^ss than the parallelc^ram in which it is; wherefore 


•41.1. 


^ For there is some squere equal to the Hrcle ABCD } let P be the nde of 
it, and to three straight lines, BD, FH, and P, there can be a fourth proper, 
lional; let this be Q: therefore f the squares of these four straight lines are f 
proportionals; that is, to the squares of BD, FH, and the circle ABCD, it Is 
possible there may be a fourth proportional. Let this be S. And in like 
manner are to be understood some diings in some of the following propositions* 
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each of the triangles EKF, FLO, GIVIH, HNE is greater than 
half the segment of the circle which contains it. Again, if 
the remaining circumferences be i^vided each into two equal 
parts, and thejr extremities be joined by straight lines, by 
continuing to do this, there will at length remain segments 
of the circle, which together are less than the excess of the 
circle EFGH above the space 8; because, by the preceding 
Lemma, if from ^ the greater of two unequal magnitudes 
there be tak6n more than its half, an(] from the remainder 
more than its half, and so on, there shall at length remain a 
magnitude less than the least of the proptf-ed magnitudes. 
Let then the segments EE, KF, FL, LG, GM, MH, HN, 
be those that remain,Mind are together less than the excess of 
the circle EFGII above S: therefore the rest of the circle, viz. 
the polygon EKFLGMHN is greater than the space S. De¬ 
scribe likewise in the circle ABCD the polygon AXBOCPDR 
similar to the polygon EKFLGAIZIN : as therefore the square 
of BD is to the square of FH *, so is the polygon AXBOCPDR to 
the polygon EKFLGMHN : but th| square of BD is also to 
the square of FH t, as the circle ABCD is to the space 8; 
therefore as the circle ABCD' is to the space S,’so is * the poly¬ 
gon AXBOCPDR to the polygon EKFLGMHN : but the cir¬ 
cle ABCD is greater than the polygon contained in it ;«whcrc- 
fore the space S is greater* than th# polygon EKFLGMHN: 
but it is likewise less, as has been demonstrated; which is 


impossible : therefore the square of BD is iv>t to the square of 
FH, as the circle ABCD is to any space less than the circle 
EFGH. In the same manner it may be demonstrated, that 
neither is the square of FH to the square of BD, as the circle 
EFGH is to any * 


space less than 
the circle ABCD. 
Nor is the square 
of BD to the 
square of FH, as 



the circle ABCD 

is to any space greater than the circle EFGH. Foi*if,,possi¬ 
ble, let it be so to T, a space greater than the circle EFGH : 
therefore inversely, as the square of FH to the square of BD, so 
is the space T to the circle ABCD: but as the spacqj T is 


^ For as, in llie foregoing note, it was explained how it was possible there 
could be a fourth proportional to the squares' of BD, FH, and the circle 
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to the circle ABCD, so is the circle £F6H to sraoe space, which 
m«8t be less * than the circle because the space T is • 14.6. 

greater, by hypothesis, than the circle BFGH: therefore as 
the square of FH is to the square of BD, ifo is the circle 
EFGH to a space less than the circle ABGD, which has been 
demonstrate^ to be impossible: therefore th$ square of BD is 
not to the square of FH.’as the circle ABCD is to any space 
greater than the circle EFOH : and it has been demonstrated 
that neither is the sqifare of BD to the square of FH, as the 
cirpleABCD to ^y space less than the circle EFGH : where- „ 
^ore, os the square of BD to the square of FH, so is the cir- 
cl^^ABCD to the circle EFGH j;. Circlqis> therefore, are, &c. 

PROPOSiflON III. 

Thkor .—Every pyramid having a triangular base, may be S«« K. 
divided into two equal and similar pyramids having trian¬ 
gular baseSi and which ^are similar to the whole pyramid; 
and iulo two equal p%*isms which together are greater than 
half of the t^ole pyramid. 

Let there be a pyramidj of which the ba^ is the triangle 
ABC^ Sad its vertex the i^oint D : the pyramid ABCD may be 
divided into two equal and similar pyramids 
having triangular basesj isnd similar to the whole; 
and into two equal prisms which together shall 
be greater than half of the whole pyramid. 

Divide AB^ BC^ CA, AD, DB, DC, each iMo 
two equal parts in the pq»ints E, F, G, H, K, L, 
and join EH, EG, GH; HK, KL, LH, EK, KF, FG. 

Because AE is equal to EB, and AH to HD, HE is 
parallel * to DF: for the same season, HK is pa¬ 
rallel to AB; therefore HEBK is a parallek^ram, and HK 
equal * to £B : but EB is equal to AE ; therefore also AE is * 84.1. 
equal to HK: and AH is equal to HD ; wherefore EA, AH are 
equal tO'KH, HD, each to each; emd themigle EAH is equal* * S9. i. 

n 

r 

ABCDs was named S; bO| Is manner, there be a fourth pr<^r- 
tional to this other spacO) named T, ah'd the circles ABCDs EFGH. And the 
like is ten be understood in sdme of the following propositions. 

^ Because, as a fourOi proportional to the squares of BD, FH, and the 
circle ABCD, » possible, uid that it can ntdther he less nor greater foan the 
circle EFGH, it musi he equal to it. 
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to the angle KHDtherefore the base EH is equal to the base 
KDj and the triangle AEH equal * and similar to the triangle 
HKD: for the same reason, the triangle AHH is equal and 
similar to the triangle HLD. Again, because the two straight 
lines EH, HG, which meet one another, are parallel to RD, DL, 
that meet one another, and are not m the «nme pla««e with 
them, they contain equal • angles; therefore the angle EHG 
ia equal to the angle KDL: and because EH, 

HG arc equal to KD, DL, each to^each,' and the 
angle EHG equal to the angle KDL; thcrefj^e 
the base EG is equal to the base KL, und the 
triangle EHG equal * and similar to the trian-* 
gle KDL: for the same reason, the triangle AEG 
is also equal and similar to the triangle HKL : 
therefore the pyramid, of which the base is the 
triangle AEG, and of which the vertex is the 
point H, is equal * and similar to the pyramid, the base of 
which is the triangle KHL, and vertex the point D. And 
because HK is parallel to AB, a side of the triangle ADB, the 
triangle ADB is equiangular to the triangle IlDK, and their 
sides are * proportionals; therefore t^e triangle ADB is similar 
to the triangle HDK: and for the same x^son, the triangle 
DBG is similar to the triangle Dk£i ; and the triangle ADC to 
the triangle HDL; and also the triangle ABp to the triangle 
AEG: but the triangle AEG is similar to the triangle HKL, 
as before was proved ; therefore the triangle ABC is similar * 
to the triangle HKL; and^herefore the pyramid of which the 
base is the Wangle ABC, and vertax the point D, is similar ^ 
to the pyramid of which the base is^' the triangle HKL, and 
vertex the same point D: but the pyramid of which the baso 
is the triangle HKL, and vertex the point D, is similar, as 
has been proved, to the pyramid the base of which is the 
triangle AEG, and vertex the point H; wherefore the pyra¬ 
mid, the base of which is the triangle ABC, and vertex the 
point D, is similar to the pyramid of which the base is the 
triangle AEG, and vertex H : therefore each of the pyramids 
AEGH, HKLD is similar to the whole pyramid ABCD. * And 
because BF is equal to FC, the parallelogram EBFG is double * 
of the triangle GFC: but when there are two prisms of the 
same altitude, <ff which one has a parallelogram for its base, 
and the other a triangle that is half of the parallelogram, these 
prisms are equal * to one another; therefore the prism having 
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the parallelogram EBFG for its bascj and the strai^t line KH 
opposite to it, is equal to the prism having the triangle GBC 
for its base, aad the triangle HKL opposite to it; for they 
are of the same altitude, because they are between the pa¬ 
rallel * planes ABC, HKL: and it is manifost that each of * is. 11. 
these p: tains is greater than cither of the pyramids of which 
the triangles AEG, HKL are the bases,, and the vertices 
the points, H, D; because, if £F be joined, the prism having 
the parallelogram EBfG for its base, and KH the straight 
line opposite to is greater than the pyramid of which the 
'^;ase is the triangle EBF, and vertex the point K: but this 
pyramid is equal * to the pyramid, the base of which is the *0.11. 
triangle AEG, and vertex Ute point H ; because they are con¬ 
tained by equal and similar planes: wherefore the prism 
having the paralleli^am EBFG for its base, and opposite side 
KH, is greater than the pyramid of which the base is the tri¬ 
angle AEG, and vertex the point H : and the prism of which 
the base is the parallelt^ram EBFG, and opposite side KH, is 
equal to the prism having the triangle GFC for its base, and 
HKL the triangle opposite to it; and the pyramid of which 
the base is the triangle AEG, and vertex H, is equal to the 
pyramid of which the base' is the triangle HKL, and the ver¬ 
tex D: \herefore the two prisms before mentioned are greater 
than the two pyramids of which the bases are the triangles 
AEG, IIKL,. and vertices the points H, D. There^re, the 
whole pyramid ot which the base is the triangle ABC, and 
vertex the point D, is divided into two equal pyramids similar 
to one another, and to the whole pyramid; and'into two equal 
prisms; and the two prisms are tc^^hm* greater tmm half of 
the whole pyramid, q. b. d. 

PROPOSITION IV. 

Thbor.— If there be two pyramids of the same altitude upon See N. 
triangular bases, Ohd each qf them be divided into two equal 
pyramids similar to the whole pyramid, and also into two 
equal prisms ; and if each of these pyranuds he divided in 
the same manner^ as the frSt two, and so on; as the base 
of oniqf the first two pyranuds is to the bait (fthe other, 
so shall all the prisms m one qf Idewi be to aU the prisms in 
the other, that are produced by the same number of divisions. 
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Let there be two pyramids of the same altitude-upon the 
triangular bases ABC, DEF, and having their vertices in the 
points O, H; and lot each of them be divided'into two equal 
pyramids simiiur to the whole, and into two equal prisms; 
and let each of the pyramids thus made, be conceived to be ^ 
divided in the like manner, and so on; as the base JH&C is to 
the base DEF, so nhall all the prisms in the pyramid ABCO be 
to all the prisms in the pyramid DEFH made by the same 
number of divisions. ^ ^ 

Make the same construction as in the fore^ing proposition: 
and because BX is equal to XC, and AL to LC, therefore X ^ 
is parallel * to AB, and the triangle ABC similar to the cri-* 
angle LXC: for the same reason, the triangle DEF is similar 
to RVF. And because BC is double of CX, and EF double of 
FV, therefore t BC is to CX, as EF to FV: and upon BC, CX, 
are described the similar and similarly situated rectilineal 
figures ABC, LXC: and upon £F, FV, 


in like manner are described the simU 
lar figures DEF, RVF: therefore, ak the 
triangle ABC is to the triangle LXC, 
so* is the triangle DEF to the triangle 
RVF, and, by permutation, as the tri¬ 
angle ABC to the triangle DEF, so is 
the triangle LXC to the triangle RVF. 

And because X the plan^ ABC, OM^, 
as also the planes DEF, STY, ate parallel*,^the perpendiculars 
drawn from the points O, H, to the bases ABC, DEF, which, 
by the hypothesis, are equal to one another, shall be cut each 
into two equal * parts by the planeft OMN, STY, because the 
straight lines DC, HF are cut into two equal parts in the points 
by the same planes; tlierefi^e the prisms LXCOMN, 
RVFSTY are of the same altitude ; and therefore, as the base 
LXC tQ the base RVF, that is, as the triangle ABC to the tri¬ 
angle DEF, so* is the prism having the triangle LXC for its 
base, and OMN the triangle opposite to it, to the prism of 
which the base is the triangle RVF, and the opposite triangle 
STY: and because the two prisms in the pyramid AliCO are 
equal to one another, and also the two prisms in the pyramid 
DEFH equal to one another; as the prism of which the base 



I 


I Because GO is equal to OA, and GM to MB, therefore f OM Is parallel 
to AB; in like manner OK is parallel to AC i therefore f the ]^ane MON is 
parillel to the plane BAC. 




is tbe parallelf^ran^ ^BXh and opposite side MO» to the prisin 
hj^ving the triangle LXC finr its base, and OMN the triangle 
opposite to it/; so jia prism of whirii the base* is the 
parallelogram P£VR, and opposite side TS, io the prism of 
which the base is the triangle RVF, and opposite triangle STY: 
* therefore, componendo, as tbe prisms KBXLMO, LXCOMN 
together, are tp the prism LXCOMN, so are the prisms 
PEVRTS, RVFSTY to the prism RVFS'tY ; and, pennutando, 
as the prisms KBXLM9, LXCOMN are to the prisms PEVRTS, 
% RVFSTY, so is the prism IjXCOMN to the prism RVFSTY : 
as the prisd%XCOMN to the prism RVFSTY, so is, as has 
his m proved, the base ABC to the base DEF; therefore, as 
: the base ABC to the base DEF, so are the two prisms in the 
pyramid ABCO to the two prisms in the pyramid DBFH : and 
likewise if the pyramids now made, for example, the two 
OMN(}, STYll, be divided in the some zRanner; as the base 
OMN is to the base STY, so are the two prisms in the pyramid 
OMNG"to the two prisms in the pyramid STYH; but the base 
OMN is to the base STY, as the base ABC to thp bai^ DEF ; 
therefore, as the base ABC to the base DEF, so are tbe two 
prisms in the pyramid ABCG to the tweprisms in the pyramid 
DEFH; and so are the two prisms in tbe pyramid OMNG to 
the tw(f prisms in the pyraftiid STYH ; and «e are ril four to 
all four: and the same thing may be shewn of the prisms 
made by dividing the pyramids AXLQ and DPRS, and of all 
made by the mne nutaber of divisions, o- £• i>« 



PROPOSITION V. 

* 

Tbsor.— Pyramids iff the same attitude which have /riongu* See N. 
lar hasesy are to one another as their bdses^ 

Ijet the pyramids of which the triangles ABC^ -X^F Are ihe 
bases, and of triiich the vertices are the points O, H, he of the 
same altitude: as the base ABC to the bsse X>!eF, so &all the 
pyramid ABCO he to the pyramid DEFH. ' ” ■' 

if it be not so, the base ABt^'^iust he to‘the base-DEF, 
as the pyramid ABCO to a solid cather less thei^stiM 
DEFH, or graatsr than itj. '*’S1rat> let it be to a solid less 
than it, viz. to the solid Q; and divide the. pyramid DEFH 

A 

X V 

^ See note at foot of page 
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into two equal pyramids, similar to the whole, and into two 
equal prisms; therefore these two prisms are greater ♦ than 
the half of the whole pyramid. And again^ Ic^ the pyramilSb 
made by this division be in like manner divided^ and so on + 
until tbe pyramids which remain undivided in the pyramid 
DEFH be all of them tc^ether, less than the excesi^^of the 
pyramid DEFH al^ve the solid Q; let these, for example, be 
the pyramids DPRS, STYII: therefore the prisms, which make 
the rest of the pyramid < 

DEFH, are greater than the 
solid Q- Divide likewise 
the pyramid ABCG in the 
same manner, and into as 
many parts as the pyramid 
DEFH: therefore as the base 
ABC to the base DEF, so * 






Q 

1 







Z 


N 




are the prisms in the pyra- 

base ABCO to the prisms in the pyramid DEFH: but as the 
base ABt? to the base DEF, so, by hypothesis, is the pyramid 
ABCG to the solid Q ; and therefore, as the j^ramid ABCG to 
the solid Q, so are the prisms in the pyramid ABCO to the 
prisms in the pyramid DEFH; but the pyramid ABCG is 
greater than the prisms contained in it; wherefore * also the 
solid Q is greater than the prisms in the pyramid DEFH: but 
it is also less, which is impossible: (hcrefori the base ABC is 
not to tlie base DEF, as the pyramid ABCOCoany solid which 
is less than the pyramid DEFH. In the same manner it may 
be demonstrated^ that the base DEF is not to the base ABC, 
as tbe pyramid DEFH to any soli^ which is less than the 
pyramid ABCG. Nor can the base ABC be to the base DEF, 
as the pyramid ABCG to any solid whiqh is greater than the 
pyramid DEFH. For if it be possible, let it be so to a greater, 
viz. the solid Z. And because the base ABC is to the base 
DEF, as the pyramid ABCG to the solid Z; by inversion, as 
the base DEF to the base ABC, so is the solid Z to the pyramid 
ABCO: but as the solid Z is to the pyramid ABCG, so t is 
the pyramid DEFH^to some solid, which most be less* than 
'the pyramid ABCO, because the solid Z is greater than the 
pyramid DEFH; and therefore,^8 the base DEF to the base 
ABC, so is tbe pyramid DEFH to a solid less than the pyramid 


1 Bee pote at foot of page 220. 
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ABCG; the contrary to which has been proved: therefore the 
bgse ABC is not to the base DBF, as the pyramid ABCG to any 
solid which i&' greater than' the pyramid DEFH. Amd it has 
been proved, that neither is the base ABC to the base DEF, as 
Uie pyramid ABCO to any sdhdBrhich is less than the pyramid 
DEFH *, therefore, as the base ABC is to the base DEF, so' is 
the pyramid ABCG to thd pyramid DEFH. Wherefore, pyra¬ 
mids, &c. 0. B. D. 

PROPOSITION VI. 

^ —Tyramids of the same altitude which have polygons See N. 

Jar their bases, are to one another as their bases. 


Let the pyramids which have the polygons ABCDE, FGHKL 
for their bases, and their vertices in the pmnts M, N, be of the 
same altitude: as the base ABCDE to the base FGHKL, so 
shall the pyramid ABCDEM be to the pyramid FGHKLN. 

Divide the base ABCDE into the triangles ABC, ACD, ADE ; 
and the base FGHKL into the triangles FGH, FHK, FKL; and 
upon the bases ABC, ACD, ADE, let there be as many pyra¬ 
mids of which the common vertex is the pdnt M, and upon 
the reihainingbases as many pyramidshaving their common ver¬ 
tex in the point N. Therefore, since 
the triangle ABd^ is to the triangle 
FGH, as * the pyfhmid ABCM to the 
pyramid FGHN; and the triangle 
ACD to the triangle FGH, as the py- 
ramidACDMtothepyraniid FGHN; 
and also the triangle ADE to the triangle FGH, os the pyramid 
ADEM to the pyramid FGHN; as all the first antece^nts to 
their common conseqnent, so * are all the othei^mtecedeuts to 
their common conset^uent; that is, as the base ABCDE to the 
base FGH, so is the pyramid ABCDEM to the pyramid FGHN: 
and for the same reason, os the base FGHKL to the l»se FGH, 
so is the pyramid FGHKLN to the pyramid FGHN ; and, by 
inversion, as the base FGH to the base FGHKL, so is the 
pyramid FGHN to the pyramid FGHKLN: then, because, as 
the base ABCDE to the base FGH, so is the pyramid ABCDEM 
to the pyramid FGHN; and as the base FGH to the base FGHKL, 
so is the pyramid FGHN to the pyramid FGHKLN; therefore, 
ex sequali *, as the base ABCDE to the base FGHKL, so the 

q2 
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pyramid ABCDEM to the pyramid FGHKLN. TherefbrCj 
pyramids^ Q* e. d. 

PKOPOSIJION VII. 

Thror. —Every prism having a triangular base, 7nay^1>€ di¬ 
vided into three pyramids that have iriangular bases, and 
are equal to me another. 

f 

Let there be a prism of which the base is the triangle ABC, 
and D£F the triangle ppposite to it: the prism ABCDEF 
may be divided into three equal pyramids having triangull.r 
bases. 

Join BD, "EC, CD; and because ABED is a parallelogram of 
which BD is the diameter^ the triangle ABD is equal * to the 
triangle EBD ; therefore the pyramid of which the base is the 
triangle ABD, and vertex the point C, is equal * to the pyra¬ 
mid of which the base is the triangle EBD, and vertex the , 
point C; but this pyramid is the same with the pyramid the 
base of which is the triangle EBC, and vertex, the point D ; 
for they are contained by the same planes: therefore the pyra¬ 
mid of which the base is the triadgle ABD, and vertex the 
point C, is equal to the pyramid,' the base of which *1s the 
triangle EBC, and vertex the point D. Again, because FCBE 
is a parallelogram of which the diameter is* CE, the triangle 
E(;F is equal * to the triangle ECB ; therefore 
the pyramid of which the base is the triangle 
ECB, and vertex the point D, is equal to the 
pyramid the base of which is the tria/igle ^F, 
and vertex the point D; but the pyramid of 
w'hich the base is the triangle ECB, and vertex 
the point D, h«s been proved equal to the pyra¬ 
mid of which the base is the triangle ABD, and vertex the 
point C : therefore the prism ABCDEF is divided into^ three 
equal pyramids having triangular bases, viz* into the pyramids 
ABDC, EBDC, ECFD. And because the pyramid of which 
the base is the triangle ABD, and vertex the point C, is the 
same with the pyramid of which the base is the triangle ABC, 
and vertex the point D, for they are contained by the same 
planes; and that the pyramid of which the base is t£e tri¬ 
angle ABD and vertex the point C, has been demonstrated to 
be a third part of the prism, the base of which is the triangle 
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ABC, and DEF tlic opposite triangle; therefore, the pyramid 
8 f which the base is the triangle ABC, and vertex the point 
D, is the third part of the prism which ha? the same base, 
viz. the triangle ABC, and DEF its opposite triangle* Q. B. 0 . 

Cou, 1. From this it is manifest, that every pyramid is 
the third part of a prism which has the same base, and is of 
an equal altitude uith it: for if the base of the prism be any 
otlicr figure than a ^riaiiglc, it may be divided into prisms 
having triangular 

Cor. 2. Pi^ms of equal altitudes arc to one another as 
' their bases ; because tlie jiyrumids upon the same baseq^^ud 

tlic same altitude, are * to one another as their bases* * 6. 12. 


PROPOSITION VIII. 

Throk .—Similar j^yramids hivmg iHangular bases, arc one 
io an<AliC9; in the triplicate ratio of that of their hotnologom 
sides. 

Let the pyramids having the triangles ABC, DEF for their 
bases, and the points O, H for their vertices, be similar and 
similarly situated: the pyr^'^mid ABCO shall have to the pyra¬ 
mid DEFH, the triplicate ratio of that which the side BC has 
to the homologoi's side EF. 

Complete the parallelograms ABCM, GBCN, ABOK^^and the 
solid parallelopiped BGML, contained by these, planes and 
those opposite to them: and, in like manner, complete the 
solid parallelopiped EHPO contained by the^ three parallelo¬ 
grams DEFP, HEFR, !t>EHX, and those opposite to them. 

And because the pyramid ABCG is similar to the pyramid 
DEFH, the angle ABC is equal * to the angle DEF, and the • iiDef.ll. 
angle GBC to the angle llEF, and ABG to DEH: and AB is ^ Def. 6. 
16 BC, as D£ to EF; that is, the 
bides about the equal angles are 
jiroportionals: wherefore the pa¬ 
rallelogram BM is similar to EP: 
for the same reason, the paral¬ 
lelogram BN is similar to £R, kiid 
BK tow EX: therefore the three 
parallelograms BM, BN, BK are 

similar to the three EP, ER, EX: but the three BM, BN, BK 
are equal and similar* to the three which are opposite to • 24 , 11 . 
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them, and the three £F« £X^ equal and simiW to t^o 

three opposite to them: whereforp the solids BOML> £HPO 
are contained hy the same number of similar'planes: and 
their $(did angles are * equal; and therefore the s(did BOML 
is similar* to the solid £HPO: but similar solid parallelo- 
pipeds have the triplicate * ratio of that which their^omo- 
logouB sides have: therefore the solid BGML has to the solid 
£HPO^ the triplicate ratio of that whi^h the side 1^ has to 
the homologous side £F; but as the solid BOML is to the 
solid £HPO| so is * the pyramid ABGO to the^-yramid D£FH; 
becaose the pyramids are the sixth pa^ of the solids> sixfce the' 
prism, which is the half * of the solid parallelopiped, is triple'* 
of the pyramid: wherefore, likewise, the pyramid ABCG has 
to the pyramid D£FH, the triplicate ratio of that which BC 
has to the homologous side £F. o. b. d. 

Cob. From this it is evident, that similar pyramids which 
have multangular bases, are likewise to one another in the 
triplicate ratio of their homologou^s sides: for they may be 
divided into similar pyramids having triangular bases, because 
the similar polygons which are their bases, hiay be divided 
into the same number of similar triangles homologous to the 
whole polygons; therefore as one.of the triangular pyramids 
in the first multangular pyramid is to one of the triangular 
pyramids in the other +, so arc all the triangular pyramids in 
the first* to all the triangular pyramid in t^e other; that is, 
so is the first multangular pyramid to the other: but one tri¬ 
angular pyramid is to its similar triangular pyramid in the 
triplicate ratio of their homologous sides; and therefore the 
first multangular pyramid has to thc*othcr, the triplicate ratio 
of that M'hich one of the sides of the first has to the homo-* 
logons side of the other. 


PROPOSITION 2X. 

Thbob. —The bases and altitudes of equal pyramids having 
triangular bases are reciprocally proportional; and irian- 
gular pyramids, of which the bases and aUiiudes are reci^ 
procally proportional, are equal to one another* , 

Let the pyramids of which the triangles ABC, DBF are the 
bases, and which have their vertices in the points O, H, be 
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oqual to one another: the bams and altitudes of the pyramids 

DEFH;, shall rectprocslly juroportional, via. the base 
ABC dall be to the base i>BF> as the altitude of the ^rramid 
DEFH to the altitude of ithe pyramid ABCGv 

Complete the parallelt^ams AG, AO, G€, DF, OH, HF; 
ftn^^ the 8(did parallelojnpeds BGML, EHPO, contaitted by 
these planes and those which are opposite to them. And be¬ 
cause the pyramid ABCO is equal to the pyramid OEFH, mad 
that t'»e solid BGMfj is sextuple f of the pyramid ABOO, and t S®* 
the solid EHPO sextuple of the pyramid DEFH; therefore *’’'*^*‘ 
the solid BOJ^fti is equal * to the solid EHPO: but the bases • i Ax. 5. 

altitudes of equal solid paraUelopipeds are re^pro-* 
cally proportional *; therefore as the base BM to the base EF, •S4.ll. 
so is the altitude of the solid EHPO to the altitude of the 
solid BGML; but as the l^se BM to the base EP> so is ^ the * i&, 5. 
triangle ABC to the triangle DBF; 
therefore as the triangle ABC to 
the triangle D£F> so is the alti* 
tude of the solid EHPO t:> the ai-* 
titude of the solid BOML: but 
the altitude of the solid EHPO is 

M 

the same with the altitude of the 
pyrafiiid DEFU; and the altitude 

of the solid BGML is the same with the altitude of the pyra¬ 
mid ABCG; tlforeforej as the base ABC to the base DEF, so 
is the altitude bf the pyramid DEFH to the altitude of the 
pyramid ABCO: wherefore, the bases and altitudes of the 
pyramids ABCG, DEFH, are reciprocally pr 9 portional. 

Again, let the baseband altitudes of the pyramids ABCG, 

DEFH, be reciprocally proporfional, viz. the base ABC to the 
base DEF, as the altitude of the pyramid DEFH to the alti¬ 
tude of the pyramid ABCO; the pyramid ABCG shall be equal 
to the pyramid DEFH. 

The same construction being made; becanse as the base 
ABC to the base DEF, so is the altitude of the pyramid DEFH 
to the altitude of the pyramid ABCO ; and as the base ABC 
to tne base DEF, so is the parallelogram BM to the parallelo¬ 
gram BP: therefore the parallelogram BM is to EP, as the al¬ 
titude of the pyramid DEFH to the altitude of the pyramid 
ABCD : but the altitude of the pyramid DEFH is the same 
with the altitude of the solid parallelopiped EHPO ; and the 
altitude of tlic pyramid ABCG is the same with the altitude 
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of the solid paraUeln^iped SGML : therefore as the base BM 
to the base EP, so is the altitude of the solid p8ralld<^ipe4 
EHPO to the altitude of the solid parallclopiped BGML: but 
solid parallelopijJbds having their ba^ and altitudes recipro* 
cally proportional, are equal * to one another; therefore the 
solid parq|lelopiped BGML is equal to the s<did parallel^iped 
EHPO : and the pyramid ABGG is tlte sixth part of the solid 
BGML, and the pyramid D£FH is the sixth part of the solid 
EHPO; therefore the pyramid ABCG is %qual t to thi pyra¬ 
mid DEFH. Therefore, the bases, &c. q. £. d. 

PROPOSITION X. 

Theor.— Every cone is the third part of a cylinder which 
has the same base ajtd is of an equal altitude with it. 

Let a cone have the same base with a cylinder, viz. the 
circle ABCB, and the some altitude.: the cone sh^ be the 
third part of the cylinder; that is, the cylinder shall be 
triple of the cone. 

Ift !ie cylinder be not triple of thd cone, it must either be 
greater than the triple, or less than rt. First, let it be ^eater 
than the triple; and inscribe the square 
f 8.18. ABCD in the circle: this square is greater f 

than th^lialf of the circle ABCD. Upon ^ 
the square ABCD, erect a prism of the same 
altitude with t}ie cylinder; this prism 
shall be greater than half of the cylinder: 
iot let a square be describe about the 
^ circle, and let a pripm be erected upon the square, of the same 
altitude with the cylinder: then the inscribed square is half 
of that circumscribed; and upon these square bases are erected 
solid parallelopipeds, viz. the prisms of the same altitude; 
therefore the prism upon the square ABCD is the half of the 
prism upon the square described about the circle; because 
* 38.11. they are to one another * as their bases: and the cylinder is 
less than the prism upon the square described about the circle 
ABCD, therefore the prism upon the square ABCD of the 
same altitude with the cylinder, is greater than half the 
cylinder. Bisect4:he circumferences AB, BC, CD, DA, in the 
poi^ B, F, G, H; and join AB, EB, BF, FC, CG, GD, jm, HA : 



* U, 11 . 


t 2 Ax, 5. 



BOOlt XIY. PROP X. 


2S& 


then^ each of the triangles AEB, BFC, CGD> BHA is gieater 
than the half of the segment of the circle in which it stands^ 
as ivas she^^yu in Prop# 2, of this Book- Erect prisms upon 
each of these triangles^ of the same altitude with the cylinder; 
each of these prisms shall be greater than half of the segment 
of thos cylinder in which it is; because^ if through the points 
B, F, G, H, parallels be drawn to AB, BC, CD, DA, and pa¬ 
rallelograms be completed upon tbe same AB, BC, CD, DA, 
and sobd parallelopipeds be erected upon the parallelograms; 
the prisms upo^the triangles ABB, BFC, COD, DHA, are the 
halves of the solid parallelopipeds*; and 
t^% segments of the cylind^ which are upon 
the segments of the circle cut off by AB, BC, 

CD, DA, are less than the solid parallelopi¬ 
peds which contain them; therefore the 
prisms upon the triangles ABB, BFC, COD, 

DHA, are greater than half of the segments 


•8 Cor. 7. 
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of the cylinder in which they are: therefore, 

if each of the circumferences be divided into two equtd parts, 

and straight linos be drawn from the points of division to the 

extremities of the circumferences, and upon the triangles thus 

made, jirisms be erected of the same altitude with the cylin- 

deri and so on, there must at length remain some segments 

of the cylinder which leather are less * than the excess * Lemma. 

of the cylinder above the triple of the cone: let^em be 

those upon the segments of the circle, A£, EB, BF, FC, CO, 

GD, DH, HA; therefore the rest of the cylinder, that is. the 
prism of which the base is the polygon AEB'FCGDH, and of 
which the altitude is tUb same with that of the cylinder, is 
greater than the triple of the cone i but this prism is triple ♦ * * Cor. 7. 
of the pyramid upon the same base, of which the vertex is 


the same with the vertex of the cone ; therefore the pyramid 
upon the base AEBFCGDH, having the same vertex with the 
cone, is greater than the cone of which the base is the circle 


ABCD: but it is also less, for the pyramid is contained within 
the cone $ which is impossible; therefore the cylinder is not 
greater than the triple of the cone. 

Nor can the cylinder be less than the triple of the cone* 
Let it jbe less, if possible; therefore, inversdy, the cone is 
grefter than the third part of the cylinder. In tbe circle 
ABCD, inscribe a square: this square is greater than the half 
of the circle: and upon the square ABCD erects pyramid, 
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having the same vertex with the cone; this pjrramid is 
greater than the half of the cone; because^ as was before de« 
monstratedj if^a square be described about the circle^ the 
square ABCD is the half of it: and if upon these sqiiares 
there be erected solid parallelopipeds of the same al'^tude 
with the cone^ which are also prisms^ the prism upon the 
square ABCD is the half of that which is upon the square de¬ 
scribed about the circle ; fur they are to one another as. their 
*32.11. bases*; as are also the third parts ot them: therefore the 
pyramid, the base of which is the square AB^> is half of the 
pyramid upon the square described about the circle; but 'this: 
last pyramid is greater than the cone which it contain; 
therefore the pyramid upon the square ABCD, having the 
same vertex with the cone, is greater than the half of the 
cone. Bisect the circumferences AB, BC, CD, DA, in the 
points E, F, G, H, and join AE, EB, BF, FC, CG, GD, DH, HA: 
therefore each of the triangles AEB, BFC, CGD, DHA, is 
greater than half of the segment of the circle in which it is: 
upon each of these triangles erect 'pyramids having the same 
vertex with the cone: therefore each of those pyramids is 
greater than the half of the segment of the 
cone in which it is, as was befor^ demon¬ 
strated of the prisms and segments of the 
cylinder: and thus dividing each of the 
circumferences into two equal pafts, an<i 
joining the points of division and their ex¬ 
tremities by straight lines, and upon the triangles erecting 
pyi^mids having their vertices the same with that of the cone, 
and so on, there must at length remihin some segments of the 
fLenmip, cone, which together are less i* than the excess of the cone 
above the third part of the cylinder: let these be the seg¬ 
ments upon AE, EB, BF, FC, CO, GD, DH, HA : therefore the 
rest of the cone, that is, the pyramid of which the base is the 
polygon AEBFCGDH, and of which the vertex is t^e same 
with that of the cone, is greater than the third part of the 
cylinder: but this pyramid is the third part of the prism 
upon the same base AEBFCGDH, and of the same altitude 
with the cylinder; therefore this prism is greater than the 
cylinder of which the base is the circle ABCD ; but it is also 
lessi for it is contained ivitliin the cylinder; which is impos¬ 
sible: therefore the cylinder is not less than the triple of the 
cone. And it has been demonstrated, that neither is it greater 
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than the triple; therefore the cylinder is triple of the cone, 
or, «the cone is the third part of the cylinder. Wherefore, 
every cone, &ci' e. s. d. 


PEOPOSITION XI. 

•t 

Thbor.—C owcJ and cylinders qf the same altitude, are to one See N. 

anoi9her as their bases. 

Let the conegAnd cylinders, of which the bases are the 
ciroies ABCD^ EFGH, and the axes KL, MN, and AC, EG 
the diameters of their bases, be of the same altitude: as 
the circle ABCB to the circle BFGH, so shall the cone AL be 
to the cone £N. 

If it be not so, the circle ABCD must be to the circle 
EFGIl, as the cone AL to some solid either less than the cone 
EN, or greater than it. First, let it be to a solid less than 
EN, viz. to the solid X ; an/1 let Z be the solid which is equal 
to the excess of the cone EN above the solid X ; therefore the 
cone EN is equal to the solids X, Z together. In the circle 
EFGH, inscribe the square EFGH ; therefore this square is 
greater "than the half of the circle: upon the square EFGH, 
erect a pyramid of the same aL 
titude with the cone; this py¬ 
ramid shall be greater than half 
of the cone ; for, if a square be 
described about the circle, and 
a pyramid be erected t^on it, 
having the same vertex with the 
cone :|:, the pyramid inscribed 
in the cone is half of the py¬ 
ramid circumscribed about it, 
because they are to one another 
as their bases *: but the cone 

is less than the circumscribed pyramid; therefore the pyra¬ 
mid of which the base is the square EFGH, and its vertex the 
same with that of the cone, is greater than half of the cone. 

% Veftex isjput in place of altitude, which U in the Gre^, because the py¬ 
ramid, in what follows, is supposed to be circumscribed about the cone, and so 
must have the same vertex. And the same change is made in some places 
foHowing. 
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Divide the circumferences EF, FG, GH, HE, each into two equal 
parts in the points O, P, R, S, and join EO, OF, FF, PG, GR,;^H, 
HS, SE: therefore each of the triangles EOF, FPG, GRH, USE, 
is greater thahhalf of the segment of the circle in whicli it 
is: upon each of these triangles, erect a pyramid having the 
same vertex with the cone; each of these pyramids h greater 
than the half of ^he segment of the cone in which it is: and 
thus dividing each of these circumferences into two equal 
parts, and, from the points of division, drawing strmght lines 
to the extremities of the circumferences, aqd upon each of the 
triangles, thus made, erecting pyramids having the' same 
vertex >vit}i the cone, and so on, tlicrc must at length remain 

• some segments of the cone which are together less * than the 
solid Z; let these be tlie segments ujion EO, OF, FP, PG, Gtt, 
RH, HS, SE: therefore the remainder of the cone, viz. the 
pyramid of which the base is the polygon EOFPGRHS, and 
its vertex the same ^vith that of the cone, is greater thau the 
solid X. In the circle ABCD, inscribe the polygon ATBYCVDQ 
similar to the polygon EOFPGRHv^, and upon it erect a pyra* 
mid having the same vertex with the cone e!\.L: and because 

• 1 .12. as the square of AC is to the square of EG, so* is the po¬ 

lygon ATBYCVDQ to the polyg<Ai EOFPGRHS ; and as the 

• 2,12. square of AC to the square of EG, so is * the circle ABCD to 

• J1.6. circle EFGH; therefore the circle ABCD is* to the 

circle EFGH, as the polygon ATOYCVDQ to the polygon 
EOFpJrhs : but as the circle 
ABCD to the circle £^GH, so is 
the cone AL tq the solid X; and 
as the polygon ATBYCVDQ to 
the polygon EOFPGRHS, so 

• 6 12'. is • the pyramid of which the 

base is the first of these poly¬ 
gons, and vertex L, to the py¬ 
ramid of which the base is the 
other polygon, and its vertex 
N: therefore, as the cone AL 
to the solid X, so is the pyra¬ 
mid of which the base is the polygon ATBYCVDQ, and vertex 
L, to the pyramid the base of which is the polygon EOFPGRHS, 
and vertex N: but the cone AL is greater than the pyramid 

« 14,^. contained in it; therefore the solid X is greater* than the 
pyramid in the cone EN: but it is less, as was shewn; which 
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is absurd: therefore the circle ABGD is not to the <urole 
HF0H, as the o<me AL to any eclid which is less than the cone 
EN. In the sutne manner'it. may be demonstrated, that the 
circle EFGH is not to the circle ABCD, as the cone £N to any 
solid less than the cone AL. New can the mrcle ABCD be to 
the circle EFGH, as the cone AL, to any solid greater than 
the cone EN. For if it be'possible, let it beso to the solid I, 
which is greater than the cone EN : therefore, by inversion, as 
the circle EFGH to th^ circle ABCD, so is the solid I to the 
cone AL: but as^e solid 1 to the cone AL, so is the cone 
EN t6 some soli* which must be less * than the cone AL, 
because the solid I is greater than the cone EN; therefore, as 
the circle EFGH is to the circle ABCD, so is the cone EN to a 
solid less than the cone AL, which was shewn to be impos¬ 
sible ; therefore the circle ABCD is not to the circle EFGH, 
as the cone AL is to any solid greater than the cone EN. And 
it has been demonstrated, that neither is the circle ABCD to 
the circle EFGH, as the cone AL to any solid less than the 
cone EN; therefore the circle ABCD is to the circle EFGH, 
as the cone AL tc the cone EN: but as the cone is to the 
cone, so ^ is the cylinder to the cylinder, because the cylin¬ 
ders are triple * of the cones, each of each: therefore as the 
cirde'AfiCD to the circle EFGH, so are the cylinders upon 
them of the same altitude^ Wherefore cones and cylinders, 
dec* ~ 


PROPOSITION XIL 

Thror.— Similar cones and ciflinders have to one another^ the 
triplicate ratio of that which the diameters of their bases 
have. 

Lot the cones and cylinders of which the bases are the 
circles ABGD, EFGH, and the diameters of the bases AC, £G, 
and KL, MN the axes of the cones or i^lmders, be sixnikir: 
the (»me of which the base is the circle ABOD and vertex the 
point L, shall have to the cone of whidi the base is the circle 
EFGl^and vertex N, tibe triplicate iratio of tiiat which AC 
has to EG* 

Fm* the:Coae^ ABCDL has not to the cone EFGHN, the 
triplicate ratio of that which AC Ims to EG, .the cone ABCDL 
must.have the triplicate of that ratio to some solid which is 
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less or greater than the cone EFGHN. Firsts let it have it to 
a less^ viz. to the solid X. Make the same construction a%iii 
the preceding proposition^ and it may be demonstrated the 
very same way as in that proposition, that the pyramid of 
which the base is the polygon EOFPGRHS, and vertex N, is 
greater than the solid X. Inscribe also in the circle ABCD^ 
the polygon ATl^yCVDQ similar to the polygon EOFPGRHS, 
upon which, erect a pyramid having the same vertex with the 
cone: and let EAQ be one of the triadgles containing the py¬ 
ramid upon the polygon ATBYCVDQ, the vertex of which is 
L; and let NES be one of the triangles containing the pyra-' 
mid upon the polygon EOFPGRHS of which the vertex ii^ N ; 



and join KQ, MS. Then, because the cone ABCDL is similar 
*24Def.n. to the cone EFGHN, AC is * to EG as the axis KL to the axis 

* 15.5. MN; and as AC to EG, so* is AK to EM; therefore as AK 

to EM, so is KL to MN; and alteniately,'AK to KL, as EM 
to MN'; and the right angles AKL, EMN'are equal: there¬ 
fore, the sides about these equal angles being proportionals, 

* C.6. the triangle ^KL is similar * to the triangle EMN. Again, 

because AK is to KQ, as EM to MS, and that these sides arc 
about equal angles AKQ, EMS, because these angles are, each 
of them, the same part of four right angles at the centres K, 

* 6.6. M, therefore the triangle AKQ is similar * to the triangle 

EMS. And because it has been shewn, that as AK to KL, so 
is EM to MN, and that AK is equal to KQ, and EM to MS, 
therefore as QK to KL, so is SM to MN; and therefore, the 
sides about the right angles QKL, SMN, being proportionals, 
the triangle LKQ is similar to the triangle NMS. And be¬ 
cause of the similarity of the triangles AKL, EMN, as is to 
AK, so is NE to EM; and by the similarity of the triangles 
22.5. AKQ, EMS, os KA to AQ, so ME'to ES; therefore, ex acquali*, 
LA is to AQ, as NE to ES. Again, because of the similarity 
of the triangles LQK, NSM, as LQ to QK, so NS to SM; and 
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from the similarity of the triangles KAQ, MES^ as KQ to QA, 
so JKS to SE: therefore, ex eequali *, LQ is to QA, as NS to SE: • gg. 6. 
and it was proved, that QA is to AL, as SE to EN: therefore, * 
again, ex aequali, as QL to LA, so is SN to NE: wherefore the 
triangles LQA, NSE, having the sides about all their angles 
proportionals, are equiangular * and similar to one another: * 5.6. 
and therefore the pyramid of which the base is the triangle 
AKQ, and vertex L, is similar to the pyramid the base of 
which is the triangle :^S, and vertex N, because their solid 
angles arc equal * to one another, and they are contained by « B. il. 
the i^me numb^ of similar plftnes: but similar pyramids 
which have triangular bases, have to one another the tripli¬ 
cate * ratio of that which their homologous sides have; there- * e. is. 
fore the pyramid AKQL has to the pyramid EMSN, the tripli¬ 
cate ratio of that which AK has to EM. In the same manner, 
if straight lines be drawn from the points D, V, C, Y, B, T, 
to K, and from the points H, R, O, F, F, O, to M, and pyra¬ 
mids be erected upon the triangl^, having the same vertices 
with the cones!, it may be ^demonstrated, that each pyramid 
in the first cone has to each in the other, taking them in the 
same order, the triplicate ratio of that which the side AK has 
to the side EN ; that is, which AC has to EG: but as one 
antecedent to its consequent, so are all the antecedents to all 
the consequents * ; therefore as the pyramid AKQL to the py- * lit. 5. 
ramid EMSN, so i&the whole pyramid the base of which is the 
polygon DQATBl^CV, and vertex L, to the whole pyramid of 
which the base is the polygon H8EOFPGR, and vertex N: 
wherefore also the first of these two last-named pyramids has 
to the other, the triplical;^ ratio of that which AG has to EG ; 
but, by the hypothesis, the cone of which the base is the 
circle A BCD, and vertex L, has to the solid X, the triplicate 
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ratio of that which AC has to EG; therefore, as the cone' of 
which tlie base is the circle ABCD, and vertex L, is to the 
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solid 80 is the pyramid the base of which ^ the pidygcm 
DQATBYCVy and vertex 1 j , to the pyramid the basic of 
is the polygon HSEOFPGR^ and^^vt^ex N : bi:t the said cone 
is greater than the pyramid contained in it: therefore the 
solid X is greater* than the pyramid, the base of which is the 
polygon HSEOFPGR) and vertex N: but it ts also lespx; whidi 
is impossible; therefore the cone, bf which the base is'the cir* 
de ABCD and vertex It, has not to any solid which is less 
than the cone of which the base is theVircle EFGH srad vertex 
N, the triplicate ratio of that whidi AG has to EG* In the 
same manner it may be demonstrated, neither hds the 
oonc EFGHN to any solid which is less than the cone ABCSDL, 
the triplicate ratio of that which EG has to AG. Nor can the 
cone ABGDIi have to any solid which is greater than the cone 
EFGHN, the triplicate ratio of that which AG has to EG. 
'For if it be possible, let it have it to a greater, viz. to the 
solid Z: therefore, inversely, the solid Z has to the cone 
ABCDIi, the triplicate ratio of that which EG has to AC; but 
as the solid Z is to the cone ABCDL, so is the cone EFGHN 
to some solid, which must be less * than the:£one ABGDL, be¬ 
cause the solid Z is greater than the cone EFGHN ; therefore 
the cone EFGHN has to a solid priiich is less than the cone 
ABCDL, the triplicate ratio of that which EG has to AC, 
w|^ich was demonstrated to be impossible: therefore the cone 
ABCDL has not to any solid greater than :;he cone EFGHN, 
the triplicate ratio of that which AC has Vo EG: and it was 
demonstrated, that* it could not have that ratio to any solid 
less than the <^e EFGHN : therefore the cone ABCDL has to 
th^ cone EFGHN, the triplicate ratio of that which AC has to 
EG, but os the cone is to the cone, so * the cylinder to the 
cylinder ; for every cone is the third t part ^)f the cylinder 
upon the same base, and of the same altitude: therefore 
also the cylinder has to the cylinder, the triplicate ratio of 
that which AC has to EG* Wherefore, similar cones, &c. 
0“ n# 

PROPOSITION XIII. \ 

1 •I , ' ■ • ’ f ' 

Thbor;— I/" a eyUnder be cut by a plane par^lel to i($ op^ 
eite planet or basee, it divides the cylinder into trn& cylvd^' 

nkiek is to the other, as the ams ther^firsft 
(he.axts ^ the other. ', .. i - • . 
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Let the cylinder AD be cut by the plane OH parallel to the 
o|^osite planes ABj CD, meeting the axis £F in the point K ; 
and let the lin^ OH be the common section of 
the plane OH, and the surface of the cylin¬ 
der AD. Let A£FC be the parallelogram in 
any po;^ition of it, by the revolution of which 
about the straight line £F, the cylinder AD 
is described; and let GK be the common sec¬ 
tion of the plane GHf and the plane AEFC. G H 

And because the parallel planes AB, OH are C D 

. cut by the plaiiAlEKO, AE, KG, their com- T Y 

men sections with it, are parallel*: where- 10.11. 

fore AK is a parallelogram, and GK equal to 
EA, the straight line from the centre of the circle AB : for the 
same reason, each of the straight lines drawn from the point' 

K to the line GH, may be proved to be equal to those which 
are drawn from the centre of the circle AB to its circumfer¬ 
ence, and arc therefore all equal to one another; therefore the 
line GH is the circumference of a circle * of which the centre ' 13 Def, i. 
is the point K: therefore the plane GH divides the cylinder 
AD into the cylinders AH, GD; for they are the same which 
would be described by the. revolution of the parallelograms 
AK, GF^ about the straight lines £K, KF : and it is to be 
shewn, that the cylinder AH is to the cylinder HC, as the ajps 
EK to the axis KFi> 

Produce the axifs EF both ways; and take any nuueber of 
straight lines EN, NL, each equal to EK; and any number FX, 

XM, each equal to FK; and let planes parallel to AB, CD, 
pass through the points JL, N, X, M: therefore the common 
sections of these planes with the cylinder produced, are circles, 
the centres of which arc the points E, N, X, M, as was proved 
of the plane GH : and these planes cut off the cylinders PR, 

RB, DT, TQ. And because the axes LN, NE, EK are all 
equal, therefore the cylinders PR, RB, BG are * to one another * li* 
as their bases: but their bases are equal, and therefore the 
cylinders PR, RB, BG are equal: and because the axes LN, 

N£, EK are (squal to one another, as also the cylinders PR, 

RB, BG, and that there are as many axes as cylinders; there¬ 
fore whatever multiple the axis KL is of the axis K£, the same 
multiple is the cylinder PG of the cylinder GB ; for the same 
reason, whatever multiple the axis MK is of the axis KF, the 
same multiple is the cylinder QG of the cylinder GD; and if 
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the axis KL be equal to the axis KM^ the ^liuder PG ie equal 
to the cylinder GQ; and if the axis KL he gpea^ than the 
axis KM^ the cylinder PG is greater tibaa the^ 
cylinder GQ;^and if les8> less: therefore^ 
since there are four magnitudes^ viz. the axes 
EKj KF^ and the cylinders BG> GD; and 
that of the axis^EK and cylindcf BG there 
have been taken any equimultiples whatever, 
viz. the axis KL and cylinder PG, and^of the 
axis KF and cylinder GD, any equimultiples 
whatever, viz. the axis KM and cylinder G^; 
and since it has been demonstrated, that if the 
axis KL be greater than the axis KAf, the 
cylinder PG is greater than the cylinder GQ; 
and if equal, equal ; and if less, less; therefore * as the axis 
EK is to the axis KF, so is the cylinder BG to the cylinder GD. 
^\'hcreforc, if a cylinder, &c. c- e. n. 
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PROPOSITION XIV. 

Theob.- -Cokc^ and cylinders upon equal bases, are to one 

another as their latitudes. 

iiCt the cylinders EB, FD be upon the equal bases AB, CD; 
as the cylinder EB to the cylinder FD, so ^all the axis OH 
lie to fhe axis KL. * 

Produce the axis KL to the point N, and make LN «qual to 
the axis GH; ^ind let CM be a cylinder of which the base is 
CD, and axis LN. Then, because the cylinders EB, CM have 
the same altitude, they are to one another as their bases *; 
but their bases are equal, therefore also the cylinders EB, CM 
are equal: and because the cylinder FM is cut by the plane 
CD parallel to its opposite planes, as the 
cylinder CM to the cylinder FD, so is * 
the axis LN to the axis KL: but the 
cylinder CM is equal to the cylinder EB, 
and the axis LN to the axis OH; there¬ 
fore as the cylinder EB to the cylinder 
FD, so is the axis GH to the axis 
KL; and as the cylinder EB to the cylinder FD, so is* 
the edne ABG to the ooqe CDE, because the cylinders are 
trijde * of the e<mes: th&spkte also the axis GH is to the axis 
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KL, as the cone ABO to the cone CDit, and as the eflinder EB 
to tile cylinder FD. Wherefore, cones, &c. «. e. d. 

PROPOSITION XV. 

_ ■ * 

Theor .—TAe bases and aliUudes of equal cones and cylinders See N< 

are reciprocally proportional; and if the h^ses and {Utiludes 

be reciprocally proportional, ike cones and cylinders are 

equal to one another. 

Lei the circles^BCD, EFOH, the dmineters of which arc 
AC^ EG^ be the bases^ and KIi, MN, the axes, as also the alti¬ 
tudes^ of equal cones and cylinders; and let ALC, ENG be 
the*cones, and AX^ EG, the cylinders: the bases and ahitndes 
of the cylinders AX, EG, shall be reciprocally proportional; 
that is, as the base Al^CD to the base EFGH, so shall the alti¬ 
tude MN be to the altitude KL« 

Either the altitude MN is equal to the altitude EL, or these 
altitudes arc not equal. First let them be equal; and the 
cylinders AX, EO being also equal, and cones and cylinders ^ 

of the same altitude beings to one another as their bases*, 11. 12. 
therefore the base ABCD in equal* to the base EFGH ; and a. S- 
as the l^ase ABCD is to th4 base EFGH, so is the altitude 
MN to the altitude KL. But let the 
altitudes KL, MN ]bc unequal,«and 
MN the greater of the two, and from 
MN, take MF equal to KL, and 
through the point P, cut the cylinder 
EG by the plane TYS, parallel to the 
opposite planes of the circles EFGH, 

KG: therefore the common section of the plane TYS and the 
cylinder EG is a circle, and consequently ES is a cylinder, 
the base of which is the circle EFGH, and altitude MP : and 
because^thc cylinder AX is equal to the cylinder EG, as AX 
is to the cylinder ES, so * is the cylinder EG to the same ES: * 7 . 5 . 
but as the cylinder AX to the cylinder ES, so * is the base • u. 12 , 
ABCD to the base EFGH ; for the cylinders AX, ES ate of the 
same altitude; and as the cylinder EO to the cylinder ES, so* ♦ js. ig. 
is the dtitude MN to the altitude MP, because the cylinder 
EO 18 cut by the plane TYS parallel to its opposite planes; 
therefore as the base ABCD to the base El'GH, so is the alti¬ 
tude MN to the altitude MB': but MP is equal to the altitude 
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KL: wherefore as the base ABCD to the base EFGH^ so is the 
altitude MN to the altitude KL; that is^ the basea and 
tudes of the equal cylinders AX, EO, are reciprocally propor¬ 
tional. ' 

But let the bases and altitudes of the cylinders AX, E0, 
be reciprocally proportional, viz. the base ABCD to {he base 
EFGH, as the altitude MN to the'altitude KL: the cylinder 
AX shall be equal to the cylinder EO. 

First, let the base ABCD be equkl to the base EFGH: 
then, because as the base ABCD is to the base EFGH, so is 
the altitude MN to the altitude KL; His is equal * to 
KL; and therefore the cylinder AX is equal * to the cylinder 
EO- 

But let the bases ABCD, EFGH be unequal, and let ABCD 
be the greater; and because as ABCD is to the base EFGH, 
so is the altitude MN to the altitude KL; therefore MN is 
greater^ thou KL. Then, the same construction being made 
as before, because as the base ABCD to the base EFGH, so is 
the altitude MN to the altitude KL; and because the altitude 
KL is equal to the altitude MP ; therefore tl^e base ABCD is ^ 
to the base EFGH, as the cylinder AX to the cylinder ES; 
and as the altitude MN to the altitude MP or KL, so is the 
cylinder EO to the cylinder £S: ^therefore the cylinder AX is 
to the cylinder £S, as the cylinder EO is to the same ES ; 
whence, the cylinder AX is equal ^fo the cylinder EO: and 
the same reasoning holds in cones, q. e. p. 


^ “ PROPOSITION XVI. 

u 

Pkob.-—/» the greater of two circles that have the same centre^ 
to inscribe a polygon of an even number of equal sides, that 
shall not meet the lesser circle. 


Let ABCD, EFGH be two given circles having the same 
centre K: it is required to inscribe in the greater circle ABCD, 
a polygon of an even number of equal sides, that shall not 
meet the lesser circle. 

Through the centre K, draw the straight line BD, and from 
the point G, where it meets the circumference of the lesser 
circle, draw OA at right angles to BD, and produce it to C; 
thei^fore AC touches * the circle EFGH: then, if the circum- 
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ferencc BAD be bisected^ and the half of it be again bisected^ 
and 80 on^ thf^re must at length remain a circumference less ^ 
than AD: let this be LD ; and from the " 
point L, draw LM perpendicular to BD^ and 
produce it to N; and join LD, DN ^ there¬ 
fore LD is equal to' DN i and because LN 
is parallel to AC, and that AC touches the 
circle £F6H; therefore LN does not meet 
the circle EF^H; and much less shall the 
straight lines ]HS>, DN meet the circle EFGH: so that if 
straight lines equal to JiD, be applied in the circle ABCD 
from the point L around to N, there shall be inscribed in the 
circle a polygon of an even number of equal sides not meet¬ 
ing the lesser circle. Which was to be done. 

LEMMA II. 

TJ'hvo irapeziutns ABCD, EFGH be wscribed in the circles, the 
centres of which are the jmnis K, L ; and if the sides AB, 
DC he parallel, as also EF, HG ; afid the other four sides 
AD, BC, Eli, FG be dll equal to one another, but the side 
All greater than EF, anti DC greater than IIG ; the straight 
line KA, from the centre of the circle m which the greater 
sides are, is grmict^ than the straight line LE, drawn from 
the centre to ih i circuinfcrence of the other circle^ 

If it bo possible, let KA be not greater than LE ; then KA 
must be cither equal to it, or less than it. First, let KA be 
equal to LE : therefore, because in t\vo equal circles, AD, BC 
in the one, arc equal to EH, -FG in the other, the circumfer¬ 
ences AD, BC arc 
equal* to the circum¬ 
ferences EH, FG; but 
because the straight 
lines AB, DC are 
respectively greater 
than EF, GH, the cir¬ 
cumferences AB^ DC 

are greyer than EF, HG; therefore the whole circumference 
ABCD is greater than the whole EFGH ; but it is also equal 

to it, which is impossible; therefore tlje straight line KA is 
not equal to L£.* 
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But let KA be loss than 1j% and make LM equal to KA; 
and from the centre h, and difl^anee TM, describe the cirl3e 
MNOPj meeting the straight lines LE, LF, in M, 

O, P; and join MN, KO, OP, PM which are respectively 

• «. 6. parallel * to- and less than, EF, FO, GH, HE ; then be¬ 

cause £H is greater than MP, AD .is greater than Mp ; and 
the circles ABCD/ MKOP are equal ; therefore the circum¬ 
ference AD is greater than MP: for thf( same reason, the cir¬ 
cumference BC is greater than NO: and hecau^ the straight 
line AB is greater than EF, which is greatef^than MN, much . 
more is AB greater than MN; therefore the circumference 
AB is gjpeater than MN ; and for the same reason, the cir- 
cumfer^ce DC is greater than PO: therefore the whole cir¬ 
cumference ABCD is greater than the whole MNOP: but it 
is likewise equal to it, which is impossible; therefore KA is 
not less than LE: nor is it equal to it; therefore, the straight 
line KA must be greater than LE. Q. e. d. 

Con. And if there be an isosceles triangle, the sides of 
which are equal to AD, BC, buf its base less than AB the 
greater of the two sides AB, DC ; the straight line KA may, 
in the same manner, be demonstrated to be greater than the 
straight line drawn from the centre to the circumfe^nce of 
the circle described about the triangle. 

PROPOSITION kvil. 

Se« N. Pkob .—In the greater of two spheres which have the same 

centre, to inscribe a solid polijhedron, the svperjicies of which 
shaU not meet the lesser sphere. * 

Let there be two spheres about the same centre A; it is re¬ 
quired to inscribe in the greater, a solid polyhedron, the super- 
heies of which shall not meet the lesser sphere. » 

Let the spheres be cut by a plane passing throqgh the 
centre; the common sections of it with the spheres shall be 
circles, because the sphere is described by the revolution of a 
semicircle about the diameter remaining unmoveable ; so that 
in whatever position the semicircle be conceived, the common 
section of the plane in which it is with the superficies of the 
sphere is the circumference of a circle; and this is a great 
Ancle of the sjdia'e, because the diameter of the sphere, 

* 15.8 .^ whiA is'likewise the diameter of the circle, is greater * than 

0 
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aoy sti'ai^t line in tUe drele or epliere. Let tlien eircle 
illade by the section of the pkae with the greater sphere be 
BCDEj and‘ with the 


lesser sphere be FGH ; 
and draw the two 
diameters BB, C£, at 
right angles to one an¬ 
other ; and in BCDE, 
greater of the two cir- 
clesj inscribe .poly¬ 
gon of an even number 
of equal sides not meet¬ 
ing the lesser circle 
FGH j and let its sides, 
in BE the fourth part of 



the circle, be BK,KL,LM, 


• 16.18. 


ME; join KA, and produce it to N; and from A, draw + AX f 12. 11. 
at right angles to the plane of the circle BCDE, meeting the 
superficies of the sphere in tlie point X: and let planes pass 
through AX, and each of the straight lines BD, KN, which, 
from what has been said^ shall produce great circles on the 
superfeies of the sphere, and let BXD, KXN be the semi¬ 
circles thus made upon the diameters BD, KN: therefore, be¬ 
cause XA is at right angles to the plane of the circle BCDE, 
every plane whi'ih passts through XA is at right* angles to the • 18. 11. 
plane of the circle BCDE; wherefore the semicircles BXD, KXN 
are at right angles to that plane: and because the semicircles 
BED, BXD, KXN upon the equal diameters BD, KN, are equal 
to one another, their halves BE, BX, KX are equal to one an¬ 
other j therefore as many sides of the polygon as are in BE, 
so many are there in BX, KX, equal to the sides BK, KL, 

LM, ME: let these polygons be described, and their sides be 


BO, OP, PR, RX; K8, ST, TY, YX; and join OS, PT, RY; 
and from the points O, S, draw OV, SQ perpendiculars to AB, 

AK: and because the plane BOXD is at right angles to the 
plane BCDE, and in one of them BOXD, OV is drawn per¬ 
pendicular to AB the common section of the planes, therefore 
OV is perpendicular * to the plane BCDE ; for the same rea- • 4 Def. 11. 
8 on,^SQ is perpendicular to the same plane, because the plane 
K8X is at ri^t angles to the plane BCDE. Join VQ; and 
because in the equal semicirdes BXD, KXN, the dreum- 
ferences BO, ELS are equal, and OV, 8Q are pei^cxulicular to 


V 
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their diameters^ therefore * OV is equal to*^SQi and BV equal 
to KQ; but the whole BA is equal to the whole KA, thereforS 
the remainder is equal to the remainder QA: therefore 
as BV is to VA, so is KQ to QA ; wherefore VQ is parallel * 
to BK: and because OV^ SQ are each of them at ri^t angles 
to the plane of the circle BCDE^ OV,.is parallel * to SQ; and 
it has been proved^«that it is also equal to it; therefore QV^ 
SO are equal * and parallel: and because QV is parallel to 
SO^ and also to KB, OS is parallel * to BK; and therefore 
BO, KS, which join them, are in the same plani^dn which th^se 
parallels are, and the quadrilateral figure KBOS is in one 
plane: and if PB, TK be joined, and perpendiculars be drawn 
from the points P, T, to the straight lines AB, AK, it may be 
demonstrated, that TP is parallel to KB in the very same way 
that SO was shewn to be parallel to the same KB; wherefore* 
TP is parallel to SO, and the quadrilateral figure SOFT is in 
one plane: for the same reason, the quadrilateral TPRY is in 
one plane: and the figure YRX * is also in one plane: there* 
fore, if from the points O, S, P, T, R, Y, there be drawn 
straight lines to the point A, there will be formed a solid poly¬ 
hedron between the circumferences B£r, KX, composed of py¬ 
ramids, the bases of wbicb-are tlie quadrilaterals KBOS, SPPT, 
TPRY, and the triangle YRX, and of which the common ver¬ 
tex is the point A : and if the same construction be made upon 
each of the sides Kl^, LM, ME, as hus been|done upon BK, 
and the Kke be done also in the other three quadrants, and 
in the other hemisphere, there will be formed a solid poly¬ 
hedron inscribed ,Ju the sphere, composed pyramids, the 
bases of which arc the aforesaid quadrilateral figures, and the 
triangle YRX, and those formed in the like manner in the 
rest of the sphere, the common vertex of them all being the 
point A. 

Also the superficies of this solid polyhedron, shall not 
meet the lesser sphere in which is the circle FGH. For, from 
the point A, draw * AZ perpendicular to the plane of the qua¬ 
drilateral KBOS, meeting it in Z, and join BZ, ZK: and becc^use 
AZ is perpendicular to the plane KBOS, it makes right angles 
with every straight line meeting it in that plane; thereibre 
AZ is perpendicular to BZ and ZK : and because AB is equal 
to AK, and that the squares of AZ, ZB are equal to the square 
of AB, and the squares of AZ, ZK, to the square of AK *; there¬ 
fore the squares of AZ, ZB are equal to the squares of AZ, 
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ZK; take from these equals the square of AZ, and the re- 
mcuning square of BZ is equal to the remaining square of ZK ; 
and therefore the straight line BZ is equal to ZK: in the like 
manner it may be demonstrated, that the straight lines drawn 
from the point Z to the points O, S, are equal to BZ or ZK ; 
therefore the circle de- * 
scribed from the centre 
Z, and distance ZB, will 
pass through the points 
E, Ot, S, and KBfiV will 
be a quadrilateral figure 
ill the circle: and be¬ 
cause KB is greater than 
QV, and QV equal to 
SO, therefore KB is 
greater than SO: but 
KB is equal to each of 
the straight lines BO, 



KS; wherefore each of 


the circumferences cut off by KB, BO, KS, is greater than 
that cut off by OS; and these three circumferences, together 
with a •fourth equal to one of them, are greater than the 
same three together with that cut off by OS; that is, than 
the whole circumference of the circle; therefore the circum- 


fercnce subtended by KB is greater than the fourth part of 
the whole circumference of the circle KBOS, and conse¬ 


quently, the angle BZK at the centre is greater than a right 
angle: and because the angle BZK is obtuse, the square of 
BK is greater • than the squares of BZ, ZK; that is, greater 
than twice the square ofBZ. Join KV: and because, (in the 
triangles KBV, OBV,) KB, BV are equal to OB, BV, and that 
they contain equal angles, the angle KVB is equal * to the 
angle OVB : and OVB is a right angle j therefore also KVB 
is a right angle: and because BD is less than twice DV, the 
rectangle contained by BD, BV, is less than twice the rect¬ 
angle DVB; that is *, the square of KB is less than twice the 
square of KV: but the square of KB is greater than twice the 
square of BZ; therefore the square of KV is greater than the 
square of BZ : and because BA is equal to AK, and that the 
squares of BZ, ZA are equal together to Che square of BA, and 
the squares of KV, VA to the square of AK; therefore the 
squares of BZ, ZA are equal to the squares of KV, VA; and 
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of these the square of KV is greater than the square of B2 ; 
therefore the square of VA is le^ than the square of ZA, 4iid 
the straight ljue AZ greater than VA: much more then is 
AZ greater than AG, because, in the preceding proposition, 
it was shewn that KV falls without the circle FGH: and AZ 
is perpendicular to the plane K30S, and is therefore the 
shortest of all tli>e straight lines that can be drawn from A, 
the centre of the sphere, to that plane; therefore the plane 
KBOS does not meet the lesser sphere. 

And that the other planes between the q^drauts BX^ KX, 
full without the lesser sphere, is thus demonstrated. From 
the point A, draw AI perpendicular to the plane of the qua¬ 
drilateral SOFT, and join lO; and, as was demonstrated of 
the plane KBOS and the point Z, in the same way it may be 
shewn, that the point 1 is the centre of a circle described 
about SOFT; and that OS is greater than FT; aud FT was 
sbeMui to be parallel to OS: therefore, because the two trape* 
ziums KBOS, SOFT inscribed in circles, have their sides BK, 
OS parallel, as also OS, FT; and their other sides BO, K 8 , 
OF, ST all equal to one another, and that BK is greater than 
OS, and OS greater than FT, therr^fore the straight line ZB is 

♦ 2 Lem. 12 . greater * than lO. Join AO which will be equal to 4 B ; and 

because AlO, AZB arc right angles, the squares of AI, lO arc 
equal to the square of AO or of AB; that is, to the squares of 
AZ, ZB; Olid the square of ZB is greater 0ian the square of 
10 , tliercfore the square of AZ is less than the square of AI; 
and the straight line AZ less than the straight line AI: and 
it was proved,, that AZ is greater than AG; much more then 
is AI greater than AG: therefore the plane SOFT falls wholly 
without the lesser sphere. In the same manner it may be 
dennmstrated, that the plane TPBY ialls without the same 

* Cor. Lem. sphere *, as also the triangle YRX. And after the same way 

it may be demonstrated, that all the planes which contain the 
solid polyhedron, fall without the lesser sphere. Therefore, 
in the greater of two spheres which have the same centre, u 
solid polyhedron is inscribed, the superficies of which docs 
QoC meet the lesser sphere. Which was to be done. 

But the straight line AZ may be demonstrated to be greater 
t)um AG otherwise, and in a shorter manner, without the 
Imlp of Prop. 16, aofidlows. From the point G, draw GU 
at right.an£^ to AG, and join AU. If then the 
mme JKB bo bisected^ and its ^alf siffdn bioocted, and 90 w, 
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tb«rc )viU at length be left a circuqaftreiice less than ^e cir* 
eJtmfetmse w^icb ie subten^d by a straight line equal to OU, 
inscribed k the circle JBCDE; let this be the drcusiferenfie 
KP } therefore the st|:aight line KB is less than OU: and be¬ 
cause jthe angle BEK is obtuse, as was ^oved in the prece¬ 
ding, therefore BK is greal^r than BZ: but GhU is greater than 
BK; much more then is OU greater than ^Z, and the square 
of OU than the square of BZ: and AU is equal to AB ; 
therefore the square of AU, that is, the squares of AG, GU 
are equal to thqpquare of AB, that is, to the squares of AZ, 

ZB: but the square of BZ is less than the square of GU ; 
therefore the square of AZ is greater than the square of AG, 
and the straight line AZ consequently greater than the straight 
line AG. 

Cor. And if in the lesser sphere there be inscribed a solid 
polyhedron, by drawing straight lines betwixt the points in 
W'hich the straight lines from the centre of the sphere, drawn 
to all the angles of the solid polyhedron in the greater sphere, 
meet the superficies of the'lesser; in the same order in which 
are joined the jibints in which the same lines from the centre 
meet the superficies of the greater sphere; the solid poly- 
hedroi^ in the sphere BCDE shall have to this other solid 
polyhedron, the triplicate ratio of that which the diameter of 
the sphere BCBE has to the diameter of the other sphere. 

For if these two’jtqlids be divided into the same number of 
pyramids, and in the same order, the pyramids shall Se simi¬ 
lar to oue another, each to each: because they have the solid 
angles at their common vertex, the centre of the sphere, the 
same in each pyramid,'^and their other solid angles at the 
bases, equal to oue another, each to each *, because they are * B. 11. 
contained by three plane angles, each equal to each; and the 
pyramids are contained by the same number of similar planes; 
and are therefore similar* to one another, each to each: but *li Def.ll. 
similai^ pyramids have to one another, the triplicate * ratio of * Cor. 8.18. 
their homolo^us sides: therefore the pyramid of which the 
base is the quadrilateral KBOS, and vertex A, has to the py¬ 
ramid in the other sphere of the same order, the triplicate 
ratio of their hooudogous sides, that is, of that ratio which 
AB ftqm the centre of the greater sphere, has to the straight 
line ^m the same centre to the miperficies of the lesser 
sphease. And in like manner, each pyramid in the greater 
sphfl^e has Co each of the same order in the lesser, the tripli- 
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cate ratio of that which AB has to the semi-diameter of the 
lesser sphere. And as one antecq/lont is to its consequents so 
are all the antecedents to all the consequents. Wherefore^ 
the whole solid polyhedron in the greater sphere has to the 
whole solid polyhedron in the other^ the triplicate r^tio of 
that which AB the semi-diameter of- the first has to the semi- 
diameter of the ot^er; that is^ which the diameter BD of the 
greater has to the diameter of the othe^ sphere. 

PROPOSITION XVIII. ^ 

Theor.- -Spheres have to one another, the triplicate ratio of 

that fvhtch their diamelers have, 

. 

Let ABC, DEF he two spheres, of which the diameters are 
BC, EF: the sphere ABC shall have to the sphere DEF, the 
triplicate ratio of that which BC has to EF. 

For if it has not, the sphere ABC must have to a sphere 
either less or greater than DEF, Vhe triplicate ratio of that 
which BC has to EF. First, let it have that r&tio to a less, viz. 
to the sphere GHK; and let the sphere DEF have the same 



centre with GRK: and in the greater sphere DEF, inscribe * 
a solid polyhedron, the superficies of 4^hich docs not meet the 
lesser sphere GHK; and in the sphere ABC, inscribe an¬ 
other similar to that in the sphere DEF: therefore the solid 
polyhedron in the sphere ABC has to the solid polyhedron in 
the sphere DEF, the triplicate ratio ^ of that which BC has 
to EF. But the sphere ABC has to the sphere OHK, the tri¬ 
plicate ratio of that which BC has to EF; therefore as the 
sphere ABC to the sphere GHK, so is the solid polyhedron in 
the sphere ABC to the solid polyhedron in the sphere DEF: 
but the sphere ABC is greater than the solid polyhedron in it; 
therefore * also the sphere GHK is greater than the solid^poly- 
hedron in the sphere DEF: but it is also less, because it is 
contained within it, which is impossible: therefore the sphere 
ABC has not to any sphere less than DEF, the triplicate ratio 
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of that which BC has to £F. In the same manner it may be 
d^onstratcd, that the sphere DBF has not to any sphere less 
than ABC, thj triplicate ratio of that which EF has to BC. 
Nor can the sphere ABC have to any sphere greater than 
DBF, the triplicate ratio of that which BC has to EF : for if 
it can^Jet it have that ratio to a greater sphere LMN : there¬ 
fore by inversion, the sph&re LMN has to the sphere ABC, the 
triplicate ratio of that which the diameter ^F has to the dia¬ 
meter BC. But as tJe sphere LMN to ABC, so is the sphere 
DEF to some sphere which must be less* than the sphere ABC, 
because the spheft LMN is greater than the sphere DEF ; there¬ 
fore the sphere DEF has to a sphere less than ABC, the triplicate 
ratio of that which EF has to BG ; which ivas shewn to be 
impossible: therefore the sphere ABC has not to any sphere 
greater than DEF, the triplicate ratio of that which BC W to 
EF : and it was demonstrated, that neither has it that ratio to 
any sphere less than DEF. Therefore, the sphere ABC has to 
the sphere DEF, the triplicate ratio of that which BC has to 
EF. q. E. D. 
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NOTES, 

CRITICAL AND GEaMETRICAL. 


The following Notes, by Da. Sims^n, contain Observations on some of the 
foregoing Propositions, with an Account of those things in which this 
Edition of the Ei^ements differs from the Greek Text, and the reasons of 
the alterations that have been made. 
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DEFINITIONS. 

I. to VI. It is necessary to consider a solid, that is, a magni¬ 
tude -vrliich has length, breadth, and th'ckncss, in order 
to understand aright the definitions of a^ point, line, and 
superficies; for all these arise from a solid, and exist in 
it. The boundary, or boundaries, which 
contain a solid arc called superftcies; 
or the boundary which is common to 
two solids which are contiguous, or 
which divides one solid into two conti¬ 
guous parts, is called a superficies: 

Thus, if BCGF be one of the bounda¬ 
ries which contain the solid ABCDEFOH, 
or which is the common boundary of this solid and the 
solid BKLCFNMG, and is therefore in the one as well 
as in the other solid, it is called a superficies, and has 
no thickness; for if it have any, this thickness must 
either be a part of the thickness of the solid AO, or of the 
s^d BM, or a part of the thickness of each of them. It 
cannot be a part of the thickness of the solid BM : because 
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if this j^lid be removed from the solid AG, the su¬ 
perficies BCGF^ the boundary of the scdid AQ^ rmains 
still the safiie as it was. Nor can it be a part of the 
thickness cf the solid A0; because if this removed 
from the solid the superfibies BGGF^ the boundary of 

the bolid BM> does nevertheless remain; therefore the 
superficies BGGF has no thickness^ but^pnly length and 
breadth. ^ 

The boundary of a superficies is called a line^ or a line is the 
common boun^'y of two superficies that are contiguous, 
or'"which divides one superficies into two contiguous parts ; 
thus, ifBC beoneofthebbundarieswhich 
contain the superficies ABCD, or which 
is the common boundary of this super¬ 
ficies and of the superficies KBCL, 
which is contiguous to it, this boun¬ 
dary BC is called a line, and has no 
breadth: for if it have any, this must 
be part either of the breadth of the su¬ 
perficies ABCL, or of the superficies KBCL, or part of 
each of them. It is mt part of the breadth of the su¬ 
perficies KBCL ; for, if this superficies be removed from 
the superficies ABCD, thfe line BC, which is the boundary 
of the superficies A BCD, remains the same as it was: nor 
can the breadth^hat BC is supposed to have, be a part of 
the breadth of the superficies ABCD; because, if this fie re¬ 
moved from the superficies KBCL, the line BC, which is the 
boundary of the superficies KBCL, does nevertheless remain: 
therefore the line BC h& no breadth : and because the linn 
BC is in a superficies, and that a superficies has no thick¬ 
ness, as was shewn, therefore a line has neither breadth nor 
thickness, but only length. 

The boundary of a line is called a point, or a point is the 
common boundary or extremity of two lines, that are con¬ 
tiguous: thus, if B be the extremity of the line AB, or 
the common extremity of tSe two lines AB, KB, this extre¬ 
mity is called a point, and has no length. For if it have 
any, this length must either be part of the length of the 
line AB, or of the line KB. It is not part of the length of 
KB; for if the line KB be removed from AB, the point B, 
whi<A is the extremity of the line AB, remains the same 
as it was: nor is it part of the length of the line AB; for. 
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if AB be removed from the line KB> the point B^ which is 
the extremity of the line KB^ does nevertheless remain: 
therefore the point B has no length: and because a point 
is in a line/ and a line has neitlier breadth nor thickness, 
therefore a point has no length, breadth, nor thickness- 
And in this manner the definitions of a point, line, ''.nd su¬ 
perficies, are to be understood. 

VII. Instead of this definition as it ig^in the Greek copies, a 
more distinct one ia given from a property of a plane super¬ 
ficies, which manifestlyn^Supposed: in Elements, viz. 
that a straight line drawn from any point in a plane to any 
other in it, is wholly in that plane. 

VIII. It seems that he who made this definition designed that 

it should comprehend not only a plane angle contained by 
two straight lines, but likevEdse the angle which some con¬ 
ceive to be made by a straight line and a curve, or by two 
curve lines which meet one another in a plane: but, though 
the meaning of the words Itt that is, in a straight 

line, or in the same direction, be plain, wlien two straight 
lines are said to be in a straight line, it does not appear 
what ought to be understood by these words, when a 
straight line and a curve, or two curve lines, are said to be 
in the same direction; at least it cannot be explained in 
this place: which makes it probable thatfliis definition, and 
th^ of the angle of a segment, and what said of the angle 
of a semicircle, and the angles of segments, in the 16th and 
31st Propos.ition8 of Book III., arc the additions of some 
less skilful editor: on which acciSxnt, especially since they 
are quite useless, these definitions are distinguished from the 
rest by inverted double commas. 

XVII. The words which also divides the circle into two 
equal parts” are added at the end of this definition in all 
the copies, but are now left out as not belonging to the de¬ 
finition, being only a corollary from it. Proclus demon¬ 
strates it, by conceiving one of the parts into which the 
diameter divides the circle, to be applied to the other; for 
it is plain they must coincide, else the straight lines from 
the centre to the circumference would not be at all equal: 
the same thing is easily deduced from the 31st Proposition 
of Book III* and the 24th of the same; from the first of 
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which it follow!^ that semicircles are similar segments of a 
^circle; and from the other^ that idiey are equal to one an¬ 
other. 

XXXIIT. This definition has one condition more than is ne¬ 
cessary ; because every quadrilateral figure which has its 
opposite sides equal to one another^ has likewise its oppo¬ 
site angles equal; and on the contrary. 

Let ABCD be a qtadrilateral figure of which the opposite 
sides AD, Cl) are equal to one another, as also AD and DC; 
join BD; the ti^^sides AD,^t )9 equal to 
the two CB, BD'/and the base AB is equal to ^ ^ 

the base CD j therefore * the angle ADB 

equid to the angle CBD; and* the angle BAD ~ q * i. l. 

is equal to the angle DCB, and ABD to BDC ; . 

and therefore also the angle ADC is equal to the angle ABC. 

And if the angle BAD be equal to the opposite angle BCD, 
and the angle ABC to ADC; the opposite sides are equal ; 
because * the angles of the quadrilateral fi^re ABCD are * S 2 . i. 
together equal to four right angles, and the two angles BAD, 

ADC are together equal to the two angles BCD, ABC: where¬ 
fore BAD, ADC are the l-alf of all the four angles; that is, 

BAD £ftid ADC are equal to two right angles ; and therefore 
AB, CD* are parallels. In the same manner, AD, BC are *28. i. 
parallels: therefore ABCD is a parallelogram, and its opposite 
sides * arc equal *' * 34. J. 


PROPOSITION VII. 

There arc two cases o'* this proposition, one of which is not 
in the Greek text, but is as necessary as the other; and that 
the case left out has been formerly in the text, appears plainly 
from this, that the second part of Prop- 5. which is necessary 
to the demonstration of this case, can be of no use at all in 
the Elements, or any where else, but in this demonstration; 
because the second part of Prop- 5, clearly follows from the 
first part, and Prop. 13. Book 1. This part must therefore 
have been added to Prop. 5. on account of some proposition 
betwixt the 5th and 13th, but none of these stand in need of 
it except the 7th Proposition, on account of which it has been 
adde^: besides, the translation from the Arabic has this case 
explicitly demonstrated. And Produs acknowledges that the 
second part of Prop. 5. was added on aoctmnt of Prop. 7-j but 
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gives a ridicHlons reason for it, '' that it might afford ^n an* 
swer to objections made against the J^h/’ as if the case of t]l)e 
7th^ which is left out^ were, as ho. expressly ma^es it, an ob¬ 
jection against «the proposition itself. Whoever is curious 
may read what Proclus says of this in his commentary on the 
5th and 7th Propositions; for it is not worth while to. relate 
his trifles at full length. ^ 

It was thoughtf proper to change the enunciation of this 
7th Prop- so as to preserve the very saftic meaning ; the lite¬ 
ral translation from the Greek being extremely harsh and 
difficult to be understood by beginners. ^* 

PROPOSITION XI. 

A corollary is added to this proposition, which is necessary 
to Prop. 1. B. 11. and otherwise. 

PROPOSITIONS XX. XXI. 

Produs, in his commentary, relates, that the Epicureans 
derided Prop. 20, as being manifest even to asses, and need¬ 
ing no demonstration; and his answer is, that ^ough the truth 
of it be manifest to our senses, yet. it is science which must 
give the reason why two sides of a triangle are greater than 
the third : but the right answer to this objection against this 
and the 21st, and some other plain propositions, is, that the 
number of axioms ought not to be increased \V jthout necessity, 
as it must be if these propositions be not demonstrated. Mens. 
Clairault in the Preface to his Elements of Goometry, pub¬ 
lished in Frencli at Paris, anno 1741. says That Euclid has 
been at the pains to prove, that the two sides of a triangle 
which is included within another, are together less than 
the two sides of the triangle which includes itbut he has 
forgot to add this condition, viz. that the triangles must be 
upon the same base: because unless this be added, the sides 
of the included triangle may be greater than the sides jf the 
triangle which includes it, in any ratio which is less than that 
of two to one, as Pappus Alexandrinus has demonstrated in 
Prop.. 3. B. 3. of his Mathematical Collections^ 

PROPOSITION XXTI. 

Some authors blame £!ttcUd because he docs not dermonstrate 
that the two circles made use of in the construction of this 
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problem must cut one another: but this is very plain from the 
determination he has given> viz. that 
any two of the straight lines DF^ FG^ 

GH^ must be greater than the third. 

For who is so dull, though only be¬ 
ginning to learn the Elements^ as not 
to perceive that the circle described 
from the centre F, at l^c distance FD, must meet FH betwixt 
F and because FD is less than FH ; and that for the like 
reason^ the circl^escribed from the centre Gj at the distance 
GH or GM> must meet DO betwixt D and G ; and that these‘ 
circles must meet one another, because FD and GH are together 
greater than FG ? And this determination is easier to be un¬ 
derstood than that which Mr. Thomas Simpson derives from 
it^ and puts instead of Euclid’s^ in the 49th page of his Ele¬ 
ments of Geometry, that he may supply the omission he 
blames Euclid for, which determination is, that any of the 
three straight lines must be less than the sum, but greater 
than the difference, of the oiher two; from this he shews, that 
the circles must meet one another, in one case ; and says^that 
it may be proved after the same manner in any other case: 
but th^straight line GAi, which he bids take from GF, maybe 
greater than it, as in the figure here annexed; in which case 
his demonstration must be changed into another. 

PROPOSITION XIV. 

To this is added, of the two sides DE, 

DF, let D£ be that which not greater than 
the other,” that is, take that side of the two 
DE, DF, which is not greater than the other, 
in order to make with it the angle EDG 
equal to BAG ; because without this restric¬ 
tion there might be three different cases of 
the proposition, as Campanus and others make. 

Air. Thomas Simpson, in p. 262, of the second edition 
of his Elements of Geometry, printed anno 1760, observes 
in his notes, that it ought to have been shewn, that the 
point F falls below the line EG. This probably Euclid omitted, 
as^ it a very easy to perceive, that DG being equal to DF, 
the point G is in the circumference of a circle described 
from the centre D at the distance DF, and must be in that 

s 2 
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part of it which is above the straight line EF^ because DO falls 
above DF> the angle EDO being greater than the angle EDr. 


* PROPOSITION XXIX. 


The proposition which is usually called the 5th postulate or 
11th axiom^ by some the 12th^ on which this 29th depends^ 
has given a grea* deal to do^ both to ancient and modern 
geometers; it seems not to be properly placed among the 
axioms^ as indeed it is not self-evident; but it may be de¬ 
monstrated thus: C 

DEFINITIONS. 

1. The distance of a point from a straight line, is the per¬ 
pendicular drawn to it from the point. 

TI. One straight line is said to go nearer to, or further from, 
another straight line, when the distances of the points of the 
first from the other straight line become less or greater than 
they were; and two straight lines are said to keep the same 
distance from one another, when the distance of the points of 
one of them from the other is always the same. 



E 


AXIOM. 

A straight line cannot first come nearer to another straight 
line, and then go further from :t, before it cuts it; and, in 
like manner, a straight line cannot go 
further from another straight line, ,and 
then tome nearer to it; nor can a straight 
line keep the same distance from another 
straight line, and then come nearer to 

it, or go further from it; for a straight line keeps always the 
same direction. 

For example, the straight line ABC A_ a 

See the pre- cannot first come nearer to the straight ^ 



ceding 

figure. 


C 

line DE, as from the point A to the 'point ' 

B, and then, from the point B to the point C, go further the 
same DE : and, in like manner, the straight line FOH cannot go 
fiirther from DE, as from F to G, and then, from G to H, 
come nearer to the same DE: and so in the last case, as in 
fig. 2. 

PBOPOBITION I. 

^ two equal straight lines AC, BD be each at right angles to 
the same straight Une AB; if the points C, D be joined by the 
sirqighi line CD, the straight line 'EiV, drawn from any 
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poini E in AB to CD, at right angles to AB> shaU be equal to 

ft.C> or BD« 

♦ 

If EF be not equal to AC, one of them trust be greater 
than the other; let AC be the greater: then> because FE is 
less than CA> the straight line CFD is 
nearer to the straight lic^ AB at the 
point F than at the point p, that is^ CF c 
comes nearer to AB frdtn the point C to 
F: but because DB is greater than FE^ 
the straight line 4PD is further from AB 
at the point D than at F, that is, FD goes 

further from AB from F to D: therefore the straight line CFD 
first comes nearer to the straight line AB, and then goes 
further from it, before it cuts it, which is impossible: if FE 
be said to be greater than CA, or DB, the straight line CFD 
first goes further from the straight line AB, and then comes 
nearer to it, which is also impossible : therefore FE is not un¬ 
equal to AC, that is, it is equal to it. 

PROPOSITION ir- 

JJ' two equal straight lines AC, BD be each at right angles to 
the same straight line AB, the straight line CD which joins 
their exircmiliesy makes right angles, with AC and BD. 

Join AD, BC; and because, in the triangles CAB, DBA, 
the sides CA, AB are cqaul to DB, BA, 
and the angle CAB equal to the angle 
DBA, the base BC is equal * to the base 
AD : and in the triangles ACD, BDC, 
the sides AC, CD are eqqhl to BD, DC, 
and the base AD is equal po the base BC; 
therefore the angle ACD is equal ^ to the angle BDC: from ' 8. !• 
any point E in AB, draw EF to CD, at right angles to AB; 
therefore, (by Prop. 1.) EF is equal to AC, or BD; wherefore, 
as has h^aen -just shewn, the angle ACF is equal to the angle 
EFC : in the same manner, the angle BDF is equal to the an¬ 
gle EFD ; but the angles ACD, BDC are equal; therefore the 
angles EFC and EFD are equal, and they are right angles * ; Def. 1. 
wherefore, also the angles ACD, BDC are right angles. 

Corollary. Hence, if two straight lines AB, CD be at 
right angles to the same straight Hue AC, and if betwixt 
them a straight line BD be drawn at right angles to either 
of them, as to AB, then BD is equal to AC, and BDC is a 
right angle. 
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If AC be not equal to take BO equal to AC^ and join 
CO; therefore, by this proposition, the angle ACO is a right 
angle; but AfJD is also a right angle; wherefore the angles 
ACD, ACO are equal to one another, which is impossible: 
therefore BD is equal to AC; and by this proposition BDC is 
a right angle. ^ 

PROPOSITION III. 

If iwo straight lines which contain angle be produced, 
there way be found in either o/* them a jmni Ji'om which the 
perpendicular drawn to the other shall ^ greater than any 
given straight line. 

Let AB, AC be two straight lines which make an angle 
with one another, and let AB l>e the given straight line; a 
point may be found either in AB or AC, as in AC, from which, 
the perpendicular drawn to the other AB, shall be greater 
than AD. 

In AC take any point E, and draw EF perpendicular to 
AB : produce AE to O, so that EG be equal to AE ; and pro- 
duce FE to H, and make Eli ^ 
equal to FE, and join HG. Be¬ 
cause, in the triangles AEF, V 
OEH, the two sides AE, EF arc ^ 
equal to the two GE, EH, each V 

* 16.1. to each, and contain equal* 

• 1. angles, the angle GHE is therefore rcqual tt>* the angle APE, 

which is a right angle: draw GK perpendicular to AB ; and 
because the straight lines FK, HG are at right angles to FH, 
and KG at right angles to FK, KG is equal to FH, (by Cor. 
Prop. 2.) that is, to the double of In the same manner 
if AG be produced to L, so that GE be equal to AG, and LM 
be drawn perpendicular to AB, then LM is double of GK, and 
so on. In AD take AN equal to FE, and AO equal to KG, 
that is, to the double of FE, or AN; also take AP equal to 
LM, that is, to the double of KG, or AO; and lct.thiitbe done 
till the straight line taken be greater than AD: let this 
straight line so taken be AP, and because AP is equal to LM, 
therefore LM is greater than AD. Which was to be done. 

PROPOSITION IV. 

t 

If iwo straight lines AB, CD inahe equal angles EAB, ECD 
with another straight line EAC towards the same parts qf it, 
AB and CD arc at right angles to some straight line. 

Bisect AC in F, and ^raw FG p^nendicular to AB; take 
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CH in the straight line CD equal to AG^ and on the contrary 
slide of AC to that on which AG is, and join FH ; therefore, in 
the triangles 'AFO, CFH, the sides FA, AG are equal to FC, 
€H, each to each, and the angle FAG, 
that is* EAB, is equal to the angle 
FCH i wherefore*, the angle AGF is 
equal to CHF, and AFG to the angle 
CFH: to these last at^d the common angle 
AFH; therefore the two angles AFG, 

AFH are equal|^o' the two angles CFH, 

HFA, which two last are together equal 
to two right angles *: therefore, also AFG, AFH are equal to 
two right angles, and consequently *, GF and FH arc in one 
straight line. And because AGF is a right angle, CHF which 
is equal to it is also a right angle : therefore the straight lines 
AB, CD arc at right angles to GH. 

PROPOSITION V. 



IJ^ two straight lines AB, CD he cut hy a third ACE, so as 
to fnakc the Ulterior angles BAC, ACD, on the same side of 
it, together less than ipo right angles, AB and CD being 
produced, shall meet one another towards the jmnls on which 
arc the two angles, which arc less than two right angles. 



At the point C in the straight line CE, make * the angle 
ECF equal to th 2 angle EAB, and draw to AB, the straight 
line CO at right angles to CF: then, because the angks ECF, 
EAB are equal to one another, 
uiid that the angles ECF, FCA 
arc together equal * to cwo right 
angles, the angles EAB, FCA arc 
equal to two rigirt angles. But, 
by the hypothesis, the angles EAB, 

ACD are together less than two 

right ingLes; therefore the angle FCA is greater than ACD, 
and CD falls between CF and AB: and because CF and CD 
make an angle with one another, (by Prop. 3.) a point 
may be found in either of them CD, from which the per¬ 
pendicular drawn to CF shall be greater than the straight 
line CG. Let this point be H, and draw HR perpendicular 
to GF, meeting AB in L; and because AB, CF contain 
equal angles with AC on the same sMe of it, (by Prop. 
4.,) AB and CF arc at right angles to the straight line 


15. 1. 
4.1. 


15. I. 
14. 1. 


» 23 . 1 . 


• IS. I. 
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MNO, which bisects AC in N, and is perpendicular to CF: 
therefore (by Cor. Prop- 2.) CG and KL, which are at right 
angles to CF, are equal to one another: and HK is greater 
than CG, and therefore is greater than KL, and consequently 
the point H is in KL produced. Wherefore the straight line 
CDH, drawn betwixt the points C, H, which are on cdntrary 
sides «)f AL, must necessarily cut the straight line AB. 

PROPOSITION xx:?v. 

The demonstration of tins projMsitioii is .angcd, because, 
if the method which is used in it was followed, there would 
be three cases to be separately demonstrated, as is done in the 
translation from the Arabic; for, in the dements, no case of 
a proposition that requires a different demonstration ought to 
be omitted. On tliis account we have chosen the method 
which ]\Tons. Clairault has given, the first of any, as far as 
know, in his Elements, page 21, and which afterwards Mr 
Simpson gives in his, page 32. But whereas Mr. Simpson 
makes use of Prop. 26. Book 1., from which the equality of 
the two triangles does not immediately follow, because to 
prove that, the 4th of Book 1. musjl, likewise be made use of, 
as may be seen in the very same case in the 34th ^Prop. 

Book 1., it was thought letter to make use only of the 4th of 
Book I. 

e PROPOSITION XLV. \ 

The straight line KM is proved to be parallel to FL from 
the 33d Prop., whereas KH is parallel to FG by'construction, 
and KHM, FGL have been demonstrated to be straight lines. 
A corollary is added from Commandinc, as being often used. 


BOOK II. 

PROPOSITION XIII. 

In this proposition only acute-angled triangles are men- 
tion<^, whereas it holds true of every triangle; and the demon- 
strations of the cases omitted are added. Commandinc and 

Clavius have likewise given their demonstrations of these 
cases. 
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* PROPOSITION XIV. 

In tbc demonstration of this, some Greek editor has igno¬ 
rantly inserted the words, “ but if not, one of the two BE, 
ED, is the greater: let BE be the greater, and produce it to 
Fas if it was of any ^nseqnence whether the greater or 
lesser be produced: therefore, instead of these words, there 
ought to be read only# '' but if not, produce BE to F.’* 


BOOK III. 

PROPOSITION I. 

Several authors, especially among the modern mathemati¬ 
cians and logicians, inveigh too severely, and sometimes igno¬ 
rantly enough, against indirect or apogogic demonstrations, 
not being aware that there are some things that cannot be 
demonstrated any other way ; of this the present proposition 
is a very clear instance, as no direct demonstration can be 
given of it; because, bedsides the definition of a circle, there 
is no j)rinciple or property relating to a circle antecedent to 
this problem, from which either a direct or indirect demon¬ 
stration can be deduced: wherefore it is necessary that the 
point found by the construction of the problem be proved to 
be the centre of the circle, by the help of this definitJon, and 
some of the preceding propositions: and because, in the de¬ 
monstration, this proposition must be brought in, viz. straight 
lines from the centre of a circle to the circumference are equal, 
and that the point found by the construction cannot be assumed 
as the centre, for this is the thing to be demonstrated; it is 
manifest some other point must be assumed as the centre: and 
if from this assumption an absurdity follows, as Euclid de¬ 
monstrates there must, then it is not true that the point 
assumed is the centre; and as any point whatever was assumed, 
it follows that no point, except that found by the construction, 
can be the centre, from which the necessity of an indirect 
demonstration in this case is evident. 

* ^ PROPOSITION XIII. 

As it is much easier to imagine that two circles may touch 
^ one another within in more points than one, upon the same 
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side^ than upon opposite ndes, the figure of that case ought 
not to have heen omitted ; but the construction in the Greek 
tegd wcmld not have suited with this figure so well^ because 
the centres of the circles must have been placed near to the 
circumferences; on which account another construction and 
demonstmtlon is giviM, which is the same with the second 
part of that which Campanus has translated from the Arabic, 
where, without any reason, the demonstration is divided into 
two parts, 

PROPOSITION XV. 

The converse of the second part of this proposition is want¬ 
ing, though in the preceding, the converse is added, in a like 
case, both in the enunciation and demonstration; and it is 
now added in this. Besides, in the demonstration of the first 
part of this fifteenth, the diameter AD (see Commandiiie's 
figure) is proved to be greater than the straight line BC by 
means of another straight line MN; whereas it may be better 
done without it: on which accounts, we have given a different 
demonstration, like to that which JSucIid givc<i in the preced¬ 
ing 14th, and to that which Theodosius gives in Prep. 6. B. 
I. of his Spherics, in this very affair. 

PROPOSITION XVI. 

In this we have not followed the Gteeknor the Latin trans¬ 
lation literally, but have given what is plainly the meaning of 
the proposition, without mentioning the angle of the semi¬ 
circle, or that which some call the cornicular angle, which 
they conceive to be made by the circumference and the straight 
• line which is at right angles to the diameter, at its extremity; 
which angles have furnished matter of great debate between 
some of the modem geometers, and given occasion of deducing 
strange consequences from them, which are quite avoided by 
the manner in which we have expressed the proposition. And 
in like manner, we have given the true meaning of Prop. 31. 
B. III. without mentioning the angles of the greater or lesser 
segments. These passages, Victa, with good reason, suspects 
to be adulterated in the 386th page of his Oper. Math. 

a 

PROPOSITION XX. 

The first words of the second part of this demonstration, 
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KtxXwrdw jq are wrong translated by Mr. Briggs and 

Dr. Gr^ory, Riusas mriinetar ” ; for the translation ought 
to be " Rui-sus inflectater**; a» Cennnandine has it» A 
straight line is said to be inflected either to a stnuj^t or curve 
line, when a'Straight line is draivn to this line from a point, 
and Trom the point in which it meets it, a straight line making 
ail angle with the fonher, is drawn to another point, as is 
evident from the 90th Prop, of Euclid’s Data: for thus the 
whole< line betwixt the first and last points is inflected or 
broken at the point of inflection, where the two straight lines 
meet. And in the like sense, two straight lines arc said to 
be inflected from two points to a third point, when they make 
an angle at this point ; as may be seen in the description given 
by Pappus Alexandrinus of Apollonius’s Books dc Locis planis, 
in the preface to the 7th Book: we have made the expression 
fuller from the 90th Prop, of the Data. 

PROPOSITION XXI. 

There are two cases of this proposition, the second of which, 
viz. when the angles are in a segment not greater than a semi- 
circle^*is wanting in tht Greek: and of this a more simple 
demAnstration is given than that which is in Commandine, as 
being derived only from the first case without the help of 
triangles. 


PROPOSITION XXIII. XXIV. 

In -Prop. 24th it is demonstrated that the segment AEB 
must coincide with ‘ }!he segment CFD, (see Commandine’s 
figure,) and that it cannot fall otherwise, as COD, so as to cut 
the other circle in a third point O, from this, that if it did, a 
circle could cut another in more points than two; but this 
ought to have been proved to be impossible in the 23d Prop., 
as ^^%I1 as that one of the segments cannot fall within the 
other. Tliis part, then, is left out in the 24th, and put in its 
proper place, the 23d Proposition. 

PROPOSITION XXV. 

This propositiqn is divided into three cases, of which two 
have the same construction and demonstration; therefore-it is 
now divided only into two cases. 
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PROPOSITION XXXIII. 

* • 

This also in the Greek is divided into three cases^ of which 

% 

two^ viz. one in which the given angle is acutc^ and the other 
in which it is obtuse^ have exactly the same construction and 
demonstration; on which account^ the demonstration of the 
last case is left out^ as quite superfluous^ and the addition of 
some unskilful editor; besides the demonstration of the case 
when the angle given is a right anglc^ is done in a roundabout 
wayj and is therefore changed to a more simple one, as was 
done by Clavius. 


PROPOSITION XXXV. 

As the 25th and 33d Propositions are divided into more 
cascs^ so this 35th is divided into fewer cases than arc neces¬ 
sary. Nor can it be supposed that Euclid omitted tliem be* 
cause they are easy; as he has given the case, which by far is 
the easist of them all, viz. that in whjch both the straight lines 
pass through the centre: and in the following^proposition he 
separately demonstrates the case in which the straight liiic 
passes through the centre, and that m which it does not pass 
through the centre : so that it seems Theon, or some otliot*, has 
thought them too long to insert: but cases that require diflereiit 
demonstrations, should not be left out in the Elements, as was 
before taken notice of; these cases arc in the translation from 
the Arabic, and arc now put into the text. 

. •PROPOSITION xx:^vii. 

At the end of this, the words “ in the same manner it may 
“ be demonstrated, if the centre be in AC ”, are left out, being 
the addition of some ignorant editor. 


BOOK IV. 

DEFINITIONS. 

When a point is in a straight line, or any other line, this- 
point is by the Greek geometers said «n-Tio-d«i, to be upon or 
in that line; and when a straight line or circle meets a circle 
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any way, the one is said to meet the otlier: but 

\flien a strai^^ht line or circle meets a circle so as not to 

cut it, it is said to touch the circle; and these two 

terms are never promiscuously used by them: therefore, in 

the 5th Definition of Book IV. the compound e^a^rtirai must 

be read, instead of the simple avruroa: and in the 1 st, 2d, 3d, 

and (Jth Definitions in Commandinc's translation, tangit”, 

must be read insteack of contingit”: and in the 2d and 3d 

Definitions of Book 3. the same change must be made: but 

in the Greek te?^f Propositions 11 th, 12th, 13th, 18th, 19th, 

Book 3, the compound verb is to be put for the simple. 

*■ 

PROPOSITION IV. 

In this, as also in the 8th and 13th Propositions of this 
Book, it is demonstrated indirectly, that the circle touches a 
straight line; whereas in the 17 th, 33d, and 37th Proposi¬ 
tions of Bo(dc 3. the same thing is directly demonstrated; 
and tins way we have chosen to use in the propositions of this 
book, as it is shorter. 


• PROPOSITION V. 

The demonstration of this has been spoiled by some unskil¬ 
ful hand: for he does not demonstrate, as is necessary, that 
the two straight lines which bisect the sides of the triangle 
at right angles, must meet one another; and, without any 
reason, he divides the proposition into three cases: whereas, 
one and the same consU*uction and demonstration serves for 
them all, as Campanus has observed; which useless repeti¬ 
tions are now left out: the Greek text also in the corollary is 
manifestly vitiated, where mention is made of a given angle, 
though there neither is, nor can be, any thing in the proposi¬ 
tion relating to a given angle. 

' PROPOSITIONS XV. XVI. 

In the corollary of the first of these, the words “ equila¬ 
teral .and equiangular” are wanting in the Greek; and in 
Prop. 16. instead of " the circle ABCD,” ought to be read the 
circumference ABCD; ” where mention is made of its con¬ 
taining fifteen equal parts. 
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BOOK.V. 

DEFINITIONS. 

III. Many of the modern mathematicians reject this defini¬ 
tion : the very learned Dr. Barrow has explained it at large at 
the end of his third leetoze of the year^ 1666, in which also 
he answers the objectioiu mark against it as well as the sub¬ 
ject would allow: and at the end gives his pinion upon the 
whole 08 follows: 

" I shall only add, that the author had, perhaps, no other 
design in making this definition, tlmn (t^t he might more 
fully explain and embellish his suligect) to give a general 
“ and summary idea of ratio'to beginners, by premising this 
metaphysical definition, to the more accurate definition of 
** ratios that are the same to one another, or one of which is 
" greater or less than the other: I call it a metaphysical, for 
“ it is not properly a mathematical, definition, since nothing 
in mathematics depends on it, or is deduced, nor, as 1 
“ judge, can be deduced from it: and the definition ''f ana- 
“ logy, which follows, viz. Analogy is the similitude of ratios, 
“ is of the same kind, and can serve for no purpose in mathe- 
'' matics, but only to give beginners some general, though 
“ gross and confused, notion of analogy: but the whole of the 
" doctrine of ratios, and the whole of mathematics, depend 
'' upon the accurate mathematical definitions which follow 
" this: to these^ we ought jnrindipaUy to attend, as the doc- 
trine of ratios is more perfectly e'tplained by them ; this 
" third, and others like it, may be entirely spared without 
" any loss to gemnetry; as we see in the 7th brnk of the Ele- 
" ments, where the proportion of numbers to one another is 
'' defined, and treated of, yet without giving any definition 
“ of the ratio of numbers; though such a definition was as ne- 
" cessary and useful to be given in that bo(dc as in this: but in- 
» deed there is scarce any need of it in dcha: of them: t%)ughi> 
J think that a thing of so general and abstracted a natnre, 
" and thereby the more difikult to be conceived and explained, 
" cannot be more commodionsly defined than as tbe author 
" has done: upon which account 1 thought fit to explain it at 
'' large, and defiend it against the captious objections of these 
“ who attack it.'* To this citatum from Dr. Barrow 1 have 
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nothing to add, except' that I fu}ly believe the 3d and 8th 
Definitions are not Euclid's, but added by some unskilful 
editor. * 

I 

XI. It was necessary to add the word " continual” before 
" proportionals" in this definition; and thus it is cited in the 
33d Pr6p. of Book 11. 

After this definition, ought to have followed the definition 
of compound ratio, as this was the proper place for it; dupli¬ 
cate and*triplicate ratio being species of compound ratio: but 
Theon has made^t the 5th Def. of B. 6. where he gives an 
absurd and entir^ useless definition of compound ratio : for 
this reason we have placed another definition of it betwixt 
the 11th and 12th of this book, which, no doubt, Euclid 
gave, for he cites it expressly in Prop. 23. B. 6.; and which 
Clavius, Herigon, and Barrow, have likewise given; but they 
retain also Theon’s, which they ought to have left out of the 
Elements. 

XIII. This, and the rest of the definitions following, con¬ 
tain the explication of some terms \fhich are used in the 5th 
and following booics; which, except a few, are easily enough 
underst&^d from the propositions of this book, where they are 
■ first mentioned: they seem to have been added by Theon, or 
some other. However it be, they are explained something 
more distinctly for the sake of learners. 

t 

PBOPOSITION IV. 

In the cons^riiction preceding the demonsti|ition of this, 
the words « trvxjt any iifhatever,” are twice wanting in the 
Greek, as also in the Latin tranidations, and are now added, 
as being wholly necessary. 

Ibid, in the demonstration; in the Greek, and in the Latin 

translatiml of Commandine, and in that of Mr. Henry Briggs, 

which wjts pnbliahed in London in 1620, together with the 

Greek text of the first six books, which trandation in this 

• 

place is followed by Dr. Gregory in his edition of Eudid, 
there i^his sentence following, vis. and of A and C have 
“ been taken equimultiples K, L; and. of B and D, any equi- 
" multiples whatev^^ («*‘rvxO M, N;” which is not true, 
the words ** any whatevw*' ought to be left out: and it is 
strange that neither Mr. Br^gs, who did right to leave out 
these words in one place of Pr<q>. 13. of this Book, nor Dr. 



«72 


SIMSON’S NOTB8. 


Gregory, who changed them into the'word some” in three 
places, and left them out in a fourth of that same Prop. L3., 
did not also leave them out in this place of Prop. 4. and in 
the second of tke two places where they occur in Prop. 17* of 
this book, in neither of which they can stand c<msistcnt with 
•truth: and in none of all these places, evra in those which 
they corrected in^ thei; liatin tran^ation, have-they cancelled 
the wcH-ds » iTvy^i in the Gh'eek text, ^as they ought to have 
done. <• 

The same words » are found in four places of Prop. 
11. of this Book, in the first and last of which they are neces¬ 
sary, but in the second and third, though they are true, they 
are quite superfluous; as they likewise are in the second of 
the two places in which they are found in the 12th Prop, and 
in the like places of Prop. 22, 23, of this Book; but are 
wanting in the last place of Prop. 23, as also in Prop. 25, 
Book 11. 

COROLLARY PROPOSITION IV. 

* 

i 

This corollary has been unskilfidly annexed to thj^^proposi- 
tion, and has been made instead of the legitimate demonstra¬ 
tion, which, without doubt, Theon, or some other editor, 
has taken away, not from this, but from its proper place in 
this book: the author of it designed, to demonstrate, that if 
fbur*magnitudes E, O, F, H be proportionals, they are also 
proportionals inversely ; that is, G is to £, as H to F; which 
is true: but the demonstration of it does noj: in the least de¬ 
pend upon this 4th Prop, or its dehmnstration: for, when he 
says, " because it is demonstrated, lhat if K be greater than. 
“ M, L is greater' than N,” &c., this indeed is shewn in the 
demonstration of the 4th Prop, but not from this, that £, G, 
F, H are proportionals; for this last is the conduifion the 
propositum. Wherefore these words, “ because it ip denum- 
" strated," &c.> are wholly . foreign to his design:' and he 
should have proved, that if K be. greater than M, L iagreater 
than N, firom this, that £, 0, F, H are pK^Kntioau^ end 
from the 5th Def. of this Bodt, which he has not; .but is dope 
ip Prop. B, which we have given in its proper place, instead 
af this cordlary; and another corollary hi placed after the 4th 

aiteadf use; and is necessary to the ddhttm- 
stfi^ of Prep. 18. of this book. 
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• PROPOSITION V. 

In the construction which precedes the demonstration of 
this proposition^ it is required that EB may be the same mul¬ 
tiple of CO^ that AE is of CF; that is, that £B be divided into 
as many equal parts as there are parts in AE equal to CF: 
from which it is evident, that this construction is not Euclid’s, 
for he does not shew the way of dividing straiglit lines, and 
far less other magnitudes, into any number of equal parts, 
unt"l the 9th of B. 0- and he never requires any thing 
to be done iu the construction of which he had not before 
given the method of doing: for this reason, we have 
changed the construction to one, which, without 
doubt, is Euclid's, in which nothing is required but 
to add a magnitude to itself a certain number of 
times; and this is to he found in the translation from 
the Arabic, though the enunciation of the proposi- ^ 
tion and the demonstratior are there very much 
spoiled. Jacobus Peletarius, who was the first, as far as 
I know, who took notice of this error, gives also the right 
construcQun in his edition'of Euclid, after he had given the 
other M^iich he blames. He says, he would not leave it out, 
because it Avas fine, and might sharpen one's genius to invent 
others like it: whereas there is not the least difference be¬ 
tween the two demonstrations, except a single word ir the 
construction, which very probably has been owing to an un¬ 
skilful librarian. Clavius likewise gives both the ways; but 
neither he nor Peletarius ^akes notice of the reason why the 
one is preferable to the other. 

PROPOSITION VL 

There are two cases of this proposition, of which only the 
first and simplest is demonstrated in the Greek. And it is 
probable Theon thought it was sufficient to give this one, since 
he was to make use of neither of them in his mutilated edition 
of the bth Book; and he might as well have left out the other, 
as also the 5th Prop, for the same reason. The demonstra¬ 
tion of the other case is now added, because both of them, as 
also the 5th Prop, are necessary to the demonstration of the 
18th Prop, of this Book. The translation from the Arabic 
gives both cases briefly- 
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PROPOSITION A. 

* 

This proposition is frequently used by geometers, and it is 
necessary in the 25th Prop, of this Book, 31st of the 6th, 
and 34th of the 11th, and 15th of the 12th Book: it,seems 
to have been taken out of the Elements by Theon, because it 
appeared evident enough to him, and others, who substitute 
the confused and indistinct idea the vulgar have of propor¬ 
tionals, in place of that accurate idea which is to b^got from 
the 5th Def. of this Book. Nor can there (jo any doubt that 
Eudoxus or Euclid gave it a place in the Elements, when we 
see the 7th and 9th of the same Book demonstrated, though 
they are quite as easy and evident as this. Alphonsus Bo- 
rellus takes occasion from this proposition to censure the 5th 
Definition of this Book very severely, but most unjustly^ In 
p* 126. of his Euclid Restored, printed at Pisa in 165B, he 
says, Nor can even this least degree of knowledge be ob- 
tained from the aforesaid property,” viz. that which is con¬ 
tained in 5th Def. 5. That, if four magi^utudcs be propor- 
“ tionals, the third must necessarily be greater than the 
fourth, when the first is greater than the scconfi: as Cla- 
vius acknowledges in the 16th Prop, of the 5th Book of the 
Elements.” But though Clavius makes no such acknowledg¬ 
ment expressly, he has given Borcllus a handle to say tikis of 
him^ because when Clavius, in the above-cited place, cen¬ 
sures Commandinc, and that very justly, for demonstrating 
this proposition by help of the 16th of the 5th ; yet he him¬ 
self gives no demonstration of it, hut thinks it plain from the 
nature of proportionals, as he writes in the end of the 14th 
and 16th Prop. B. 5. of his edition, and is followed by Heri- 
gon in SchuL 1. Prop. 4. B. 5. as if there was any nature of 
proportionals antecedent to that which is to be derived and 
understood from the definition of them : and, indeed, though 
it is very easy to give a right demonstration of it, nobody, as 
fas as I know, has given one, except the learned Dr. Barrow, 
who, in answer to Borellus’s objection, demonstrates it in¬ 
directly, but very briefly and clearly, from the 5 th Def. in the 
322d page of his Lect. Mathcm. from which definition it may 
also be easily demonstrated directly: on which account we 
have placed it next to the propositions concerning equimulti¬ 
ples. 
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PROPOSITION B. 

This also is easily deduced from the 5th Def. B. 5. and 
therefore is placed next to the other; for it was very igno¬ 
rantly made a corollary from the 4th Prop, of this Book. See 
the note on that corollary. 

PROPOSITION C. 

This IS frequently made use of by geometers, and is neces¬ 
sary to the 5th and 6th Propositions of the 10th Book. Cla- 
vlus, in his notes subjoined to the 8th Def- of Book 5. demon¬ 
strates it only in numbers, by help of some of the propositions 
of the 7th Book; in order to demonstrate the property con¬ 
tained in the Gth Def. of the 5th Book, when applied to num¬ 
bers, from the property of proportionals contained in the 20th 
Def. of the 7th Book: and most of the commentators judge 
it difficult to prove that four magnitudes which are propor¬ 
tionals according to the 20th Def. of 7th Book, arc also pro- 
portional'::it*xccording to the 5th Def. of Gth Book. But this 
is easily^ made out as follows: 

First, if A, B, C, D be four magnitudes, such that A is the 
same multiple, or the same part pf B, which C is of D : A, B^ 

C, D are proportionals: This is demonstrated 
in proposition C. 

Secondly, if AB contain the same parts of 
CD that EF does of OH ; in this case like¬ 
wise AB is to CD, as EF tc GH. 

Let CK be a part of CD, and GL the same 
part of GH ; and let AB be the same mul- A 
tiple of CK, that EF is of GL : therefore*, AB 
is to CK, as EF to GL : and CD, GU are equimultiples of CK, 

GL, the second and fourth; wherefore *, AB is to CD, as EF • Cor. 4.5. 
to GH. 

And if four magnitudes be proportionals according to the 
5th Def- of Book 5. they are also proportionals according to 
the 20th Def. of Book 7- 

First, jf A be to B, as C to D ; then if A be any multiple or 
part of B *, C is the same multiple or part of D. 

Next, if AB be to CD, as EF to GII : then if AB contain any 
parts of CD, EF contains the same parts of GH : fot let CK be 

T 2 



• D. 5. 
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• C. 5. 

• Cor. i. 6. 

• 9. 5, 


a part of CD, and GL the same part of GH, and let AB be 
a multiple of CK: £F is the same multiple of GL : take 
M the same mnltiple of GL that AB is of CK ; there¬ 
fore AB is to CK, as M to GL : and CD, GH, are 
equimultiples of CK, Gli ; wherefore AB is to CD, 
as M to GH. And, by the hypothesis, AB is to Ctl, 
as EF to Oil ; therefore, M is equal * to EF, and con¬ 
sequently EF is the same multiple of CL that AB is of 


PROPOSITION D. ^ 

This is not unfrequently used in the demonstration of other 
propositions, and is necessary in that of Prop. 9. B. 6. It 
seems Tlieon has left it out for the reasons mentioned in the 
notes at Prop. A. 


PROPOSITION vrrr. 

In the demonstration of this, us it is now in the Greek, 
there are two cases, (sec the demonstration jIi Herviigius, or 
Dr- Gregory's edition,) of which the first is that in^^^'ich AE 
is less than EB; and in this it necessarily follows, that 11© 
the multiple of EB is greater than ZII the same multiple of 
AE, which last multiple, by the construction, is greater than 
A; whence also H© must be greater than A; but in the second 
casej viz. that in which KB is less than hE, though ZH be 
greater than A, yet h© may be less 
than the same A; so that there can¬ 
not be taken a multiple of A whicfi 
is the first that is greater tlian K or 
H©, because A itself is greater than 
it: upon this account, the author of 
this demonstration found it necessary 
to change one part of the construc¬ 
tion that was made use of in the first case; but lie has, M'ith- 
out any necessity, clianged also another part of it, viz. when 
he orders to take N that inultijile of A which is the first that is 
greater than ZH ; for he might have taken that multiple of A 
which is the first that is greater than H0, or K, as was done 
in the first case: he likewise brings in this K into*^thp de¬ 
monstration of both cases, without uuy reason; for it serves to 
no purpose but to lengthen the demonstration. There is also a 
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third case which is not mentioned in this demonstration, via. 
tl^jit in which AE in the first, or EB in the second of the two 
other cases is greater than A - and in this any equimultiples, as 
the doubles of AE, EB, are to be taken, as is done in this edition, 
where all the cases are at once demonstrated: and from this 
it is j'^ain that Theon, or some other unskilful editor, has 
vitiated this proposition. 

fllOPOSITION IX. 

Of this there ^ given a more explicit demonstration than 
that which I found in the Elements. 

PROrOSTTION X. 

It was necessary to give another demonstration of this pro¬ 
position, because tlmt which is in the Greek and Latin, or 
other editions, is not legitimate: for the words greater, the 
same, or equal, lesser, have a quite different meaning when 
applied to magnitude's and ratios, as is plain from the fith and 
7th definitions of ilook 5- By the help of these let us examine 
the denujnslration of the 10th Prop, which proceeds thus; 

Let A‘ kxive to a greater* ratio than B to C: I say that A 
is greater than B ; for if it be not greater, it is either equal 
or less. But A cannot be equal to B, because then each of 
them would have the same ratio to C ; but they have not. 

Therefore A is not equal to B." The force of which reason¬ 
ing is this : if A had to C the same ratio that B has to C, then 
if any equimultiples whatever of A and B be taken, and any 
multiple whatever of V ; if the multiple of A bj greater than 
the multiple of C, then * <he multiple of B is also greater than • 5 Def. 5. 
that of C; but from the hypothesis, that A has a greater ratio 
to C, than B has to C, there must t be certain equimultiples f 7 Dcf. 6. 
of A and B, and some multiple of C, such that the multiple of 
A is greater than the multiple of C, but the multiple of B is 
not greater than the same multiple of C, and this proposition 
directly contradicts the preceding ; Avherefore A is not equal 
to B. /riie demonstration of the 10th Prop, goes on thus: 

But neither is A less than B ; because then A would have a 
less ratio to C than B has to it: but it has not a less ratio, 
therc:G^re A is not less than B &c. Here it is said, that 
A would have a less ratio to C than B has to C", or, which 
is the same tiling, that B would have a greater ratio to € than 
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* 7 Def. 6. A to C; that is there must be some equimultiples of D and 

and some multiple of C, such that the multiple of B is 
greater than the multiple of but the multiple of A is dot 
greater than it : and it ought to have been proved^ that this 
can never happen if the ratio of A to C be greater than the 
ratio of B to C; that is, it should have been proved, that, in 
this case, the multiple of A is always greater than the multi¬ 
ple of C, whenever the multiple of B is greater than the multi¬ 
ple of C ; for when this is demonstrated, it will be evident 
that B cannot have a greater ratio to C, than A has to C, or, 
which is the same thing, that A cannot hav^, a less ratio to C 
than B has to C. But this is not at all proved in the lOlh 
Prop.: but if the 10th were once demonstrated, it would 
immediately follow from it, but cannot without it be easily 
demonstrated, as he that tries to do it will find. Wherefore 
the 10th Prop, is not sufficiently demonstrated. And it seems 
that he who has given the demonstration of the 10th Prop, 
as we now have it instead of that which Eudoxus or Euclid 
had given, has been deceived in applying what is manifest, 
when understood of magnitudes, unto ratios, viz. that a mag¬ 
nitude cannot be both greater and less than another, Tliat 
those things which are equal to* the same arc equal to one 
another, is a most evident axiom when understood pf mag¬ 
nitudes ; yet Euclid docs not make use of it to infer, tliat 
those ratios, which are the same to the same 
ratio, are the same to one another, but ex¬ 
plicitly demonstrates this in Prop. 11. of Book 
5. The demonstration wc have given of the 

10th Prop- i» no doubt the same with that of _ _ _ 

* ... *. DFEK 

Eudoxus or Euclid, as it is immediately and 

directly derived from the definition of a greater 

ratio, viz. the 7th of the 5th. 

The above-mentioned proposition, viz. If 
A have to C a greater ratio than B to C ; and ^ 

if of A and B there be taken certain equi- , 

multiples, and some multiple of C; then if the multiple of B 
be greater than the multiple of C, the multiple of A is also 
greater than the same, is thus demonstrated. 

Let D, £ be equimultiples of A, B, and F a multiple of C, 
such, that £ the multiple of B is greater than F ; D the mul¬ 
tiple of A is also greater than F. 

Because A has a greater ratio to C, than B to C, A f is greater 
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than therefore D the multiple of A is greater than £ the 
same multiple of B: and £ is greater than F; much more 
therefore D is greater than F. 

PROPOSITION XIII. 

■ 

In Commandine's, Brigg’s, and Gregory's translations at thc 
beginning of this demonstration^ it is said^ and the multiple 
of C is greater thafl the multiple of D; but the multiple of 
E is not greater than the multiple of F : which words are 
a literal translal^n from the Greek : but the sense evidently 
requires that it be read, “ so that the multiple of C be greater 
than the multiple of D ; but the multiple of E be not greater 
than the multiple of F/' And thus this place was restored 
to the true reading in the first editions of Commandine's 
Euclid^ printed in 8vo-, at Oxford; but in the later editions^ 
at least in that of 1747> the error of the Greek text was 
kept in. 

Tliere is a corollary added to Prop. 13, as it-is necessary to 
the 20th and 21st Prop, of this Book, and is as useful as the 
proposition. 

PROPOSITION XIV. 

The two cases of this, which are not in the Greek, arc 
added; the demonstration of them not being exactly the same 
with that of the first cas^. 

PROPOSITION XVII. 

% 

Tlic order of the words in a clause of this is changed to 
one more natural: as was also done in Prop. 11. 

PROPOSITION XVIII. 

The demonstration of this is none of Euclid’s, nor is it 
legitiniatc ; for it depends upon this hypothesis, that to any 
three magnitudes, two of which, at least, are of the same 
kind, there may be a fourth proportional: which, if hot 
proved, the demonstration now in the text is of no force ; but 
this is assumed without any proof; nor can it, as far as I am 
able t8 discern, be demonstrated by the propositions preced¬ 
ing this : so far is it from deserving to be reckoned an axiom, 
as Glavius, after other commentators, would have it, at the 
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end of the definitions of the 5th Book, Euclid does not de-* 
jnonstrate it^ nor does he show how to find the fourth propor,- 
tional^ before the 12th Prop, of the 6th Book: and he never 
assumes any thing in the demonstration of a proposition which 
he had not before demonstrated ; at leasts he assumes nothing 
the existence of which is not evidently possible; for a certain 
conclusion can never be deduced by flic means of an uncertain 
proposition; upon* this account we have given a legitimate 
demonstration of this proposition instead of that in the Greek 
and other editions, udiich very probably Theon, at least some 
other, has put in the place of Euclid's, becahle he thoughl, it 
too prolix : and as the 17th Prop, of which this 18th is the 
converse, is demonstrated by help of the first and second pro¬ 
positions of this book ; so, in the demonstration now given of 
the 10th, the 5th Prop, and both cases of the 6th are neces¬ 
sary, and these two propositions are the converses of the 1st 
and 2d- Now the 5th and 6th do not enter into the demon¬ 
stration of any proposition in this book as we now have it: 
nor can they be of use in any proposition of the Elements, 
except in this 18th, and this is a manifest pv^f, that Euclid 
made use of them in his demonstration of it, and tliat the 
demonstration now given, which Is exactly the c(fiivtTsc of 
that of the 17 th, as it ought to be, diifers nothing froin that 
of Eudoxus or Euclid : for the 5th and 6th have undoubtedly 
been put into the 5th Book for the sake of some propositions 
in it,, as all the other propositions -ubout equimultiples have 
been. 

Hieronymnus Sacclierius, in his book named Euclides ab 
Omni naevo Vliidicatus”, printed at Milan, ann. 1733, in 4to. 
acknowledges this blemish in the demonstration of the 18th ; 
and that he may remove it, and render tlie demonstration we 
now have of it legitimate, he endeavours to demonstrate the 
following proposition, which is in page 115 of this book, viz. 
“ Let A, B, C, D be four magnitudes of which the two first 
are of one kind, and also the two others either of tlfe same 
kind with the two first, or of some other the same kind with 
one another. I say the ratio of the third C to the fjurth 
D, is either equal to, or greater, or less, than the ratio of 
'' the first A to the second B.” 

And after two propositions premised as lemmas, he ploceeds 
thus: 

Either among all the possible equimultiples of the first 
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'' A, and of the third C, and^ at the same time^ among all 
^^4hc possible equimultiples of the second and of the 
fourth there can be found some one multiple £F of the 
first and one IK of the second that are equal to one 

another ; and also (in the same case) some one multiple QH 
of the third C, equal to LM the multiple of the fourth D, or 
such equality is no where to be found. If the first case 
happen Qi. e. if such equab'^ 
ty be to be found*], it is 
‘‘ manifest from wliat is before 
demonstrated, ttlat A is toB, 
as C to D; but if such si- 
multancfais equality be not 
“ to be found upon both 
'' sides, it \\dll be found either upon one side, as upon the 
side of A [^and B] ; or it will be found upon neither side: 
“if the first happen; therefore (from Euclid’s definition 
“ of greater and lesser ratio foregoing) A has to B a greater 
“ or less ratio than C to D ; according as GII the multiple 
of the third C is less, or greater, than LM the multiple 
“ of the fourth D: but if the second case happen; therefore 
“ upon the one side, as up<in the side of A the first and B the 
sccoiTd, it may happen that the multiple EF [viz. of the 
“ first] may be less than IK the multiple of the second, while, 
on the contrary, upon the other side [viz. of C and D], the 
“ multiple GJI [ot the thi^d C] is greater than the other mul*- 
tiplc LM [of the fourth D]: and then (from the same defi- 
nition of Euclid) the ratio of the first A to the second B is 
less than thc*ratio of tlr^ third C to the fourth D ; or on the 
contrary**' * 

Therefore the axiom [i. e. the proposition before set 
down] remains demonstrated," &c. 

Not in the least; but it still remains undemonstrated : for 
what he says may happen, nay, in innumerable cases, never 
happen ; and therefore his demonstration does not hold; for 
example, if A be the side, and B the diameter of a square; 
and C the side, aud D the diameter of another square; there 
can in no case be any multiple of A equal to any of B; nor 
any one of C equal to one of D, as is weH known; and yet it 
can ne^r happen that when any multiple of A is greater than 
a multiple of B, the multiple of C can be less than the mul<- 
tiplc of D, nor when the multiple of A is less than that of B, 
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the multiple of C can be greater than that of D, viz. taking 
equimultiples of A and and equimultiples of B and D; for 
A, C, D are proportionals, and so if the multiple of A be 
' 6 Def. b, greater, &c. than that of B, so must that of C * be greater, 
&c. than that of D. 

The same objection bolds good against the demonstration 
which some give of the first Prop, of the 6th Book, which we 
have made agaiilst this of the 18th Prop, because it depends 
upon the same insufficient foundation with the other. 

PROPOSITION XIX. 

A corollary is added to this, which is as frequently used as 
the proposition itself. The corollary which is subjoined to it 
in the Greek, plainly shews that the 5th Book has been 
vitiated by editors who were not geometers: for the conver¬ 
sion of ratios docs not depend upon this 19th, and the de¬ 
monstration Avhich several of the commentators on Cuclid 
give of conversion is not legitimate, as Clavius has rightly 
observed, who has given a good demonstration of it which we 
have put in proposition E ; hut he makes il a corollary from 
the 19th, and begins it with thejvords, Hence i^easily fol¬ 
lows,” though it docs not at all follow from it. 

PROPOSITIONS XX. XXI. XXII. XXIII. XXIV. 

The demonstrations of the 20thaand 21st Propositions arc 
shorter than those Euclid gives of easier propositions, either 
in the preceding or following books. Wherefore it was pro¬ 
per to make them more explicit, and the 22d and 23d Propo¬ 
sitions are, as they ought to be, extended to any number of 
magnitudes: and in like manner may the 24th be, as is taken 
notice of in the corollary ] and another corollary is added, as 
useful as the proposition, and the words '' any whatever ” are 
applied near the end of Prop. 23, which are wanting in the 
Greek text and the translations from it. 

In a papt^r written by Philippus Naudseus, and published, 
after his death, in the History of the Royal Academy of 
Sciences of Berlin, anno 1745, page 50, the 23d Prop, of the 
5th Book is censured as being obscurely enunciated, and, be¬ 
cause of this, prolixly demonstrated: the enunciation there 
given is not Euclid’s but Tacquet’s, as he acknowledges, 
which, though not so well expressed, is, upon the matter. 
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the same with that which is now in the Elements. Nor is 
tjjerc any thing obscure in it> though the author of the paper 
has set down the proportionals in a disadvantageous order^ by 
which it appears to be obscure: but no doubt Euclid enun¬ 
ciated this 23d^ as well as the 22dy so as to extend it to any 
number of magnitudes^ which, taken two and two, are pro¬ 
portionals, and not of si:;i: only: and to this general case the 
enunciation which Naudacus gives cannot bo well applied. 

The iiemonstration*which is given of this 23d, in that paper, 
is quite wrong; because, if the proportional magnitudes be 
plane or solid %ures, there can be no rectangle (which he 
improperly calls a product) conceived to be made by any two 
of them: and if it should be said, that in this case straight 
lines are to be taken which are proportional to the figures, the 
demonstration would this way become much longer than 
Euclid’s : but even though his demonstration had been right, 
who docs not see that it could not be made use of in the 5th 
Book ? 


PROPOSITIONS F. G. H. K, 

i 

The^e propositions are annexed to the 5th book, because 
they arc frequently made use of by both ancient and modern 
geometers; and in many qascs, compound ratios cannot be 
brought into demonstration, without making use of them. 

Whoever desires to sec the doctrine of ratios delivered in 
this 5th Book solidly dcxended, and the arguments brought 
against it by And. Tacquet, Alph. Borellus, and others, fully 
refuted, may read Dr. Barrow’s Mathematical Lectures, viz. 
the 7th and 8th of the year 16G6. 

The 5th Book being thus corrected, I most readily agree to 
what the learned Dr. Barrow says *, ** That there is nothing ♦ Page 
in the whole body of the Elements of a more subtile inven- 
tioii, nothing more solidly established, and moree accurately 
handled, than the doctrine of proportionals.” And there is 
some ground to hope, that geometers will think that this could 
not have been said with as good reason, since Theon’s time, 
till the present. 
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BOOK VI. 

I 

DEFINITIONS. 

II. and V. The 2d defimtion does not seem to be Euclid^ 
but some unskilful editor's: for there is no mention made by 
Euclid, nor, as far as I know, by any Q^ther geometer, of re¬ 
ciprocal figures: it is obscurely expressed, which made it 
proper to render it more distinct: it would be better to put the 
following definition in place of it, viz. ^ 

Def. II. —r«*o magnitudes arc said to be reciprocally propor¬ 
tional to two others, when one of the first is to one of the 
other magnitudes as the remaining one (fi the last two is to 
the remaining one of ike first* 

But the fifth definition, which, since Theon*s time, has been 
kept in the Elements, to the great detriment of learners, is 
now justly thrown out of them, for the reasons given in the 
notes on the 23d Prop, of this Book. ' 

PROPOSITIONS I. and II. 

To the first of these a corollary is added, which is often 
used: and the enunciation of the second is made more general. 
« 

PROPOSITION III. 

A second cale of this, as useful as the first, is given in Prop. 
A.; viz. the case in whicli the exterior angle of a triangle is 
bisected by a straight line; the demonstration of it is very 
like to that of the first case, and upon this account may, pro¬ 
bably, have been left out, as also the enunciation, by some un¬ 
skilful editor. At least it is certain^ that Pappus makes use 
of this case, as an elementary proposition, without a demon¬ 
stration of it, in Prop. 39 of his 7th Book of Mathematical 
Collections. 


PROPOSITION VI. 

I 

To this a case is added which occurs not unfrequently in 
demonstrations. 
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• PROPOSITION VIII. 

4 

It seems plain that some editor has chan^'ed the demon¬ 
stration that Euclid gave of this proposition: for, after he 
has de®ionstratcd that the triangles are equiangular to one 
another^ he particularly shews that their sides about the equal 
angles are proportionals, as if this had not been done in the 
demonstration of the 4th Prop, of this Book: this superfluous 
part is not found in the translation from the Arabic, and is 
now left out. • 


PROPOSITION IX. 

This is demonstrated in a particular case, viz. that in which 
the third part of a straight line is required to be cut off; 
which is nut at all like Euclid’s manner : besides, the author 
of the demonstration, from four magnitudes being propor- 
tionalsj concludes that the third of them is the same multiple 
of the fourth, which the first is of the second; now, this is 
no where demonstrated in the 5th Book, as we now have it; 
but the editor assumes it from the confused notion which the 
vulgar *hat'e of proportionaL: on this account it was necessary 
to give a general and legitimate demonstration of this propo¬ 
sition. 


. PROPOSITION XVIII. 

« * 

The demonstration of this seems to be vitiated. For the 
proposition is demonstrated only in the case of quadrilateral 
figures, without mentioning how it may be extended to figures 
of five or Inore sides: besides, from two triangles being cqui- - 
angular, it is inferred, that a side of the one is to the homo¬ 
logous side of the other, as another side of the first is to the 
side homologous to it of the other, without permutation 
of the proportionals; which is contrary to Euclid’s manner, 
as is clear from the next proposition; and the same fault oc¬ 
curs again in the conclusion, where the sides about the equal 
angles are not shewn to he proportionals by rciison of again 
neglecting permutation. On these accounts, a demonstration 
is given in Euclid's manner, like to that he makes use of in 
the 2(Tth Prop, of this Book; and it is extended to five-sided 
figures, by which it may be seen how to extend it to figures 
of any number of sides. 
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PROPOSITION XXTII. 

Nothing is urually reckoned more difficult in the elements 
of geometry by learners^ than the doctrine of compound ratio, 
which Theon has rendered absurd and ungeomctrical by sub¬ 
stituting the 5th Definition in the 6th Book in place of the 
right Definition, ^which, without doubt, Eudoxus or Euclid 
gave, in its proper place, after the definition of triplicate ratio, 
&c. in the 5th Book. Theon’s definition is this: a‘ratio is 
said to be compounded of ratios orav al 

ioLMTot^ nrQ>^e(,^Xce^\ec.cr^ua‘»^ •rroiZo’i rtvee : which Commandine 
thus translates: Quando rationum quantitates inter se 

multiplicatee aliquam efficient rationem that is, when the 
quantities of the ratios being multiplied by one another make 
a certain ratio. Dr. Wallis translates the word 
rationum exponentes,'* the exponents of the ratios: and 
Dr. Gregory renders the last words of the definition by il- 
liiis facit quantitatem,” makes the quantity of that ratio: 
but in whatever sense the quantities’' or exponents of the 
" ratios,” and their '' multiplication,” be taken, the definition 
will be ungeomctrical and useless: for there can hp no mul¬ 
tiplication but by a number: now the quantity or exponent 
of a ratio (according to Eutochius in his Comment, on Prop. 
4. Book 2. of Arch, dc Sph. et Cyl. and as the moderns ex¬ 
plain that term) is the number which multiplied into the 
consequent term of a ratio, produces the antecedent, or, which 
is the same thing, the number which arises by dividing the 
antecedent by the consequent; but there are many ratios, 
such, that no number can arise from the division of the ante¬ 
cedent by the consequent; ex. gr. the ratio whicH the dia¬ 
meter of a square has to the side of it; and the ratio which 
the circumference of a circle has to its diameter, and such 
like. Besides, there is not the least mention made of this 
definition in the writings of Euclid, Archimedes, Apollonius, 
or other ancients, though they frequently make use of com¬ 
pound ratio: and in this 23d Prop, of the Cth Book, where 
compound ratio is first mentioned, there is not one word which 
can relate to this definition, though here, if in any place, it 
was necessary to be brought in; but the right definition is 
expressly cited in these words: but the ratio of K to M is 
compounded of the ratio of K to li, and of the ratio of to 
M.” This definition therefore of Theon is quite useless and 
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absurd: for that Theon brought it into the Elements can 
scArce be doubted; as it is to be found in his Commentary 
upon Ptolemy’s Msy^n where he also 

gives a childish explication of it^^s agreeing only to such 
ratios as can be expressed by numbers; and from this place 
the ddfinition and explication have been exactly copied and 
prefixed to the definitions of the 6th Book^ as appears from 
ilervagius’s edition:•but Zambertus and Commandinej in 
their Littin translations^ subjoin the same to these definitions. 
Neither Canipan^s^ nor> as it seems, the Arabic manuscripts 
froift which he made his translation, have this definition. 
Clavius, in his observations upon it, rightly judges that the 
definition <;f compound ratio might have been made after the 
same manner in which the definitions of duplicate and tripli¬ 
cate ratio are given, viz. that as in several magnitudes that 
are continual proportionals, Euclid named the ratio of the 
first to the third, the duplicate ratio of the first to the se- 
cond ; and the ratio of the first to the fourth, the triplicate 
ratio of the first to tho& second; that is, the ratio com- 
pounded of two or three intermediate ratios that are equal 
“ to one ajiother, and so on; so, in like manner, if there be 
several magnitudes of the? same kind, following one another, 
whicli are not continual .proportionals, the first is said to 
‘‘ have to the last the ratio compounded of all the intennediate 
ratios,— -only for this reason, that these intermediate ratios 
are interposed betwixt flie two extremes, viz. the firsthand 
last magnitudes; even, as, in the 10th Def. of the 5th 
Book, the raJ;io of the first to the third was called the du- 
plicate ratio, merely i^on account of two ratios being in- 
terpo8cd*betwixt the extremes, that are equal to one an- 
other: so that there is no difference betwixt the compound- 
ing of ratios, and the duplication or triplication of them 
which are defined in the 5th Book, l^it that in the duplica- 
tion, triplication, &c. of ratios, all the interposed ratios arc 
equal to one another; whereas, ‘ in the compounding of 
ratios, it is not necessary that the intermediate ratios, 
'' shot&d be equal to one another.” Also Mr. Edmund Scar- 
burg, in his English translation of the first six books, pages 
238, 266, expressly affirms, that the 5th Def. of the 6th 
Book iS supposititious, and that the true definition of com¬ 
pound ratio contained in the lOth Def. of the 5th Book, 
viz. the definition of duplicate ratio, or to Ik: understood 
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from itj to wit, in the same manner as Clavius has explained it 
in the preceding citation. Yet these, and the rest of the itio- 
derns, do not\Kithstandmg retain this 5th Def. of the 6th 
Book, and illustrate and explain it by long commentaries, 
when they ought rather to have taken it quite away from the 
Blemcnts. * 

For, by comparing Def. 5. Book 6. with Prop. 5. Book 8. 
it will clearly appear that this definition has been put into 
the Elements in place of the right one, which has been taken 
out of them: because, in Prop- 5. Book 8. jj: is domonstruled, 
tliat the plane number of which the sides are C, I>, has to the 
plane number of which the sides arc E, Z, (see IIervugius% or 
Gregory's edition,) the ratio which is compounded of the ratios 
of their sides ; that is, of the ratios of C to E, and P to Z ; 
and by Def. 5. Book 6. and the explication given of it by all 
the commentators, the ratio which is compounded of the ratios 
of C to E, and D to Z, is tlie ratio of the product made by tlie 
multiplication of the antecedents C, D, to the product by the 
consequents E, Z, that is, the r^tio of the plane numl)er of 
which the sides are C, P, to the plane number of wliich the 
sides are E, Z. Wherefore the proposition wliiclj^ is^^tlie 5th 
Def. of Book 6. is the very same with the 5tli Prop, of Book 
8- and therefore it ought necessarily to l>c cancelled in one of 
these places ; because it is absurd, that the same proposition 
should statid as a definition in one place of ^the Elements, and 
be demonstrated in another place oi them. Now, there is no 
doubt that Prop. 5. Book 8- should liavc a place in the Ele^ 
ments, as the same thing is demonstrated it} it concerning 
plane numbers, which is demonst?;atcd in Prop. 23. Book 6, 
of equiangular parallelograms; wherefore Def. 5. Book 6. 
ought not to be in the Elements. And from this it is evi¬ 
dent, that this definition is not Euclid'.s, but Tlieon*s, or some 
other unskilful geometer's. 

But nobody, as far as I know, has hitherto shewn the true 
use of compound ratio, or for what purpose it has heen intro¬ 
duced into geometry; for every proposition in which coiqpound 
ratio is made use of, may without it be both enunciated and 
demonstrated. Now the use of compound ratio consists wholly 
in this, that by means of it circumlocutions may be avoided, 
and thereby propositions may be more briefly either enunciated 
or demonstrated, or both may be done; for instance, if this 
23d Prop, of the 6th Book were to be enunciated, without 
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mentioning compound ratio^ it might be done as follows; if 
t^wo parallelograms bo equiangular^ and if as a side of the 
first to a side of the second^ so any assuiped Uraight line be 
made to a second straight line ; and as the other side of the 
first to the other side of the second, so the second straight line 
be m^'de to a third: the first parallelogram is to the second, 
ns the first straight line to the third. And the demonstration 
would be exactly the^same as we now have it. But the an¬ 
cient geometers when they observed this enunciation could be 
made shorter, by giving a name to the ratio which the first 
straight line haAo llie last, by which name the intermediate 
ratios might likewise be signified, of the first to the second, 
and of tlie second to the third, and so on, if there were more 
of them, they called this ratio of the first to the last, the ratio 
compounded of the ratios of the first to the second, and of the 
second to the third straight line; that is, in the present ex¬ 
ample, of the ratios which are the same with the ratios of the 
sides, and by this they expressed the proposition more briefly 
thus : if there he two equiangular parallelograms, they have 
to one another the ratio which is the same with that which 
is compounded of ratios that are the same with the ratios of 
the sides V which is shorten than the preceding enunciation, 
but h&s precisely the same meaning. Or yet shorter thus: 
equiangular parallelograms have to one another the ratio which 
is the same with that which is compounded of the ratios of 
their sides. And these two enunciations, the first especially, 
agree to the demonstration which is now in the Greek. The 
proposition may be more briefly demonstrated, as Candalla 
does, thus: let ABCD, CEFG be two equiangular parallelo¬ 
grams, and complete the parallelogram CDHG : then, because 
there arc three parallelograms AC, CH, CF, 
the first AC (by the definition of compouiid T> 

ratio) has to the third CF, the ratio which 
is compounded of the ratio of the first AC 
to the second Cll, and of the ratio of ClI 
to the third CF ; but the parallelogram AC 
is to the parallelogram CH, as the straight line BC to CG ; and 
the parallelogram CH is to CF, as the straight line CD is to 
CE; therefore the parallelogram AC has to CF the ratio which 
is contpounded of ratios that are the same with the ratios of 
the sides. And to this demonstration agrees the enunciaticpi 
which is at present in the text, viz, equiangular parallelograms 
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liavc to one another the ratio which is compounded of the 
ratios of the sides ; for the vulgar reiulinj;, which is com¬ 
pounded of their sides/’ is absurd But, in thi- edition, we 
have kept the uenionstration wliich is in the Greek text, 
though not so short as Caudalla’s ; because the way of finding 
the ratio which is compounded of the ratios of the sides- that 
is, of finding the ratio of parallelograms, is shewn* in that, 
but not in CandalL's demonstration ; whereby beginners may 


learn, in like cases, how to find the ratio which is compounded 
of two or more given ratios. 

From whut has hcen said, it may be obscr^.d, that in any 
magnitudes whatever of the same kind A, It, C, 1), tlie 
ratio compounded of the ratios of the first to the second, of 
the second to the third, and so on to the last, is only a name 
or expression by which the ratio wliich the first A has to the 
last L) is signified, and by which, at the same time, the ratios 
of all the niagiiitiules, A to It, It to i! to 1), from the first 
to the last, to one another, whether they be the same, or be 
not the same, are indicated ; as in nuignitiides which are con¬ 
tinual proportionals. A, IJ, Cj I), ^vc. the dupljcate ratic* of the 
first to the second is only a name, or exjiression, hy wliich the 
ratio of the first A to the third C is signified, and hy iVhich, 


at the same time, is shown, that there are two ratios cf the 
magnitudes from the first to the last, viz. of the first A to the 
second It, and of the second B to the third or last C, which arc 
the same with one another ; and the triplicate ratio of the first 
to the second is a iiaiiu or expression by wliich the ratio of 
the first A to the fourth 1) is signified, and by wliich, at the 
same time, is shewn, that there arc three ratios of the magni¬ 
tudes from the first to the last, viz. oi the first A to the second 
B, and of B to the third (J, and of C to the fourth or last 1), 
which are all the same with one another; and so in the case 
of any other multiplicatc ratios. And that tliis is the right 
exjjlication of the meaning of these ratios is plain from the 
definitions of dujdicate and triplicate ratio, in which ^^uclid 
makes use of the word “ is said to be ", or is 

called"; which word, he, no doubt, made use of also in the 
definition of compound ratio, which Tlieon, or some other, 
has expunged from the Klcments ; for the very same word is 
still retained in the wrong definition of compound ratio, which 
is now the fith of the (5th Book : but in the citation of these 
definitions it is sometimes retained, as in the demonstration of 
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Prop. 19, B, 6. ^'thc first is said to have, xiyeTai, to 

the third the duplicate ratio ”, &c. which is wrong translated 
by Conimanuine and others, ‘'has”, instead of "is said to 
" have ”, and sometimes it is left out, as in the demonstration 
of Prop. 33. of the 11th Book, in which wc find, " the first 
"hat, to the third the triplicate ratio ”; but without 
doubt "has”, in this place signifies the same 
\iyiroth “ is said to l^^ve ”: so likewise in Prop. 23. B. C. we 
find this citation, " but the ratio of K to M is compounded, 
" o-i/yxstra*, of the ratio of K to L, and the ratio of L to M ”, 
which is a sliortfi: way of expressing the same thing, which 
according to the definition, ought to have been expressed by 
ervy)Lti^Qa.i XtyeTaj, is said to be compounded. 

From these remarks, together with the propositions sub¬ 
joined to the 5th Book, all that is found concerning compound 
ratio, either in the ancient or modern geometers, may Imj uu- 
fh'rstood and exjdained. 

PROPOKITION XXIV. 

It seems that some unskilful editor has made up this de- 
niojistratici, as wciiowhat .5 it, out of two others; one of 
wliichwnay be made from the 2d Prop, and the other from the 
4th of this Book. For after he has, from the 2d of this Book, 
and composition and ])ermutation, demonstrated, that the sides 
about the angle common to the two parallelograms, arejiro- 
poTtionals, he might have immediately concluded, that the 
sides about the other equal angles were proportionals, viz. 
from Prop. 34." B. 1. and Prop. 7* B. 5. This he docs not, 
but procee;^s to shew, that the triangles and parallelograms 
are equiangular: and in a tedious way, by lielp of Prop. 4, of 
tins Book, and the 22d of Book 5. deduces the same conclu- 
simi: From which, it is plain, that this ill-composed demon¬ 
stration is not Euclid's: these superfluous things arc now left 
out, ancj a more simple demonstration is given from the 4tU 
Prop, of this Book, the same which is in the translation from 
the Arabic, by help of the 2d Prop, and composition ; but in 
this the author neglects permutation, and does not shew the 
parallelograms to be equiangular, as it is proper to do for the 
sake of Jieginncrs. 
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PROPOSITION XXV. 

It is very evident, that the douioastration which Euclid liaJ 
given of this proposition 1ms been vitmted by sonic unskilful 
hand: for, after this editor had demonstrated, that as the 
rectilineal figure ABC is to the rectilineal figure KGII. so is 
the parallelogram BE to the parallelogram EF ; nothing 
more should have' been added but this, “ and the rectilineal 
figure ABC is equal to the parallelogram BE : therefore the 
^^rectilineal KGH is equal to the parallelogram EF”, viz. 
from Prop. 14. Book 5. But betwixt these Vwo sentences be 
lias inserted this, wherefore, by permutation, as the rccti- 
lineal figure AB<; to the parallelogram BE, so is tlic recti- 
“ lineal KGH to the parallelogram EF ” ; by whicli it is plain, 
lie thought it was not so evident to conclude, that the second 
of four proportions is equal to the fourth from the equality of 
tlie first and third, which is a thing demonstrati^d in the J4th 
Prop, of B. 5. as to conclude that the third is (*qual to the 
fourth, from the equality of tlie IJrst and second, which is no 
where demonstrated in the Elements as wo now have them : 
but though this proposition, viz. the third of four propor¬ 
tionals, is equal to the fourth, the first be equal to the 
second, had been given in the Elements by Euclid, fts very 
probably it was, yet he would not have made use of it in this 
place, because, as was said, the conclusion would have been 
imiqodiately deduced without this ruperfluous step by permu- 
tathm: this we have shewn at the greater length, b<»th be¬ 
cause it affords a certain proof of the vitiation of tlie text of 
Euclid; for the very same blunder iff found twice in tlie Greek 
text of Prop. 23. Bmik II., and twice in Prop. 2,* Book 12., 
and in the i)th, 11th, 12th, and 18lh of that Book ; in wliich 
places of Book 12., cxc(!pt the last of them, it is rightly left 
out in the Oxford edition of Comniandine's translation : and 
also that geometers may beware of making use of permutation 
in the like cases ; for the moderns not unfrequently commit 
this mistake, and among others Commandine liimself in liis 
commentary on Prop. 5. Book 3. p. (}. b. of Pappus Alexan- 
drinus, and in other places: the vulgar notion of propor¬ 
tionals has, it seems, j)re-j»ccupied many so much, that they 
do not sufticieiitly understand the true nature of thciB. 

Besides, though the rectilineal figure ABC, to which an¬ 
other is to be made similar, may be of any kind whatever : yet 
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in tlie demonstration the Greek text has triangle” instead of 
rectilineal figure,” which error is corrected in the above- 
named Oxford edition, 

PROPOSITION XXVII. 

The second case of this has otherwise,” prefixed 

to it, as if it were a different demonstration, which probably 
has been done by some unskilful librarian. Dr. Gregory has 
rightly left it out; the scheme of this second case ought to be 
marked with th^same letters of the alphabet which arc in the 
sclicmo of the first, as is now done. 

PROPOSITIONS XXVIII. XXIX. 

These two prciblems, to the first of which the 27th Prop, is 
necessary, are the most general and useful of all in the Klc- 
nicnts, and are most frequently made use of by the ancient 
geometers in the solution of other problems; and therefore 
are very ignorantly left oui by Tacquet and Dechalcs in their 
editions of the Elements, who pretend that they arc scarce of 
any use: llie cases of these problems, wherein it is required to 
apply rfi rectangle which shall be equal to a given square, to a 
given straight line, either deficient or exceeding by a square; 
as also to ap[)]y a rectangle whicli shall be equal to another 
given, to a given straight line, deficient or exceeding by a 
square, arc very often made use of by geometers; and oh this 
account, it is thought proper, for the salic of beginners, to 
give their constructions qs follow; 

1. To opply a rvciangte, ivhich shall be equal to a given 
square, to a given straight line, de/icienl by a square : bnl 
the given square muU not be greater than that upon the halj' 
iff the ^ven line. 

Let AB he the given straight Hue, and let the square upon 
the given straight line C, be that to which the rectangle to 
be applied must be equal, and this square by the determina¬ 
tion is not greater than that upoii half of the straight line 
AB. 

Bisect AB in I), and if the square upon AD be equal to 
the square upon C, the thing required is done: hut if it he 
not equal to it, AD must he greater than C, according to 
the determination: draw DE at right angles to AB, and make 
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it equal to C; produce ED to F, so tliat EF be equal to AD 
or 1)B; and from the centre E, at the distance EF, describe u 
circle meeting in O; and uponr 
GB, describe th-^ square GBKH, and 
complete the rectangle AGHL; also 
join EG; and because AB is bisectei(l 

in D, the rectangle AG, GB together -jj 

with the square of DG, is equal * to (the i 
square of DB, that is, of EF or EG, 
tliat is, to) the squares of ED, DG : take aw^ the square of 
DG from each of these equals; therefore tlic remaining rect¬ 
angle AG, GB is ( qual to the square of El), that is, of C : but 
the rectangle AG, GB is the rectangle All, because Gll is 
equal to GB; therefore the rectangle All is equal to the given 
square upon the straight line d. Wherefore the rectangle 
All, equal to the given square upon C, has been applied to 
the given straight line AB, deficient by the square GK. Which 
was to be done. 

2, To apply a rcciangle which .shall he vipial iq a given s(pfarcy 

to a given straight linCj exceeding by a square. 

Let AB be the given straight liAc, and let the square upon 
the given straight line C, he that to wliich the rectangle'to be 
applied must be equal. 

lliscct AB in D, and draw BE at right angles to it, so that 
BE bq equal to C ; and liaving joined DE, freun the centre D, 
at the distance I>E, describe a circle meeting AB produced in 
(i; upon BG describe the square BGHK, and^ complete the 
rectangle AGH'ij. And because AB'is 
bisected in D, and produced to G, tiic 
rectangle AG, GB together with the 
square of DB, is equal * to (the square 
of DG, or DE, that is to) the squares 
of EB, BD. From each of these equals 
take the square of DB ; therefore, the 
remaining rectangle AG, GB is equal to 
the square of BE, that is, to the square* upon C. BiiS tlie 
rectangle AG, GB is the rectangle All, because GII is equal to 
GB: therefore the rectangle AM is equal to the square upon 
C. Wherefore tlie rectangle All, equal to the given fkiuare 
iijMin C, has been applied to the given straight line AB, ex¬ 
ceeding by the square GK. Wliich w as to be done. 
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. 3. To opply a rectangle to a gh>ev straight line which shall 
be e(]unl to a give7t reciiingle, and be drfieieni hij a square: 
but the give7i reciaitgle must not be greater than the square 
npofi ike half of the given straight line. 


Let AB be the giver straight line, and let the given rect¬ 
angle be that which is contained by the straight lines C, I), 
which is not greatef than tlic square upon the luilf of AB; it 
is required to apply to AB a rectangle equal to the rectangle 
(', I), deficiently a square. 

Draw AE, BF at right angles to AB, upon the same side of 
it, and make AE equal to C, and BF to 1); join EF, and bisect 
it in O; and from the centre G, at the distance GE, describe 
a circle meeting AE again in II: join HF, and draw GK pa¬ 
rallel to it, and GL parallel to AE, meeting AB in Ij. 

Jlecause the angle EIIF in a semicircle is equal to the right 
angle EAB, AB and HF are parallels, and AH and BF are 
jmrallcls; Avlierefore AH is equal to BF, and the rectangle 
EA, AH equal to the rect-angle KA, BF, that is, to the rect¬ 
angle G, 1): and because EG, GF are equal to one another, and 
AE, ])arallels; therefore AIi and LB arc equal, also 

EK is equal to KH * and the rectangle ('-, D, from the deter¬ 
mination, is not greater than the square of Ali, the half of 
AB ; wherefore the rectangle EA, AH 
is not greater t]jan the square of AL, 
that is, of KG : add to each tlic square 
of KE; therefore the square * of AK 
is not greater than the squares of EK, 

Kii, that is, tlian the, square of EG, 
and consequently, the straight line AK 
or GL is not greater than GE. Now, 
if <iE be equal to («L, the circle EHF 
touches AB in Ij, and therefore the 
square of AL is* equal to the rectangle EA, AH, that is, to 
the given rectangle C, I), and that which w^as required is 
done: but if EG, (3Lbc unequal, EG must be the greater; 
and therefore the circle EllF cuts the straight line AB: let it 
cut it in the points M, N ; and upon NB, describe tlie square 
NBOP, and complete the rectangle ANPQ: because ]\IL is 
equal to * LN, and it has been proved, that AL is equal to LB, 
therefore AM is equal to NB, ami the rectangle AN, NB, equal 
to the rectangle NA, AM, that is, to the rectangle * EA, AH, 
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or the rectangle C, D: but the rectangle AN, NB is the rect¬ 
angle AP, because PN is equal to NB ; therefore the rectangle 
AP is equal to the rectangle C, D; and the rectangle AP, 
equal to the given rectangle C, D, has been applied to the 
given straight line AB, deficient by the square BP. Which 
was to be done. 

4. To ^pply rectiingle io a given straight that shall 

be equal io a givcji rectangle.^ exceeding by a square, 

liCt AB be the given straight line, and C, D, the given rect¬ 
angle ; it is required to apply a rectangle to aK, equal to C, D, 
exceeding by a square. 

Draw AB, BF at right angles to AB, on the contrary sides 
of it, and make AE equal to C, and BF equal to I): join KF 
and bisect it in G; and from the centre O, at the distance OE, 
describe a circle meeting AE again in H : join IlF, and draw Gh 
parallel to A£; let the circle meet AB 
produced in M, N; and upon BN, 
describe the square XBOP, and com¬ 
plete the rectangle ANPQ: because 
the angle EHF in a semicircle is equal 
to the right angle EAB, AB and HF 
are parallels, and therefore AH and 
BF are equal, and the rectangle EA, 

All equal to the rectangle EA, BF, 
that is, to the rectangle C, D: and bv^causc IVIL is equal to LN, 
and ALi to LB, therefore MA is equal to BN, and the rectangle 
• 36. 3. an, NB, to MA, AN, that is * to the rectangle EA, AH, or tlie 
rectangle 0, D : therefore the rectangie AN, NB, that is, AP, 
is equal to the rectangle C, D ; and to the given straight line 
AB, the rectangle AP has been applied equal to the given 
rectangle C, D, exceeding by the square BP. Which was to 
be done. 

Willebrordus Sncllius was the first, as far as I know, who 
gave these constructions of the 3d and 4th Problems, in his 
Apollonius Batavus: and afterwards the learned Dr. Halley 
gave them in the Scholium of the 18th Prop, of the 8th Book 
of Apollonius’s Conics restored by him. 

The 3d Problem is otherwise enunciated thus: to cut a 
given straight line AB in the point N, so as to make thc^rect¬ 
angle AN, NB, equal to a given space: or, which is the same 
thing, having given AB the sum of the sides of a rectangle. 
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and the magnitude of it being likewise given> to find its 
sides. 

And the 4th Problem is the same with this: to find a point 
N in the given straight line AB produced^ so as to make the 
rectangle AN, NB, equal to a given space: or, which is the 
same thing, having given AB the difiTerence of the sides of a 
rectangle, and the magnitude of it, to find the sides* 

PROPOSITION XXXL 

In the demonstration of this, the inversion of proportionals 
is twice neglected, and is now added, that tlie conclusion may 
be legitimately made by help of the 24th Prop, of liook 5. 
as Clavius has done. 


PROPOSITION XXXII. 


The enunciation of the preceding 26th Prop, is not general 
ciiougli; because not only ^^wo similar parallelograms that 
have an angle con’nion to both, are about the same diameter, 
but likewise two similar parallelograms that liave vertically 
opposite angles, have their diameters in the same straiglit line : 
but thc^c seems to have been another, and that a direct, de¬ 
monstration of these cases, to which this 32d Prop- was need¬ 
ful : and the 32d may be otherwise, and something more briefly 
demonstrated, as fallows; 


PROPOSITION xxxii. 


JJ" two triangles w'AicT/ have two sides of the owe, 

Let GAi^ HFC he two triangles which have two sides AG, 
OF, proportional to the two sides FH, HC, viz. AG to GF, as 
Fir to lie ; and let AG be parallel to FH, 
and GF to IIC : AF and FC arc in a 
straight line. 

Draw CK parallel * to FH, and let it 
meet GF produced in K; because AG, KC 
are each of them parallel to FH, they arc 


A 

E 


G 



F 




X - - J — 

parallel * to one another, and therefore the 
alternate angles AGF, FKC are equal: and AG is to OF, as 
(FH to HO, that is *) CK to KF ; wherefore the triangles AGF 
CKF are equiangular *, and the angle AFG equal to the angh 

CFK : but GFK is a straight line, therefore AF ami FC arc ii 
a straight line 


' 31.1, 

^ so. 1 . 

• 34. 1. 

' 0. C. 

• M. I. 
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The 26th Prop, is demonstrated from the 22d, as follows: 
//’ two similar and simUarh; placed paraUdograms have 
an angle common to bothy or vcriicaltij opposite anglcSy their 
diameters are in the same straight Une^ 

First, let the parallelograms ABCD, AEFG have the angle 
BAD common to both, and be similar, and similarly placed: 
AB('D, AEFG a>e about the same diameter. 

Produce EF, GF, to H, K, and join*^FA, FC ; then because 
the parallelograms ABCD, AEFG arc similar, DA is tt) AB, as 
GA to AE : wherefore the remainder DO # 

‘ Cor.l!) 5. is* to the remainder EB, as GA to AE ; 

but DG is equal to FlI, EB to HC, and AE 
to GF : therefore as FIl to IIC, so is AG 
to (iF; and FH, IIC arc parallel to AG, 

GF ; ami the triangles AGF, FIIC are join¬ 
ed at one angle iii the point F ; wherefore 
' 0, AF, FC are in the same straight line*. 

Next, let the parallelograms KFIIC, GFEA, which arc simi¬ 
lar and similarly placed, Ijave tlieir angles KFII, <iFE verti¬ 
cally opposite ; their diameters AF, FC arc in the same straight 
line. •- " 

Because AG, GF arc parallel toFH,IIC: and that is to 
* GF, as ril to lie; therefore AF, FC arc in the same straight 

' 32. (>. line *. 





PROPOSITION‘'XXXIII. 


The words because they are at the centre,” arc left out, 
as the addition of some unskilful hvnuh 

In the Greek, as also in the Latin iranslation,c the words, 
u frvyjf any whatever”, are left out in the demonstra- 
ti(»ns of both parts of the proposition, and are now added as 
quite necessary; and in the demonstration of the second part, 
where the triangle BGC is proved to be equal to C(iK, the il¬ 
lative particle in the Greek text ought to be ominod. 

T\\q second part of the proposition is an addition of Theon's, 
as he tells us in bis Commentary on Ptolemy's 
Ta|*£, p. 50. 


PROPOSITIONS B. C. D. 

These three propositions are added, because they are fre¬ 
quently made use of by geemieters. 
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BOOK XI. 

DEFINITIONS. 


IX. anil XI. The similitude of plane figures is defined from 
the equality of their angles^ and the proportionality of the 
sides about the equal angles; for from the proportionality 
of the sides only, or only from the equality of the angles, 
the similitude of the figures does not follow, except in the 
case when the Jgures are triangles: the similar position of 
tlie sides which contain the figures, to one another, depend¬ 
ing j)artly upon each of these: and for the same reason, 
those arc similar solid figures which have all their solid 
angles equal, each to each, and arc contained by the same 
number of similar plane figures: for there arc some solid 
figures contained by similar plane figures, of the same 
number, and even of the same magnitude, that arc neither 
similar nor equal, as shall be demonstrated after the notes 
on the 10th Def.: upon this account -it was necessary to 


amend tljp definition of similar solid figures, and to place 
the definition of a solid abglc before it: and from this and 
the loth Def. it is sufficiently plain ho^v much the Ele¬ 


ments have been spoiled by unskilful editors. 


X. Since the meaning of,the word "equal** is known and 
establislied before it cemes to be used in this dcfinilum; 
tlierefore the proposition which is the 10th Def. of this 
Book, is a theorem, th# truth or falsehood of •^whicb ought 
to be domonstrated, not assumed; so that Theon, or some 
other editor, has ignorantly turned a theorem, which ought 
to he demonstrated, into this 10th Def That figures arc 
similar, might to be proved from the definition of similar 
figures ; that they are equal, ought to be demonstrated 
fi’om the axiom, " Magnitudes that wholly coincide arc 
equal to one another;" or from Prop. A. of Book 5. or 
the 0th Prop, or the 14th of the same Book, from one of 
which the equality of all kinds of figures must ultimately 
be deduced. In the preceding books, Euclid has given no 
definttiou of equal figures, and it is certain he did not give 
this: fur what he called the first Def. of the third Boi»k, 
is really a theorem in ^vliich those circles arc said to be 
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equal, that have the straight lines from the centres to the 
circumferences equal, which is j^lain from the definition )f 
a circle; and therefore has by ^omc editor be&n improperly 
placed among the definitions. The equality of figures 
ought not to be defined, but demonstrated: therefore, 
though it were true, that solid figures contained Ly the 
same number of similar and equalf plane figures are equal to 
one another, yel: he would justly desqrvc to he blamed who 
would make a definition of this proposition, which ouglit 
to be demonstrated. But if this proposition be not true, 
must it not be confessed that geometeft have, for these 
thirteen hundred years, been mistaken in this elementary 
matter ? And this should teach us modesty, and to ac¬ 
knowledge how little, through the weakness of our inind.s, 
we are able to prevent mistakes, even in the principles 
of science which arc justly reckoned amongst the most 
certain ; for that the proposition is not universally true, 
can be shewn by many examples: the following is suf¬ 
ficient : , 

Let there be any plane rectilineal figure, as the triangle 

* 12.11* ABC, and from a point D within it, draw"* the straight line 

DE at right angles to the ])lane 
ABC : in DE, take DE, DF, equal 
to one another, upon the opposite 
sides of the plane, and let O be 
any point in EF ; join BA, BB, 

BC ; EA, EB, EC ; FA, FB, FC ; 

GA, GB, GC: because the straight 
line EDF is at right angles to the 
plane ABC, it makes right angles 
with BA, BB, BC, which it meets 
in that plane; and in the tri¬ 
angles EBB, FBB, the sides EB 
and BB arc equal to FB and BB, each to each, and iKey ccmi- 

'4.1. tain right angles; therefore the base EB is equals to the 
base FB; in the same manner EA is equal to FA, twid EC 
to FC : and in the triangles EBA, FBA, the sides EB, BA 
are equal to FB, BA, and the base EA is equal to the base 

* 6.1. FA ; wherefore the angle EBA is equal ♦ to the anglt; FBA, 

* 4. 1. and the triangle EBA equal * to the triangle FBA, and the 

other angles equal to the other angles; therefore these tri- 
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angles arc similar*: in the same manner the triangle EBC is * 4.. 6.& 
similar to the triangle FBO, and the triangle EAC to FAC; 
tlierefore there are tAvo soliu figures^ each of which is con¬ 
tained 'hy six triangles; one of them by three triangles, the 
common vertex of which is the point G, and their bases the 
straight lines AB, BC, CA, and by three other triangles, the 
common vertex of which is the point E, and their bases the 
same lines AB, BC, CA : the other solid is contained by the 
same thicc triangles, the common vertex of which is G, and 
their bases AB, BC, CA, and by three other triangles of 
which the common vertex is the point F, and their bases the 
same straight lines AB, BC, CA: now the three triangles 
(iAB, GBC, OCA are common to both solids, and the three 
others EAB, EBC, EGA, of the first solid, have been shewn 
equal and similar to the three others FAB, FBC, FCA, of the 
other solid, each to each; therefore these two solids are con¬ 
tained by the same number of equal and similar planes: 
but that they are not equal, is manifest, because the first of 
them is contained in the ether: therefore it is not univer¬ 
sally true that solids are equal which are contained by the 
same niiml^r of equal and similar planes. 

CoRonLAiiY. From this it appears that two unequal solid 
augles*may be contained by the same number of equal plane 
angles. u 

For the solid angle at B, which is contained by the four 
])Iane angles EB.\, EBC,* GBA, GBC, is not equal tOc. the 
solid angle at the same point B which is contained by the 
four plane angles FBA, FBC, GBA, GBC; for this last con¬ 
tains the other: and each of them is contained by four 2 >l!^ne 
angles, Avlfich are equal to one another, each to each, or arc 
the self-same, as has been proved: and indeed there may be 
innumerable solid angles all unequal to one another, which 
are each of them contained by jdanc angles that are equal to 
one another, each to each : it is likewise manifest, that the 

beforc-inontioiied solids are not similar, since their solid angles 
are not all equal. 

And tliat there may be innumerable solid angles all un- 
equal to one another, which are each of them contained by 
the same plane angles disposed in the same order, \vill be 
])lain from the three following 2 iro 2 )ositions. 
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PROPOSITION I. 

Problem.— Three magmtudes^ A, B, C, being giveuy iojind 
a fourth sucky that ever?/ three shall be greater tha?i the re- 
mainiffg me. 

Let D be tlie fourth : therefore D must be less than A, C, 
together: of the three A, B, C, let A be that which is not less 
than either of the two B and C ; and tirst^ let B and C to¬ 
gether be not less than A ; therefore B, C, D, together^ are 
greater than A : and because A is not less chan B; A^ (\ 
together are greater than B; in the like manner A, Bj I>, to¬ 
gether arc greater than C; wherefore in the case in which B 
and C together are not less than A, any magnitude D which 
is loss than A, C together, will answer the problem. 

JBut if B, and C together, be less than A : then, because it 
is required that B, C, D together, be greater than A, from 
each of these taking away B, C, the remaining one D must 
be greater than the excess of A above B and C ; take there¬ 
fore any magnitude D which is less than , B, C together, 
but greater than the excess of A above B and C: then B, c:, D 
together, are greater than A ; anou. because A is gieater than 
either B or C, much more will A and D, together with either 
of the two B, C, be greater than the other; and by the con¬ 
struction, A, B, C arc together greater than D. 

Cob. If besides it be required, that A and B together, 
shall' not be less than C and D together; the excess of A and 
B together, above C, must not be less than D, that is I) iinist 
not be greatertthan that excess. 

PROPOSITION 11. 

Prob.— Fo??r 7nagnitudcs A, B, C, D being given^ of which A 
a?id B together^ a?'€ not less than C and D together, and stu h 
that any three if them whatever are greater than the fourth ; 
to find a fifth inagniiude E s?ich that any two of the three 
A, B, E, shall be greater than the thud, and also that any 
two if the three C, D, E, shall be greaUr than ike third. 

Let A be not less than B, and C not less than D. 

First, let the excess of C above D be not less than the ex¬ 
cess of A above B : it is plain that a magnitude E can be 
taken which is less than the sum of C and 1>, but greater 
than the excess of C above 1>; let it be taken; then E is 
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greater likewise tlian the excess of A above B; wherefore E 
and B together are greater than A ; and A is not less than B; 
tliereforc A aiid B together are greater than B: and by the 
hypothi^sis, A and E together are not less than C and D to- 
getlier, and C and D together are greater than E ; therefore 
likewisf A and B are greater than E. 

Hut let the excess of A above B be greater than the excess 
of C above D : and because, by the hypothesis, the three B, 
C, D are together greater than the fourth A, C and D toge¬ 
ther are greater than the excess of A above B : therefore a 
magnitude may botaken n^hicli is less than C and D together, 
hut greater than the excess of A above B, Let this magni¬ 
tude be E : and bccausi; E is greater than the excess of A 
above B, B together with E is greater than A : and as, in the 
preceding case, it may be shewn that A together with E is 
greater than B, and that A together with B is greater than 
E: tlnrrefore in each of the cases it has been shewn, that any 
two of the three, A, B, E, are greater than the third. 

And because in each of the cases, E is greater than the ex¬ 
cess of C above D, ,E together with 1> is greater than C ; and 
by the hypothesis, C is not less than D ; therefore E together 
with (' fs gr^:ater than D; anl by the construction, C and D 
together are greater than E : therefore any two of the three 
C, 1>, K, are greater than the*third. 

rnop^siTiON III. 

Tiieokem,— '2'here may be imitwierahle solid angles, all nn- 
eyt/al to one a^iolher, enoii of which is contained by the sa7ue 
Jour phma angles idaced %n the sa^ne order. 

Take three plane angles A, B, C, of which A is not less 
tlian cither of the other two, and such, that A and B together 
are less than two right angles ; and, by Prob. 1, and its 
corollary, find a fourth angle D such, that any three what¬ 
ever of the angles A, B, C, D, be greater than the remaining 
angle, and such, that A and B together be not less than C 
and D together: and, by Prob. 2, find a fifth angle E such, 
that any two of the angles A, B, E, be greater than the third, 
and als(wthat any two of the angles C, D, E, be greater than 
the third: and because A and B together are loss than two 
right angles, the double of A and B together is less than four 
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right angles: but A and B together arc greater than tlie 
angle E; wherefore the double of A, B together, is greater 
than the three angles A, B, E together, which'three are con¬ 
sequently less than four right angles; and every two of the 



same angles A, B, E, are greater than the third*^; therefore t 
a solid angle may be made, contained by three plane angles, 
equal to the angles A, B, E, each to each. Let this be tlie 
angle F, contained by the three plane angles GFH, IIFK, 
GFK, which arc equal to the angles A, B, E, each to each ; 
and because the angles C, D together, are not greater than 
the angles A, B together, therefore tlie angles C, D, E are not 
greater tjiiun the angles A, B, E: but these last three are less 
than four right angles, as has been demonstrated; wherefore 
also the angles C, D, E are together less than fourVight angles; 
and every two of them are greater than the third ; therefore 
a solid angle may be made, which shall be contained by three 
plane angles equal to the angles C, D, E, each to each audf, 
at the point F, in the straight .line FG', a solid angle may 
be made equal to that which is contained by the throe plane 
angles that are equal to the angles C, D, E: let this be made, 
and let the angle GFK, which is equal to l)e one of the 
three j and let KFL, GFL be the* other two which arc equal 
to the angles C, D, each to each: thus, there is a solid angle 
constituted at the point F, contained by the four plane angles 
GFH, HFK, KFL, OFL, which are equal to the angles A, B, 
C, D, each to eacli. 

Again: find another angle M such, that every t;»'o of tlie 
three angles A, B, M, he greater than the third, and also 
every two of the three C, D, M» be greater than the third: 
and, it may be demonstrated, as in the preceding part, that 
the three A, B, M are less than four right angles, as also that 
the three C, D, M are less than four right angles: Make 
therefore • a solid angle at N contained by the three plane 
angles ONP, PNQ, ONQ which arc equal to A, B, M, each to 
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each: and make + at the point N, in the straight line ON, a i 86. ll. 
solid angle co^itained by three plane angles, of which one is 
the an^le ONQ equal to M, and the 
other two are the angles QNB, ONB, 
which are equal to the angles C, D, 
each to each: thus, at ihe point N, 
there is a solid angle contained by the 
four plane angles oSfP, PNQ, QNB, 

ONB, which are equal to the angles A, B, C, D, each to each. 

And that the twt solid angles at the points F, N, each of 
which is contained by the above-named four plane angles, 
are not equal to one another, or, that they cannot coincide, 
will be plain by considering that the angles GFK, ONQ, that 
is, the angles £, M, are unequal by the construction; and 
therefore the straight lines GF, FK cannot coincide with ON, 

NQ, nor consequently can the solid angles, which therefore 
are unequal. 

And because from the four plane angles A, B, C, P, there 
can be found inrumerable other angles that will* serve the 
mine purpose with the angles £ and M, it is plain* that in¬ 
numerable bther 'solid angles may be constituted which are 
each contained by the same four plane angles, and all of them 
unequal to one another, q. e. z>. 

And from this it appears, that Clavius and other authors 
are. mistaken, wh6 assert, that those solid angles are egual 
which are contained by the same number of plane angles 
that are equal to one another, each to each. Also it is plain, 
that the 26th Prop, of Book 11. is by no means sufficiently 
demonstrated, because the equality of two solid angles, 
whereof each is contained by three' plane angles which are 
equal to one another, each to each, is onl} assumed and not 
demonstrated. 


N 



PBOPOSITION L 

_ » 

The words at the end of this, for a straight line cannot 

meet a straight line in more than one point,*’ are left out, 
as an addition by some unskilful hand; for this is to be de¬ 
monstrated, not assumed. 

Mr, Thomas Simpson, in his notes at the end of the second 
edition of his Elements of Geometry, p. 262, after repeating 
the words of this note, adds: Now can it possibly show any 
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'' want of .skill in an editor" he means Euclid or Theon^ ''to 
" refer to an axiom which EuoUd himself hc.th laid«downj 
" Book 1. No.'''14/' he means Barrow’s Euclid^ for it is the 
10th in the Greeks " and not to have demonstrated^ what no 
" man can demonstrate ?" But all that in this ease can fol¬ 
low from that axiom is^ that^ if t^\> straight lines could meet 
each other in t^o points^ the parts of them betwixt these 
points must coincide^ and so they would have a segment be¬ 
twixt these points common to both. Now, as it has not been 
shewn in Euclid, that they cannot have a common segment, 
this does not prove that they cannot meet in two points, 
. from which their not having a Common segment is deduced in 
the Greek edition: but, on the contrary, because they cannot 
have a common segment, as is shewn in Cor. of lltli Prop. 
Book 1. of 4to edition, it follows plainly, that they cannot 
meet in two points, which the remarker says no man can de¬ 
monstrate. 

Mr. Simpson, in the same notes, p. 265, justly observes, 
that in the corollary of Prop. 11. Book 1. 4to edition, the 
straight lines AB, BD, BC, are supposed to be all in the same 
plane, which cannot be assumed'hi 1st Prop, Bodk 11'. This, 
soon after the 4to edition was published, I observed and cor¬ 
rected as it is now in this edition: be is mistaken in thinking 
the 10th axiom he mentions here to be Euclid’s; it is none 
of Euclid’s, but is the 10th in D]> BarroWs edition, who jiad 
it from Hcrigoii’s Cursus, vol. 1. and in place of it the corol¬ 
lary of 11th Prop. Book 1. was added. 


PROPOSITION 11. 

This proposition seems to have been <dianged mul vitiated 
by some editor; for all the figures defined in the 1st Book of 
the Elements, and among them triangles, are, by the hypo¬ 
thesis, plane figures; that is, such as are described in a plane ; 
wherefore the second part of the enunciation needs no .demon¬ 
stration. Besides, a convex superficies may be terminated by 
three straight lines meeting one another; the thing that 
should have been demonstrated is, that two or three * straight 
lines, that meet one another, are in one plane. And as this 
is not sufficiently done, the enunciation and demonstration are 
changed into thbsc now put into the text. 
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PROPOSITION III. 

In thifli proposition the foUowing words near to the end of 
it are left out^ viz. '' therefore DEB> DFB are not straight 
lines ; in the like manner^ it may be demonstrated^ that 
** there can be no other straight line between the points D, B 
because from this, thSt two lines include a space, it only fol-* 
lawh that one of them is not a straight line: and the force of 
the argument Uessin this, viz. if the common section of the 
planes be not a straight line, then two straight lines could in¬ 
clude a space, which is absurd: therefore the common section 
is a straight line. 


PROPOSITION IV. 

The words and the triangle A£D to the triangle B£C ** 
are omitted, because the whole conclusion of the 4th Prop. 
Book 1. has been so often repeated in the preceding books, 
it was needless to repeat it here. 

PROPOSITION V. 

In this, near to the end, imviSa ought to be left out in the 
Greek text; and the word “ plane” is rightly left out in the 
Oxford edition of, Commardine’s translation. ^ 

PROPOSITION Vll. 

This proposition has b4cn put into this book by some un¬ 
skilful editor, as is evident from this, that straight lines which 
are drawn from one point to another in a plane, are, in the 
preceding books, supposed to be in that plane: and if they 
were not, some demonstrations in which one straight line is 
supposed to meet another would not be conclusive, because 
these lines would not meet one another: for instance, in 
Prop. 90. Botdc 1 ^ the sUaight line &K would not meet £F, 
if OK were not* in the plane in which are the parallds AB, 
CB, and in which, by bypothesis, the straight line BF is: be¬ 
sides, this 7th Prop, is denumstrated by the preceding 3d; in 
which the very thing which is pit^tosed to be demonstrated 
in the 7th is twice assumed, viz. that the straight line drawn 
from one point to another in a plane, is in that plane: and 

x2 
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solids may be inferred from Prop. C. of tbis Bdok: and in 
the Oxford edition of Comman^ine's translation, a corollary 
is added to Ptop. 24. to shew that the parallelograms men¬ 
tioned in this proposition are similar, that the equality of the 
solids in Prop. 25. may be deduced from the 10th Def. of 
Book 11. 

PROPOSITIONS XXV'. XXVI. 

In the 25th Prop, solid figures which aao contained by the 
same number of similar and equal plane figures, are supposed 
to be equal to one another. And it seems that Theon or some 
other editor, that he might save himself the trouble of de¬ 
monstrating the solid figures mentioned in this proposition to 
be equal to one another, has inserted the 10th Def. of this 
Book, to serve instead of a demonstration ; which was very 
ignorantly done. 

Likewise in the 26th Prop, two solid angles are supposed 
to be equal, if each of them be containj'd by three plane 
angles which are equal to one another, each to each. And it 
is strange enough, that none of the commentator's oif Enelid 
have, as far as 1 know, perceived, that something is v'antii% 
in the demonstrations of these two propositions. Clavius, 
indeed, in a note upon the 11th Def. of this Book, affirms, 
that it is evident that those solid angles av'e equal which are 
conlained by the same number of plane angles, equal to one 
another, each to each, because they will coincide, if they be 
conceived to> be placed within one, another; but this is said 
without any proof, nor is it alwilys true, except when the 
solid angles are contained by three plane Ungues only which 
are equal to one another, each to each ; and in this case the 
proposition is the same with this; that two spherical triangles 
that are equilateral to one another are also equiangular to one 
another, and can emneide; which ou^t not to be granted 
without a demonstration. Euclid does not assume this in 
the case of rectilineal triangles but demonstrates it in Prop. 8. 
Book 1, that triangles which are equilateral to one another, 
are also equiangular to one another; and from tbis their total 
equality appears by Prop. 4. Book 1. And Menelaasy in the 
4th Prop, of his first Book of Spherics, explicitly demon¬ 
strates, that spherical triangles which are mutnally equila¬ 
teral, are al^ equiangular to one another; from which it is 



BOOK Xl« PROF. XXVIII. XXIX. 


311 


easy to shew that they must coincide, providing they have 
th^r sides disposed in the same order and situation. 

To supply these defecte, it was necessary to add the three 
propositions marked A, B, €, to this Book. For the 25th> 
26th, and 28th propositions of it, and consequently eight 
others', viz. the 27th, 31st, 32d, 33d, 34th, 36th, 37th, and 
40th of the same, which depend upon them, have hitherto 
stood upon an infirm foundation; as also the 8th, 12th, Cor. 
of J 7th and 18th of 12th Book, which depend upon the 9th 
Def. For it has ^en shewn in the notes on Def. 10th of this 
Book, that solid figures which are contained by the same 
number of similar and equal plane figures, as also solid angles 
that arc contained by the same number of equal plane angles, 
are not always equal to one another. 

It is to be observed that Tacquet, in his Euclid, defines 
equal solid angles to be such, as being put within one an- 

other do coincide;” but this is an axiom, not a definition ; 
for it is true of all magnitudes whatever. He made this use¬ 
less definition, that by it he might demonstrate the 36th 
Prop, of this Book, without the help of the 35th of the 
same : ^ con<^ming which demonstration, sec the note upon 
Prop. ^6. 

PROPOSITIQN XXVIII. 

In this it ought: to have been demonstrated, not assumed, 
that the diagonals are in'one plane. Clavius has supplied 
this defect. 

¥ 

PROPOSITION XXIX. 

There are three cases of this propositimi: the hrst is, when 
the two parallelograms opposite to the base AB have a side 
common to both: the second is, when these parallelc^rams 
are separated from one another: and the third, when there is 
a part of them common to both ; and to this last only, the 
demonstration that has hitherto been in the £Slemeats does 
agree. The first case is immediately deduced from the pre¬ 
ceding 28th Prop., which seems (ot this purpose to have been 
premised to tfais S^th, for it is necessary to uone but to it, 
and tow the 40th of this Book, as we now have it, to which 
lost it wmild, without doubt, have been premised, if Euclid 
had not made use of it in the 20th ; but some imskilfal edi¬ 
tor has taken it away from the Elements, and mk mutilated 
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Euclid's demonstration of the two other cases, which is now 
restored, and serves for both at once. , 

PROPOSITION XXX. 

In the demonstration of this, the opposite planes of the 
solid CP^ in the figure in this edition, that is, of the solid GO 
in Commandine's figure; are not proved, to be parallel; which 
it is proper to do for the sake of learners. 

PROPOSITION XXXI. e 

There are two cases of this proposition: the first is when 
the insisting straight lines are at right angles to the basis; 
the other, when they arc not: the first case is divided again 
into two others, one of which is, when the bases are equi¬ 
angular parallelograms: the other, when they are not equi¬ 
angular. The Greek editor makes no mention of the first 
of these two last cases, but has inserted the demonstration of 
it as a part of that of the other: and therefore should have 
taken notice of it in a corollary ; but we thought it better to 
give these two cases separately; the demonstration nlso is 
made something shorter by following the way Euclid has 
made use of in Prop. 14. Book 6. Besides, in the demon¬ 
stration of the case in which the insisting straight lines are 
not at right angles to the bases, the editor does not prove 
tha4.the solids described in the ccrnstruction are parallelopi- 
peds, which it is not to be thought that Euclid neglected: also 
the words, of which the insisting straight lines are not in 

the same straight lines,*' have been added by some unskil- 
fol band: for they may be in the same straight lines. 

PROPOSITION XXXII. 

The editor has forgot to order the parallelogram FH to be 
applied in the angle FGH equal to the angle LCO, which is 
necessary. Clavius has supplied this. 

Also, in the construction, it is required to complete the 
solid of which the base is FH, and altitude the same with 
that of the solid CD: but this does not determine thp solid 
to be completed, since there may be inuumerable solids upon 
the same base, and of the same altitude: it ought therefm’e 
to be said, complete the solid of which the base is FH, auA 
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one of its insisting straight lines is FD The same eot* 
rection must \>e made in Prop. 33. 

• PROPOSITION D. 

It is very probable that Euclid gave this proposition a place 
in the Elements^ since he gave the like proposition concern¬ 
ing equiangular paraUelograms in the 23d l*rop. B. 6. 

PROPOSITION XXXIV. 

In this the words Sv otl ovk cl<riv ettI rSv airSv 

of which the insisting straight lines kre not in the 
same straight lines,’* are thrice repeated: but these words 
ought cither to be left out, as they are by Clavius, or, in place 
of them, ought to be put, whether the insisting straight 
lines be, or* be not, in the same straight lines:”' for the 
other case is, without any reason, excluded: alao the words 
S)f ret, v-^a, of which the altitudes,” arc twice put for up eel 
IpKrruta-ae of *yhich the insisting straight lines;’* which is 
a plain mistake: for the altitude is always at right angles to 
the base. 


PROPOSITION XXXV- 

Thc angles ABH, DEM, are demonstrated to be right angles 
in a shorter way than in the Greek; and in the same way 
ACH, DFM may be demonstrated to be right angles: aim the 
repetition of the same demonstration, which begins with ** in 
the same manner”, is^left out, as it was probably added to 
the text -by some editor: for the words, in like manner 
we may demonstrate ”, are not inserted except when the de¬ 
monstration is not given, or when it is something different 
from the other if it be given, as in Prop. 23. of this Book. 
Campanua has not this repetition. 

We have given another demonstration of the corollary, be¬ 
sides the one in the original, by help of which the 36th 
Prop, may be demoiistrated without the 35th. 

PROPOSITION XXXVI. 

• 

' Tacquet in his Euclid demonstrates this proposition with¬ 
out the help of the 35th; hut it is plain, that the solids men¬ 
tioned in the Greek text in the enunciation of the proposition 
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as equiangular^ are such that their solid angles are c(mtained 
by three plane angles eqiial to one another, each fo each ; as is 
evident from tke construction/ Now Tacquet does not de¬ 
monstrate, but assumes, these solid angles to be equal to one 
another; for he supposes the solids to be already made, and 
does not give the construction by which they are made; but, 
by the second demonstration of the preceding corollary, his 
demonstration is rendered legitimate lik€^vise in the case where 
the soHds are constructed as in the text. 


PROPOSITION XXXVII.® 

In this it i» assumed, that the ratios which arc triplicate of 
those ratios which are the same with one another, arc likewise 
the same with one another: and that those ratios are the same 
with one another, of which the triplicate ratios arc the same 
with one another; but this ought not to be granted without a 
demonstration ; nor did Euclid assume the first and easiest of 
these two propositions, but demonstrated it in the case of du¬ 
plicate ratios, in the 22d Prop. Book 6. On this account, 
another demonstration is given of this Prop<»ition, like to 
that which Euclid gives in Prop. 22. Book 6. as Clavifis has 
done. 

PROPOSITION XXXVIII. 


• 17. 12. in 
other edi¬ 
tions. 


When it is required to draw a perpendicular from a point 
in one plane which is at right angfes to another plane, unto 
this last plane, it is done by drawing a perpendicular from 
the point to the common section of the planes« for this per¬ 
pendicular will be perpendicular ta the plane by Def. 4. of 
this Book: and it would be foolish in this case to do it by the 
11th Prop, of the same: but Euclid *, Apollonius, and other 
geometers, when they have occasion for this problem, direct a 
perpendicular to be drawn from the point to the plane, and 
conclude that it will hdl upon the common section of the planes, 
because this is the very same thing as if they bad made use of 
the construction above mentioned, and ^hen concluded that 
the straight line must be perpendicular to the plane; hut is 
expi«ssed in fewer words'. Some editor, not perceiving this, 
tbraght it was necessary to add this proposition, whiqh can 
never be of any use to ibe 11th ; and its being near to 
the end aramig propositions with which it has no eimnexum, 
ie nuark of ito-having been added to the text. 
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PROPOSITION XXXIX. 

V 

In (his it is supposed, that the straight linos which bisect 
the sides of the opposite planes, are in one plane, which ought 
to ha'^c been demonstrated, as is now done. 


BOOK XII. 

The learned Mr. Moore, professor of Greek in the Univer¬ 
sity of Gkisgow, observed to me that it plainly appears from 
Archimedes's Epistle to Dositheus, prefixed to his books of 
the Sphere and Cylinder, which epistle he has restored from 
ancient manuscripts, that Eudoxus was the author of the 
chief propositions in this 12th Book. 

PROPOSITION II. 

At the beginning of this it is said, “ if it be not so, the 
“ square of BD shall be to the square of FH, as the circle 
“ ABCB is to some space either less than the circle EFOH, or 
« greater than it." And the like is to be found near to the 
end of this proposition, as also in Prop. 5, 11,12, 18. of this 
Book: concerning which it is to be observed, that in the de¬ 
monstration of theorems, it is sufficient, in this and the like 
cases, that a thing made use of in the reasoning can possibly 
exist, provided this be evident, though it cannot be exhibited 
or found a geometrical construction: so, in this place, it is 
assumed, that there may be a fourth proportional to these three 
ihagnitudes, viz. the squares of BD, FH, and the circle ABCD; 
because it is evident that there is some square equal to the 
circle ABCD, though it cannot be found geometrically; and 
to the three rectilineal figures, viz. the squares ctf BD, FH, and 
the square which is equal to the circle ABCD, theire is a fourth 
square proportional; because to the three straight lines which 
are their iddes, there is a fourth straight line proportional *, 
and this fourth square, or a space equal to is the space 
whicb in this proposition is denoted by l^e letter S: and 
thh like is to be understood in the other places above 
cited: and it is probable that this has been «hewn by Eu¬ 
clid, but left out ^ by some editor; for die lemma which 


IS. 6. 



316 


81AIS0N*6 N0TK8. 


i 


some unskilful hand has added to this proposition explains 
nothing of it. 

PROPOSITION ill. 

In the Greek text and the translations^ it is said, and be- 
cause the two straight lines AC, which meet one an- 
** other," &c. H^re the angles BAG, KHL, are demonstrated 
to be equal to one another, by 10th Prdp. B. 11., which had 
been done before: because the triangle £AO was proved to be 
similar to the triangle KHL: this repetitiqn is left out, and 
the triangles BAG, KHL, ore proved to be similar in a shorter 
way by Prop* 21. B. 6. 

PROPOSITION IV. 

A few things in this are more fully explained, than in the 
Greek text. 


PROPOSITION V. 

In this, near to the end, arc the words, tfjLv^<r6$y 

as was before shewnand the same are found again in the 
end of Prop. 18. of this Book; but the demon^traticn re« 
ferred to, except it be in the useless lemma annexed to the 
2d Prop, is no where in these Elements, and has been per* 
haps left out by some editor, who has forgot to cancel those 
words also. 

•• PROPOSITION VI. 

A shorter demonstration is given of this; and that which 
is in the Greek text may be made shiner by a step than it is: 
for the author of it makes use of the 22d Prop.' of B. 5. 
twice: whereas once wopld have served his purpose; because 
that proposition extends to any number of magnitudes which 
are proportionals taken two and two, as well as to three which 
are proportional to other three. 

COROLLARY PROPOSITION VIII. 

The demonstration of this is imperfect, because it is net 
shewn, that the triangular pyramids into which those upon 
multangular bases, are divided, are similar to one anotl\^, as 
ought necessarily to bave been done, and is done in the like 
case in Prop. 12. of this Book: the full demonstratimi of tiie 
ccHToUary is as follows: 
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upon the polygonal bases ABODE, FGHKL, let there be 
similar and sijnilarly situated pyramids which have the points 
M, N, for their vertices: the pyramid ABCI/EM has to the 
pyramid FGHKLN, the triplicate ratio of that which the side 
AB has to the homologous side FG. 

liet the polygons be di.ided into the triangles ABE, EBG, 

BCD; FGL, LGH, LHK, which are similar *, each to each: • 80 .6. 
and because the pyra&ids are similar, therefore * the triangle Def.ll. 
BAM is similar to the triangle LFN, and the triangle ABM to 
FGN: wherefore $ ME is to EA, as NL to LF ; and as AE to * 4. 6. 

BB, so is FL to LG, because the triangles BAB, LFG are simi¬ 
lar ; therefore, ex acquali, as MB to EB, so is NL to LG: in like 
manner it may be sliewn, that BB is to BM, as LG to GN; 
therefore, again, ex sequali, as BM to MB, so is LN to NG: 
wherefore the triangles EMB, LNG, having their sides propor¬ 
tionals, are * equiangular, and similar to one another: there- * 6.6. 


M 



fore the pyramids which have the triangles BAB, LFGk for 
their bases, and the points M, N for their vertices, are simi¬ 
lar * to one another, for their solid angles are * equal, and the * 11 Def.ll. 
solids themselves are contained by the same number of gimilgy * 1 *• 

planes: in the same manner the pyramid EBCM may be shewn ' 
to be similar to the pyramid LGHN, and the pyramid BCDM 
to LHKN: and because the pyramids BABM, LFGN are simi¬ 
lar, and have triangular bases, the pyramid EABM has * to * 8.18. 
LFGN, the triplicate ratio of that which EB has to the homo¬ 
logous side LG. And, in the same manner, the pyramid 
BBCM has to the pyramid LGHN, the triplicate ratio of that 
which BB has to LG: therefore as the pyramid EABM is to 
the pyrwnid LFGN, so is the pyramid EBGM to the pyramid 
LGHM^: in like manner, as the pyramid EBCM is to LGHN, 
so is the pyramid ECDM to the pyramid LHKN: and as one 
of the antecedents is to one of the consequents, so are all the 
antecedents to all the consequents: therefore os the pyramid 
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EABM to the pyramid LFON, so is the whole pyramid 
ABCDEM to the whole pyramid .FOHKLN: and the pyramid 
EABM has to the pyramid LFGN, the triplicate ratio of that 
which AB Ims to EG ; Iher^ere the wh<de {^ramid has to the 
whole pyramid, the triplicate ratio of that whidt AB has to 
the homologous side FO. o. b . d. ‘ 

/ * 

PROPOSITIONS XI. XII. 

9 

The order of the letters of the alphabet is not observed in 
these two propositions, according to Euclid'*s manner, and is 
now restored: by which means, the first part of Prop. 12. 
may be demonstrated in the same words with the first part of 
Prop. 11.; on this account the demonstration of that first 
part is left out, and assumed from Prop. 11. 

PROPOSITION XIII. 

In this proposition, the common section of a plane parallel 
to the bases of a cylinder, with the cylinder itself is supposed 
to be a circle, and it was thought proper briefly to demon¬ 
strate it; whence it is sufficiently manifest, th^ this plane 
divides the cylinder into two others: and the same thing is 
understood to be supplied in Prop. 14. 

• PROPOSITION XV. 

*‘^And complete the cylinders Ax, EO.*’‘ Both the enun¬ 
ciation and exposition of the proposition represent the cylin¬ 
ders as well PS the cones, as already ^described s wherefore the 
reading ought rather to be, and let the cones be 4^LC, EN6; 
" and the cylinders AX, EO.” 

The first case m the second part of the demonstration is 
wanting; and something also in the second case of that part, 
before the repetition of the construction is mentioned; which 
are now added. 


PROPOSITION XVII. 

In the enunciation of this proposition the Greek words if; 

•n» artgyoy 9ro?»t5^oy fAtr 4 '**’^ 

IXiMWio; K»r» riiy ivtfmu»y are thiid^ translated by 

Commandine and others, “ in majori solidum polyhedrum de- 
scribere quod minoris sphaerse superficiem non tangat; ” that 
is, *• to describe in the greater sphere a solid polyhedron 



book XII. PXOP. XYII. 


319 


" wlndi slmil not the rap^des of the lesser sphere: *' 
whereby theywefer the wordf^ xcet^ rw Unipinw to these next 
to them iTii Ikitrtrofot : bnt they ought*by no xnesns to 

be thus translated; for the solid polyhedron doth not only 
meet ^he superfides of the lesser sphere^ but pervades the 
whole of that sphere: therefore the aforesaid words are to be 
referred to to 70 X 01 j^o», and ought thug to be translated^ 

viz. to describe in ttfe greater sphere a solid polyhedron whose 
superficies shall not meet the lesser sphere; as the meaning 
of the propositioiB necessarily requires. 

The demonstration of the propositioa is spoiled and rnuti'* 
lated: for some easy things are very explicitly demonstrated, 
while others not so obvious are not sufficiently explained; for 
example, when it is aflirmed, that the square of KB is greater 
than the double of the square BZ, in the first demonstra¬ 
tion ; and that the angle BZK is obtuse, in the second: both 
which ought to have been demonstrated: besides, in the first 
demonstration, it is said, draw KH from the point E, per- 
'' pcndicular to BD ; *' whereas it ought to have been said, 
“ join KV,” and it should have been demonstrated, that KV 
is pei^ndi&ular to BD: fm it is evident from the figure in 
Hervs^us's and Gregory's editions, and from the words of the 
demonstration, that the Greek editor did not perceive that the 
perpendicular drawn from the point K to tlu straight line BD, 
must necessarily ffill upon the point V, for in the figure it is 
made to fall upon the point D, a different point from V, wliich 
is likewise supposed in the demonstration. Commandine 
seems to have oe^ aware of this; for in this figure he marks 
one and the same point ^th two letters V, D ; and before 
Commandine, the learned John Dee, in the commentary he 
annexes to this proposition in Henry Billingsley's translation 
of the Elements, printed at London, ann. 1570, expressly 
takes notice of this error, and gives a dememstratitm suited 
to the (;'on 8 truction in the Greek text, by whiidi he shews that 
the perpendicular drawn from the point K to BD, must neces¬ 
sarily fiall upon the point V. 

Likewise it is not demonstrated, that the quadrilateral 
figures SOFT, TPBY, and the triangle YRX, do not meet the 
lesser nphere, as was necessary to have been done; only Cla- 
vius, as fiir as I know, has obs^ed this, and demonstrated 
it by a lemma, which is now premised to this projMisition, 
. something altered, and more briefly demonstrated. 
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Ill the corollary of this propositioiij it is supposed that a 
solid polyhedron is described in the other sphsre similar to 
that which is described in the sphere BCDE ; but, as the con¬ 
struction by which this may be done is not given, it was 
thought proper to give it, and to demonstrate that the^. pyra¬ 
mids in it are similar to those of the same order in the solid 
polyhedron described in the sphere BCDE. 


From the preceding notes, it is sufficiesatly evideni: how 
much the Elements of Euclid, who was a most accurate 
geometer, have been vitiated and mutilated by ignorant edi¬ 
tors. The opinion which the greatest part of learned men have 
entertained concerning the present Greek edition, viz. that 
it is very little or nothing different from the genuine work of 
Euclid, has without doubt deceived them, and made them 
less attentive and accurate in examining that edition; whereby 
several errors, some of them gross enough, have escaped their 
notice, from the age in which Theon lived, to this time. Upon 
which account there is some ground to hope, that the pains 
we have taken in correcting those errors, and 'freeing the 
Elements as far as we could from blemishes, will not bo unac- 
ceptable to good judges, who cah discern when demonstra¬ 
tions are legitimate, and when they are not. 

The objections which since the first edition have been made 
agmlist some things in the notes, especially against the doc¬ 
trine of proportionals, have cither been fully answered in Dr. 
Barrow’s Lect. Mathemat. and in these notes; or are such, 
except one which has been taken notice of in the note on Prop* 
1. Book 11., as shew that the person who mode them has not 
sufficiently considered the things against which they are 
brought ; so that it is not necessary to make any further an¬ 
swer to these objections and others like them against Euclid's 
definition of proportionals, of which definition Dr.,Barrow 
justly says in page 297 of the above-named book, that “ Nisi 
machinis impulse validioribus, Kternum persistet incon- 
" cussa.” 


ENP OF THE NOTES. 



TBR 


BOOK 

EUCLID’S DATA. 


DEFINITIONS. 

I. Spaces, lines/and angles, are said to be given in magui< 
tade> whe;a equals to them can be found. 

t 

II. A ratio is said to be given, when a ratio of a given magni< 
tude to a given magnitude which is the same ratio mth it 
can be found. 

III. Rectilineal figures are said to be given in species, wlfich 

have each of their angles given, and the ratios of their sides 
given. ‘ • 

t 

IV. Points* lines, and spaces, are said to be given in position, 
which have always the same situation, and which are either 
actually exhibited, or can be found. 

A. An angle is said to be given in position, which is contained 
by straight lines given in position. 

V. A circle is said to ^ given in magnitude, when a straight 
line from its centre to the circumference is given in magni* 
tude. 

« 

VI. A circle is said to be given in portion and magnitude, the 
centre of which is given in position, and a straight line from 
it to the circumference is given in magnitude. 
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Euclid's data. 


I 


(14) 

See N. 


• 1 Def. 
Dat. 


♦ 7. 5. 


( 2 . ) 
See N. 


VII. Segments of circles are said to be given in magnitude, 
when the angles in them, and their bases, ane given in mag¬ 
nitude. ^ 

VII, Segments of circles are said to be given in position and 
magnitude, wlien the angles in them arc given in nnagni- 
tude, and their bases are given both in position and magni¬ 
tude. ** , 

IX. A magnitude is said to be greater than another by a given 
magnitude, when this given magnitude feeing taken from it, 
the remainder is equal to the other magnitude. 

X. A magnitude is said to be less than another* by a given 
magnitude, when this given magnitude being added to it, 
the whole is equal to the other magnitude, 

PROPOSITION 1. 

The ratio of give?} 7nag?iiludcs to one another is given. 

Let A, B be two given magnitudes: the ratio of A to B is 
given. ^ * 

Because A is a given magnitude, there may * 
be found one equal to it; let this be C; and 
because B is given, one equal to it may be 
found; let it be D ; and since A is equal to C, 
and B to D ; therefore * A is to B, as C to D ; A B C D 
and consequently the ratio of A to B is given, 
because tliej^tio of the given mag^iitudes C, D, which is the 
same with it, has been found. 

PROPOSITION II. 

If a given magnitude haveagiveti ratio to a?iother magnitude, 
'' and if unto the two magnitudes by which the given ratio 
“ is exhibited, and the given magnitude, a fourth propor- 
iional can be found ” / the other magnitude is given* 

i 

Let the given magnitude A have a given ratio to the mag¬ 
nitude B: if a fourth proportional can be found to the three 
magnitudes above named, B is given in magnitude. 


' f The figures between parentheses 5n the margin, opposite the head of each 
proposition, shew the number of that proposition in the other editions. 
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£ 




Because A is given^ a magnitude may be found equal to 
it ^ ; let this be C : and bccarso the ratio of,_A to B is given, 
a ratio v^i^ch is the same with it may be found; 
let this be the ratio of the given magnitude E to 
the giv^n magnitude F: unto the magnitudes £, 

F, G, find a fourth proportional D, which, by the 
hypothesis, can be done. Wherefore, bccau :e A 
is to B, as E to F : and as E to F, so is C to D ; A 
is * to B, as C to D. But A is equal to C; there¬ 
fore ♦ li is equal tu«D. The magnitude B is therefore given 
because a magnitude D equal to it has been found. 

The limitation within the inverted commas is not in the 
Greek text, but is now necessarily added; and the same must 
be understood in all the propositions of the book which depend 
upon this second proposition, where it is not expressly men¬ 
tioned. See the note upon it. 

PROPOSITION III. 

^ given magndudes be added iogeihcTy their aum shall be 

given. 

• 

Let any given magnitudes AB, BC be added ti^ether: their 
sum AC is given. 

Because AB is given, a magnitude equal 
to it may * be found ; let this be DE: and 
because BC is given, one equal to it may be 
found ; let this be EF: wherefore, because 
AB is equal to DE, and BC ^qual to EF; the whole AC is equal 
to the whole DF; AC is therefore given, because DF has been 
found which is equal to it. 


D 


E 


PROPOSITION IV- 

IJ a given magnitude be taken from a given magnitude, the 

remaining magnitude shall be given^ 

From the given magnitude AB, let the given magnitude AC 
be taken: the remaining magnitude CB 

is given. A- 

Because AB is given, a magnitude j) _ g p 

equal to it may * be found ; let this be 

DF: and because AC is given, one equal to it may be found; 

let this be DE: wherefore, because AB is equal to DF, and 

y 2 


B 


I Del'. 


' 11. i>. 

' 14 . Sk 
■ 1 Dcf. 


3. ) 


IDef. 


( ) 


• I De 
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• 1 Def. 

( 12 . ) 
See N. 


• i Dat. 

( tu ) 
See K, 

» 2 Def. 

• 4 Dat. 

• E. 5- 


AC to DE, tLe remainder CB is equal to the remainder FE. 
CB is therefore given because FE, which is equal to it> has 
been found. 

PROPOSITION V. 

IJ p/ three magniludes, the together with the second be 
givcfi, and aho the seco7id together ^with the third; either 
the first is equal to the thirdy or one (^*th€7n is greater than 
the other by a gh>en magnitHde. 

t 

Let AB, BC, CD be three magnitudes, of which AB toother 
with BC, that is, AC, is given; and also BC together \vith C’D, 
that is, BD, is given; cither AB is equal to CD, or one of them 
is greater than the other by a given magnitude. 

Because AC, BD are each of them given, they are either 
equal to one another, or not equal. 

First, let them be equal, and because AC _g_ C p 

is equal to BD, take away the common 
part BC; therefore the remainder A B is equal to the re¬ 
mainder CD. 

But if they be unequal, let AC be greater than*BD, and 
make CE equal to BD. Therefore, CE is given, because BD 
is given. And the whole AC is given; 

therefore * AE the remainder is given, A E P C D 
And because EC is equal to BD, by ta¬ 
king BC from both, the reniaindci EB is equal to the remainder 
CD. And AE is given ; wherefore AB exceeds EB, that is, CD, 
by the given magnitude AE. 

t 

PROPOSITION VI. 

JJ a mag^ntnde have a given ratio to a part of it, it shall also 
have a giv^eM ratio to the remaining part of it. 

Let the magnitude AB have u given ratio to AC a part of 
it; it has also a given ratio to the remainder BC. 

Because the ratio of AB to AC is ,given, a ratio may be 
found * which is the same to it: let this be 

the ratio of DE, a given magnitude to the A_ ^ B 

given magnitude DF. And because DE, ' F E 

DF are given, the remainder FE is * given: 
and because AB is to AC, as DE to DF, by conversion * AB 
is to BC, as DE to EF. Therefore, the ratio of AB to BC is 
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given, because the ratio of the given magnitudes DE, EF, 
which is the same with it, has been found. 

Cob. From this it follows, that the parts / C, CB have a 
given ratio to one another ; because as AB to BC, so is DE to 
EF ; by division * AC is to CB, as DF to FE; and DF, FE are • 17. 6 . 
given; therefore * the ratio of AC to CB is given. * 2 Def. 

PBOPOSITION VII. ( 6- ) 

I/' viagmtudes which have a given ratio to one another be See N. 
added together^ whole magnitude shall have to each of 
ihenn a given ratio. 

Let the magnitudes AB, BC, which have a given ratio to 
one another, be added together: the whole AC has to each 
of the magnitudes AB, BC, a given ratio. 

Because the ratio of AB to BC is given, a ratio may be 
found^ which is the same with it; let this be the ratio of the ♦ 2 Def. 
given magnitudes D£, EF : and because 

DE, EF are given, the whole DF is given*: A -B-C » 3 Dai. 

and because as AB to BC, so is DE to EF; d E F 
by composition ^ AC is to CB as DF to FE ; * 18 . 5 . 

and by,conversion AC is to AB, as DF to DE: wherefore ♦ E, 5 . 
because AC is to each of the magnitudes AB, BC, as DF to 
each of the others DE, EF; the ratio of AC to each of the 
magnitudes AB, BQ is given *2 Dcf. 

PROPOSITION VIII. ( 7 . ) 

JJ' a given magnitude he fjLivided into two parts which have See N. 
a given ratio to one another, and ij' a fourth proportional 
can be found to the sum the two magnitudes by which the 
given ratio is exhibited, one of them, and the given magni-- 
hide ; each of the parts is given. 

Let the given magnitude AB be divided into the parts AC, 

CB, which have a given ratio to one an¬ 
other : if a fourth proportional can be A _C_B 

found to the above-named magnitudes, j>_ p 

AC and CB arc each of them given. 

Because the ratio of AC to CB is given, the ratio of AB to 
BC is given *, therefore a ratio, which is the same with it, can * 7 Dat. 
be found *; let this be the ratio of the given magnitudes DE, * 2 Def. 
EF; and because the given magnitude AB has to BC the 
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• 4 Dal. 

( t*. ) 

• 2 Def. 

^ 2 Def. 

• 2 Def. 

( 9 . ) 


Kuc lid’s data* 


given ratiu of DE to EF^ if unto DE, EF^ AB^ a fourth pro¬ 
portional can he found, this which is BC is given ^; and be¬ 
cause AB is given, the other part AC is given*. 

In the same manner, and with the like limitation, if the 
difference AC of two magnitudes AB, BC, which have a 
given ratio be given, each of the magnitudes AB, BC, is 
given. 

FROPOSITION IX. 


Mag7nindcs which have givai ratios to tpe same magniliuh\ 

have also a given ratio to one another. 

Let A, C have each of them a given ratio to C: A has a 
given ratio to C- 

Becuuso the ratio of A to B is given, a ratio which is the 
Slime to it may be found *; let this be the ratio of the given 
magnitudes D, £ : and because the ratio 
of B to C is given, a ratio whicli is the 
same with it may be found*; let this 
be the ratio of tlic given magnitudes 
F, G: to F, G, E. find a fourth propor¬ 
tional H, if it can be done ; and because 
as A is to B, so is D to E: and qs B to 
C, so is (F to G, and so is) E to H; ex 
scquali, as A to C, so is D to II: therefore the ratio of A to 
C is given *, because the ratio of the given magnitudes D and 
II, whicli is the same with it, has been found : but if a fourth 
proportional to F, G, E, cannot be found, then it can only be 
said that thfe ratio of A to C is conipounded of the ratios of A 
to B, and B to C, that is, of the given ratios of D to E, and 
F to G. 



PROPOSITION X. 

If two or more magnitudes have given ratios to one another^ 
and if theif have given ratios^ though they he not the same, 
to sofne other magnitudes ; these other magnitudes shall also 
have given ratios to one another» 

Let two or more magnitudes A, B, C, have given ratios to 
one another ; and let them have given ratios, though they be 
not the same, to some other magnitudes D, E, F: the mag¬ 
nitudes D, E, F liavc given ratios to one another. 
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Because the ratio of A to B is given^ and likcovise the 
ratio of A to D: therefore the ratio of D to B is given*; but 
the ratio of B to £ is given ; there¬ 
fore * fhe ratio of D to E is given : 
and because the ratio of B to C is 
giveiij and also the ratio of B to E; 
the ratio of E to C is given* ; and 
the ratio of C to F is ^iven ; wherefore the ratio of E to F is 
given ; D, E, F have therefore given ratios to one another. 

• PROPOSITION XI. 

//’ tfvo maqniiM(U\s have each them a gwcii ratio to another 
magnitude^ both them together shall have a given ratio 
to that other. 

Let the magnitudes AB, BC have a given ratio to the mag¬ 
nitude D: AC has a given ratio to the same D. 

Because AB^ BC have each of them a Ti c 

given ratio to D, the ratio of AB to BC is ~ ““ 

given*: and by composition, the nitio of -— 

AC to CB is f/ivcii * : but the ratio of BC to D is given: there¬ 
fore* J;he ratio of AC to D is given. 

FROPOSITION XIT. 

//’ the whole have to the whole a given ratio, and the parts 
have to the parts, givefi, but not the same, ratios; e^ery 
one of' them, whole or j)art, shall have to every one a given 
ratio, ^ 

Let thcd(vhole AB have a given ratio to the whole CD, and 
the parts AE, EB have given, but not the same, ratios to the 
parts CF, FD: every one shall have to every one, whole or 
part, a given ratio. 

Because the ratio of A£ to CF is given; as AE to CF, so 
make -A lI*to CG ; the ratio, therefore, of AB to CG is given: 
wherefore the ratio of the remainder EB to the remainder FG 
is given, because it it. the same* with the 

ratio of AB to CO: and the ratio of EB A_E_B_ 

to FD is given, wherefore the ratio of FD C F G D 
to FG'is given* ; and, by conversion, the 
ratio of FD to DG is given*: and because AB has to each of 
the magnitudes CD, CG, a given ratio, the ratio of CD to CG 
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' 2 Def. 


( A. ) 
See K. 


is given*, and therefore* the ratio of CD to DO is given: 
but the ratio of GD to DF is given, wherefore * the ratio of 
CD to DF is given, and consequently* the ratio of CF to FD 
is given; but the ratio of CF to A£ is given, as also the ratio 
of FD to EB ; wherefore * the ratio of AE to EB is given; as 
also the ratio of AB to each of the{n *. The ratio, therefore, 
of every one to every one is given. 

i 

PROPOSITION XIII. 

the Jirst of three •proportional straight Knes have a given 
ratio to the thirds the frst shall also have a given ratio to 
the second. 

Let A, B, C be three proportional straight lines; that is, as 
A to B, so is B to C ; if A has to C a given ratio, A shall also 
have to B a given ratio. 

Because the ratio of A to C is given, a ratio which is the 
same with it may be found * : let this lie the ratio of the given 
straight lines D, £ ; and between D and E, find a* 
mean proportional F ; therefore the rectangfe con¬ 
tained by D and E is equal to the square of F, an^ 
the rectangle D, E is given, because its sides D, 

E are given; wherefore the square of F, and the 
straight line F is given : and because, as A is to C, 
so is D to £ ; but as A to C, so is * the square of 
A to the square of B; and as D to E, so is* the 
square of D to the square of F : therefore the 
square* of A is to the square of B, as the squarf; of 
D to the squ^e of F : as therefore * the straight line A to the 
straight line B, so is the straight line D to the straight line 
F ; therefore the ratio of A to B is given*, because the ratio of 
the given straight lines D, F, which is the same with it, has 
been found. 

PROPOSITION XIV. ^ 

If a magnitudej together with a given magnitude^ have a given 
ratio to another magnitude ; the excess (f this other magni¬ 
tude above a given magnitude^ has a given ratio to the first 
magnitude : and if the excess of a magnitude above a given 
magnitude have a given ratio to another magnitudh ; this 
other magnitude, together with a given magnitude, has a 
given ratio to the first magnitude. 
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Let the magnitude AB^ together with the given magnitude 
BB, that is AE> have a given ratio to the magnitude CD: the 
excess of CD above a given magnitude has a given ratio to 
AB. • 

Because the ratio of A£ to CD is given; as A£ to CD^ so 
make BE to FD; therefore the ratio of BE to FD is given, and 
BE is given; wherefore FD is given *; and 
because as AE to CD| so is BE to FD, the A_ B Fi 


-jua 


remainder AB is * to the remainder CF, as ^ 

AE to CD: but the ratio of AE to CD is 
giv^n; therefore the ratio AB to CF is given; that is, CF, 
the excess of CD above the given magnitude FD, has a given 
ratio to AB. 

Next, let the excess of the magnitude AB above the given 
magnitude BE, that is, let AE have a given ratio to the mag¬ 
nitude CD ; CD together with a given magnitude has a given 
ratio to AB_ 

Because the ratio of AE to CD is given ; as AE to CD so 
make BE to FD ; therefore the ratio of BE to FD is given ; 
and BE is given; wherefore FD is given *: 

and because, as AE to CD, so is BE to FD, a_ E B 

AB is to CF, as * AE to CD f but the ratio c _ p p 

of a£ to CD is given, therefore the ratio 
of AB to CF is given; that is, CF, which is equal to CD to¬ 
gether with the given magnitude DF, has a given ratio to AB. 


PROPOSITION XV. 


Jf a magnitude, together with that to which aiioiher magni^ 
tude has a gwen ratio, he given; the sum of this other, 
€tnd that to which the Jirst 7nagnitude has a given ratio, is 
given. 

Let AB, CD be two magnitudes, of which AB, together 
with BE, to which CD has a given ratio, is given: CD is 
given, together with that magnitude to which AB has a given 
ratio. 

Because the ratio of CD to BE is given ; A_ B E 

as BE to CD so make AE to FD; therefore y 9 P 
the rdtio of AE to FD is given, and AE is 
given, wherefore ^ FD is given: aud because as BE to CD, so 
is AE to FD: AB is * to FC, as BE to CD : and the ratio of BE 
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to CD is given: wherefore the ratio of AB to FC is given: 
and FD is given, that is, CD together with FC, to which AB 
has a given rati*^, is given. 


PROPOSITION XVI. 

TJ ihe excess of d mag)iilud€ above a given magnitude, have a 
given ratio to njiothcr magnitude, the excess of both together 
above a ghen magnitude, shall have to that other a given 
ratio: and if the excess of two magmindc'^ together above a 
ghen magnitude, have to one of them a given ratio, either 
the excess of the other above a given magnitude has to that 
one a given ratio, or the other is given together with the 7nag- 
nilude to which that one has a given ratio, 

Let the excess of the magnitude AB above a given magni¬ 
tude, have a given ratio to the inagiiitudc BC: the excess of 
AC both of them together, above the given magnitude, has a 
given ratio to BC. ^ 

Lot AD be the given magnitude, the excess of AB*above 
wliich, viz. DB, has a given ratio to BC; 

and because DB has a given ratio to. BC, ^ _ p b c 

the ratio of DC to CB is given *, and 

AD is given; therefore DC, the excess of AC above the given 
magnitude AD, has a given ratio tOiBC- 

Next, let the excess of two magnitudes, AB, BC together, 
above a given magnitude, have to one of ^ 
them BC a giVen ratio; cither the exV^ess A B ijl C 

of the other of them AB above the given *■ 

magnitude, shall have to BC a given ratio; or AB is given, to¬ 
gether with the magnitude to which BC has a given ratio. 

Let AD be tbc given magnitude, and first let it be less than 
AB; and because DC the excess of AC above AD has a given 
ratio to BC, DB has * a given ratio to BC; that is, DB*the ex¬ 
cess of AB above the given magnitude AD has a given ratio 
to BC. 

But let the given magnitude be greater than AB, and make 
AB equal to it; and because EC, the excess of AC above AE, 
has to BC a given ratio, BC has* a given ratio to BE; and 
because AE is given, AB together with BE, to which BC has a 
given ratio, is given. 
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33] 


PROPOSITION XVII. 

I* 

// Oie excess of a magnitude above a given magnitude^ have 
a given ratio to another magnitude, the excess of the same 
Jit'si magnitude ah&ve a given magnitude, shall have a given 
ratio to both the magnitudes together. And if the excess of' 
either d'!wo magiiiiudes above a given magnitude, have a 
given ratio to both magnitudes together, the excess of the 
same above a given magnitude, shall have a given ratio to 
the other. • 

Let the excess of the magnitude AB above a given magni¬ 
tude, have a given ratio to the magnitude BC: the excess of 
AB above a given magnitude, has a given ratio to AC. 

Let AT) ho the given magnitude; and because DB, the ex¬ 
cess of AB above AD, has a given ratio to BC; the ratio of DC 
to DB is given *; make the ratio of AD 
to DE the same with this ratio; there- a E B C 
fore the ratio A AD to DE is given; 
and AD is given, wherefore * DE and the remainder AE are 
given. And because as 1)C to DB, so is AD to DE, AC is * to 
EB, hs D(’ to DB; and the ratio of DC to DB is given; where¬ 
fore tlic ratio of AC to EB is given; and because the ratio of 
EB to AC is given, and that AE is given, therefore EB the 
excess of AB above tlic given magnitude AE, has a given ratio 
t(» A(;. - • 

Next, let the excess of AB above a given magnitude have a 
given ratio to AB and DC together, that is, to AC; the excess 
of AB alv)vc a given magnitude has a given ratio to BC. 

Let AE be the given magnitude; and because EB the ex¬ 
cess of AB abovc^E has to AC a given ratio, as AC to EB so 
make AD to DB; therefore the ratio of AD to DE is given, as 
also * the ratio of AD to AE; and AE is given, wherefore * 
AD is, given; and because, as the whole AC to the whole EB, 
s^jis AD to DE, the remainder DC is * to the remainder DB, as 
AC to EB; and the ratio of AC to EB is given; wherefore 
the ratio of DC to DB is given, as also * the ratio of DB to BC: 
and AD is given; therefore DB, the excess of AB above a 
giveft magnitude AD, has a given ratio to BC. 
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/f to each of' i?(oo magnitxidcs nfiich have a given ratio io 
one another^ a given magnitude be added, the wholes'xhall 
either have a given ratio to one another, or the excess of one 
of them above a given magnitude, shall have a given ratio io 
the other, 

c. 

Let the two magnitudes AB, CD have a given ratio to one 
another^ and to AB let the given magnitude BE be added^ 
and the given magnitude DF to CD; the* wholes AE, pF 
cither have a given ratio to one another^ or the excess of one 
of them above a given magnitude, has a given ratio to the 
other. 

Because BE, DF arc each of them given, their ratio * is 
given, and if this ratio be the same with the ratio of AB to 
CD, the ratio of AE to CF, which is the same * 
with the given ratio of AB to CD, shall be 

given. -E 

But if the ratio of BE to DF be not the i C D _F 

same with the ratio of AB to CD, either it is 

greater than the ratio of AB to CD, or, by inVorsion, tlic 

ratio of DF to BE is greater than the ratio of CD to AB; *i1rst, 

let the ratio of BE to DF be greater than the ratio of AB to 

CD; and as AB to CD, so make BG to DF; 

therefore the ratio of BG to DF is given ; A B E 

and DF is given, therefore * BG is given • c jy V 

and because BE has a greater ratio to DF 

than (AB to CD, that is than) BG to DF, BE is greater * than 

BG: and because as AB to CD, so is 'BG to DF; therefore AG 

is * to CF, as AB to CD: but the ratio of AB to CD is given, 

wherefore the ratio of AG to CF is given; and because BE, 

BG are each of them given, GE is given: tlSerefore AG, the 

excess of AE above a given magnitude GE, has a given ratio 

to CF. The other case is demonstrated in the same m^ner. 


( ) PROPOSITION XIX.. 

Jfjrom each of two magnitttdes which have a given ratio to 
one another, a given magnitude be taken, the remainders 
shall either have a given ratio to one another, or the excess 
of one f>f' them above a given magnitude, shall have a given 
ratio io the other. 
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Let the magnitudes AB^ CD have a given ratio to one an- 
otherj and from AB let the given magnitude AB be taken^ and 
from ,CD the given magnitude CF: the 
remainders EB, FD shall either have ^ ^ B 

giver ratio to one another^ or the excess ^ 
of one of them above a given magni- ■ 

iude shall have a gi^jpu ratio to the other, 

Because AE, CF are each of them given, their ratio is 
given * ; and if this ratio be the same with the ratio of AB to • 
CD, the ratio o# the remainder EB to the remainder FD, 
which is the same * with the given ratio of AB to CD, shall 
be given. 


But if the ratio of AB to CD be not the same with the ratio 
of AE to CF, cither it is greater than the ratio of AE to CF 
or, by inversion, the ratio of CD to AB is greater than the 
ratio of CF to AE : first, let the ratio of AB to CD be greater 
than the ratio of AE to CF, and as AB to CD, so make AG to 
(;F : therefore the ratio of AG to CF is 

given, and CF is given, wherefore * A-E-GJ 

AG is given : and because the ratio of c F D 
AI5 to CD/'that is, the rati^ of AG to 

t’F, «s greater than the ratio of AE to CF ; AG is greater ^ 
than AE : and AG, AE arc given, therefore the remainder EG 
is given ; and as AB to CD, so is AG to CF, and so is * the 
remainder OB to the remainder FD ; and the ratio of AB to 
C:D is given; wherefore the ratio of GB to FD is given ; lihcre- 
fore GB, the excess of EB above a given magnitude EG, has 
a given ratio to FD. Jfi the same manner the other case is 
demonstrated. « 


PROPOSITION XX. 

TJ' to one of troo magnitudes which hai^e a given ratio to one 
another f a given rnagnitude he addedy arid from the other a 
given magnitude he taken ; the excess of the sum above a 
given magnitude, shall have a given ratio to the remainder. 

Let the two magnitudes AB, CD have a given ratio to one 
another, aud to AB let the given magnitude EA be added, 
and from CD let the given magnitude CF be taken: the excess 
of the sum EB above a given magnitude has a given ratio to 
the remainder FD- 
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( 16 . ) 





* 2 DaU 


** 19 5 . 


( C. ) 
See N. 


2 Dat. 


^ 19 . 5 , 
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KlTCLlIl’s OAT V. 

Because the ratio of A B to CD is given, make as AB to CD, 
so AO to CF: therefore the ratio bf AO to CF is given, and 
CF is given, wherefore * AG is given: and 

EA is given, therefore the whole EG is E —A-O—_B 

given; and because as AB to CD, so is C_ F t O 

AG to CF, and so is * the remainder GB 
to the remainder I D ; the ratio of GB tq FD is given. And 
EG is given, therefore GB, the excess of thr sum EB above 
the given magnitude EG, has a given ratio to the remainder 
FD. ‘ 


PROPOSITION XXF, 

If iwo magnitudes har>e a given ratio to one another^ ifaghen 
fnagniiude he added to one of ihcni^ and (he other he taken 
from a given magmiude ; the .v?^wi, together with ihemagni-' 
iude to which the remainder has a given raiioj, is given : 
and the remainder is given together with the magnitude to 
which the S7im has a given ratio. 

Let the two magnitudes AB, CD have a given ratioti' one 
another; and to AB let the given magnitude BE be added, 
and let CD be taken from the given magnitude FD : the sum 
AE is given, together with the magnitude to whicli the re¬ 
mainder FC has a given ratio. 

Because the ratio of AB to CD is given, make as AB to CD, 
so GB to FD : therefore the ratio of GB to FD is given, and FD 
is given, wherefore OB is given*; and 

BE is given, the whole GE is theref6re G. .. A --B„J_: 

given; and because as AB to CD, so is F_C__^_P 

GB to FD, and so is * GA to FC ; the 
ratio of GA to FC is given: and AE together with GA is 
given, because GE is given; therefore, the sum AE, together 
with GA, to which the remainder FC has a given ratio, is 
given. The second part is manifest from Prop. 15. 

PROPOSITION xxn. 

If two magnitudes have a given ratio to one another, if from 
one of them a given magiiitude be taken, and the other be 
taken from a given magnitude ; each of the remainders is 
given, together with the magnitude to which the other re-- 
mainder has a given ratio. 
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Let the two magnitudes AB, CD have a given ratio to one 
another, and'from AB let the given magnitude AE be taken, 
and let CD be taken from the given magnitude CF; the re¬ 
mainder EB is given, together with the magnitude to which 
the other remainder DF has a given ratio. 

Because the ratio of AB to CD is given, make as AB to CD, 
so AO to CF: the ratio of AG to CF is therefore given, and 
CF is given, wherefore * AO is given; and 
AE is given, and therefore the remainder A E B G 

E(» is given : andd)ecause as AB to CD, so c_ p ^ 

is AO to CF: and so is* the remainder BO 

to the remainder DF ; the ratio of BO to DF is given: and EB 
together with BO is given, because EG is given : therefore the 
remainder EB, together with B<5i, to which DF, the other re¬ 
mainder has a given ratio, is given. The second part is plain 
from this and Prop. 15, 


• 2 DaU 




PROPOSITION XXIII. 


( 20 . ) 


If from two given magnittides there be taken magnitudes which See N. 
have a gihen ratio to one fi,^other^ the remainders shall cither 
haife a given ratio to one another^ or the excess of one <f 
them above a given mag7itlude shall have a given ratio to the 
*oiher. 


Let AB, CD be two given magnitudes, and from then? let 
the magnitudes A£, CF which liave a given ratio to one an¬ 
other, be taken : the ren^ainders EB, FD, either have a given 
ratio to one another, or the excess of one of them above u 
given magnitude has a given ratio to the other. 

Because AB, CD are each of them given, the ratio of AB 
to CD is given: and if this ratio be the 

same with the ratio of AE to CF, then A-E-B 

the remainder EB has* the same given C F _S * b. 

ratio to the remainder FD. 

But if the ratio of.AB to CD be not the same with the ratio 
of AE to CF, it is either greater than it, or, by inversion, the 
ratio of CD to AB is greater than the ratio of CF to AE: first, 
let the ratio of AB to CD be greater than the ratio of AE to 
CF; antf AE to CF, so make AO to CD ; therefore the ratio 
of AG to- CD is given, because the ratio of AE to CF is given; 
and CD is given ; wherefore * AO is given; and because the • 2 Dat, 
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ratio of AB to CD is greater than the ratio of (AE to CF that 
is, than the ratio of) AG to CD; AB is greater * than AG : and 
AB, AG, arc given; therefore the re¬ 
mainder BG is given: and because as AE ^ —B 

to CF, so is AG to CD, and so is * EG to C_ F_ p 

FD ; the ratio of EG to FD is givenand 
GB is given; therefore EG, the excess^of EB above a given 
magnitude GB, has a given ratio to FD. The other case is 
shewn in the same way. ' 

e- 


( IS. ) 


PROPOSITION XXIV. 


N. If there be three magnitudes, the ^first of which has a given 
ratio to the second, and the excess of the second above a 
givefi magnitude has a given 7'alio to the third j the excess 
the ^first above a given magnitude shall also have a given 
ratio to the thirds 


Let AB, CD, E be the three magnitudes of which AB has a 
given ratio to CD, and the excess of CD above a given magni¬ 
tude has a given ratio to E : thp. excess of AB above af given 
magnitude has a given ratio to E. « 

Let CF be the given magnitude, the excess of CD above 
which, viz. FD has a given ratio to E : and because the ratio 
of AB to CD is given, as AB to CD, so make* AG to CF ; there- 
fore^the ratio of AO to CF, is given*": and CF is given, where- 

•2Dat. fore* AG is given: and because as AB to CD, so 

• 19.5. is AG to CF, ,und so is * GB to FD; {he ratio of GB 

to FD is given. And the ratio of FD to E is given, ^ 

• 9 Dat. wherefore * the ratio of GB to E is given, and AO 

is given; therefore GB the excess of AB above a 
given magnitude AG has a given ratio to E. 

Cor. 1. And if the first have a given ratio to 
the second, and the excess of the first above a given magni¬ 
tude, have a given ratio to the third; the excess of the second 
above a given magnitude, shall have a given ratio to the third. 
For, if the second Iks called the first, and the first the second, 
this corollary will be the same with the proposition. 

Cor. 2. Also, if the first have a given ratio to the second, 
and the excess of the third above a given magnitude, have also 
a given ratio to the second, the same excess shall have a given 
ratio to the first; as is evident from the 9th Dat. 
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PROPOSITION XXV. 

Jf there be three ^nagnitudcSy the excess of ihejlrst whereof 
aborc a given magnitude has a given ratio to the second^ and 
the excess of the third above a given magnitude has a given 
ratio to the same second ; the Jirsl shall either have a given 
ra^io to the third, %r the excess of one of iac^n above a given 
magnitude shall have a given ratio to the other. 

Let AU, DB bo three magnitudes, and let the excesses 
of each of the two AB, DE, above given magnitudes, have given 
ratios to C: AB, DE, either have a given ratio to one another, 
or the excess of one of them above a given magnittide, has a 
given ratio to the Other- 

Let FB the excess of AB above the given magnitude AF, 
have a given ratio to C; and let GE, the excess of 
1>E above tlie given magnitude DO, have a given 
ratio to C ; and because FB, GE have each of them 
a given ratio to r, they have a given * ratio to one 
another* llut to FB, GE the given magnitudes 
AF, BO are* added ; therefor * * tlic whole magni¬ 
tude^ A B, 1>E have either a given ratio to one another, or the 
excess of one of them above a given magnitude, has a given 
ratio to tlie other. 


I I 
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PROPOSITION XXVI. ■ 

ff there he three magnitudes, the excesses of one of which 
above given 7nagnitude.% have given ratios to the other two 
magnitiTdcs ; these two shall either have a givett ratio to one 
nnolher, or the excess of one oj' them above a given mogni^ 
iiidcy shall have a given ratio to the other. 

Let AB, (’D, EF be three magnitudes, and let GD, the ex¬ 
cess of one of them CD above the given magnitude CG, have 
a given ratio to AB : and also let KD, the excess of the same 
<3D above the given magnitude CK, have a given ratio to EF: 
cither AB has a given ratio to EF, or the excess of one of 
them above a given magnitude 1ms a given ratio to the other. 

Because GD has a given ratio to AB, as GD to AB, so make 
CO to IIA ; therefore the ratio of CG to HA is given; and C’G 
is given, udierofore * IIA is given: and because as GI> to AB, 
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SO is CG to HA, and so is * CD to HB : the ratio of CD to HB 
is given: also because KD has a given ratio to EF, 
as KD to EF, *50 make CK to Lk : therefore the 
ratio of CK to LE is given; and CK is given, 
wherefore LE * is given; and because as KD to 
EF, so is CK to LE, and so * is CD to LF ; the 
ratio of CD to LF is given : but the ratio of CD 
to HB is given ; wherefore * tlic ratio *of HB to 
LF is given ; and from IIB, LF the given magnitudes HA, LE 
being taken, the remainders AB, EF shall either have a given 
ratio to one another, or the excess of one of them above a given 
magnitude has a given ratio to the other 

Afioiher Demonstraiiofi. 

Let AB, C, D£ be three magnitudes, and let the excesses of 
one of them C aoove given magnitudes, have given ratios to 
AB, and DE: either AB, DE have a given ratio to one another, 
or the excess of one of them above a given magnitude, has a 
given ratio to the other. 

Because the excess of C above a given magnitude has a given 
ratio to AB ; therefore * AB together with a given magnitude 
has a given ratio to C : let this rgiven magnitudv^ 
be AF, wherefore FB has a given ratio to C ; also F 
liccause the excess of C above a given magnitude a 
has a given ratio to DE ; therefore * DE together 
with a given magnitude has a given ratio to C; let b! ci 
this given magnitude be DO, wherefore GE has a 
given ratio to C ; and FB has a given ratio to C, therefore * 
the ratio of FB to GE is given : and from FB,'GE, the given 
magnitudes AF, DO being taken', the remainders AB, DE, 
either have a given ratio to one another, or the excess of one 
of them above a given magnitude, has a given ratio to the 
other 

PROPOSITION XXVII. 

IJ'there be three magnitudes, the excess of the first which 
above a given magnitude has a given ratio to the second, and 
the excess of the second above a given magnitude has also a 
gwen ratio to the third; the excess of the first above a given 
magnitude shall have a given ratio to the third. 

Let AB, CD, E be three magnitudes, the excess of the first 
of whicli AB above the given magnitude AG, viz. OB, has a 
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given ratio to CD : and FD the excess of CD above the given 
magnitude CF, has a given ratio to E : the excess of AB above 
a given magnitude has a given ratio to £. 

Because the ratio of OB to CD is given, as OB to CD> so 
make GH, to CF ; therefore the ratio of GH to CF is given ; 
and CF is given, wherefore * GH is given; and AG * 2 Dat. 

is given, wherefore the whole AH is given: and 
because as 6B to CD? so is GH to CF, and^o is * * lO. 5. 

the romaiiider HB to the remainder FD ; the ratio 
of HB to FD is ^iveii: and tlie ratio of FD to E 
is given, wherefore * the ratio of ilB to E is given: Bi dI El ® 
and AH is given ; therefore IlB the excess of AB 
above a geveu magnitude AH, has a given ratio to E. 

“ Othertvise. 

'' Let AB, C, D be three magnitudes, the excess EB of the 
first of which AB above the given magnitude A£ has a given 
“ ratio to C, and the excess of C above a given magni- 
tude has a given ratio to D : the excess of AB 
above a given magnitude has a given ratio to D* 

Because EB has a given ratio to C, and the 
excess of € above a given magnitude has a given 
ratio to D, therefore * the excess of EB above I)| * 24 Dai. 

a given magnitude has a given ratio to D: let 
^^•this given magnitude be EF ; therefore FB the excess of EB 
above EF has aigiven ratio to D : and AF is given, because 
AE, EF are given: theiefore FB the excess of AB abqi^e a 
given magnitude AF, has a given ratio to D.” 


PROPt)SITION XXVIII. 


( ) 


If two lines given in position cut one another^ the point or See N. 
points in which they cut one another a7*e given^ 


Let tw’o lines AB, CD, given in position, cut one another 


in the point E: the point £ is given. 

Bec'iuse the lines AB, CD are given in 
position, they have always the same situa¬ 
tion *3 and therefore the point, or points, 
in which they cut one another have always 
the same situation: and because the lines 
AB, *CD can be found the point, or 
points, in which they cut one another, are 
likewise found; and therefore are given in 



C D 


position 


* 4 Dc-f, 

♦ 4 Def. 

^ 4 Di'f. 
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( ) 


* i Def. 

• I Postu¬ 
late. 


( 27. ) 


♦ 1 Def. 


* 4 Dei. 


( S8. ) 


PROPOSITION XXIX. 

« 

4 * 

(/* Ihe extrefmiics of a straight line he given in pantum^ the 
straight line is give?i in position and magnitude. 

Because ihe extremities of the straight line arc given, 
they can he fouiAl*: let these he the points A, li, hetween 
ivliich a straight line AR can he drawn *; 

this has an invariable position, because a-—— R 

between two given points there can be ^ 

drawn but one straight line: and when the straight line AR 

is drawn, its magnitude is at the same time exhibited, or 

given : therefore the straight line AR is given in position and 

magnitude. 


PROPOSITION XXX. 

If one of the cMrcniHics of a straight line gwen in position and 
magnitude be givcHy the other extremity sha^l also he given. 

Let the point A bo given, to Avit, one of the c;jtremities of 
a straight line given in magnitude, and which lies in the 
straight line AC given in position r the other extremity is also 
given. 

Because the straight line is given in magnitude, one equal 
to i^ can be found *: let this be the straight line D: from 
the greater straight line AC, cut olF A B equal 

to the lesser D: therefore the other extremity A_ B c 

B of the straight line AB is found;' and the 
point B has always the same situation ; be- ' 
cause any other point in AC, upon the same side of A, cuts ofl' 
between it and the point A, a greater or less straight line 
than AB, that is, than D: therefore the point B is given* ; 
and it is jdain another such point can be found in AC, i)ro- 
duced upon the otlicr side of the point A. 

PROPOSITION XXX^. 

If a straight line be drawn through a given pointy parallel to 
a straight line given in posilioiiy that straight line is'given 
in position. 

Let A be a given point, and BC a straight line gii'cn in j>o-i 
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sition: the straight line drawn tlirough A, parallel to BC, is 
given in position- 

Tlirough A, draw * the straight line DATS parallel to BC ; 
the straight line DAE has always the same 

position^ because no other straight line can be B-^ 

drawn through A parallel to BC : therefore, B_— -^ 

the straight line DAE, which has been 
found, is given ^ iif position. ^ 


^ PROPOSITION XXXIL 

If a slraighl line be drawn lo a giren point in a straight line 
given in position, and make a given ajiglc with it, that 
straight line is given in jJosiiion. 

Let AB be a straight line given in position, and C a given 
point in it; the straight line drawn to C, which makes a given 
angle with CB, is given in position. 

Because the angle is given, one equal 
to it can be found *; let this be the angle 
at D^ Atpthe given point C, in the given 
straight line AB, make*^ the angle ECB 
to the angle at D: thcretbre the 
straight line EC has always the same si¬ 
tuation, because any other straight line 
FC, drawn to the point C% makes with CB a greater o^ less 
angle than the angle EBC, or the angle at D: therefore tlie 
straight line EC, which has been found, is given in position. 

It is to be observed, that there arc two straight lines EC, 
OC, upon*oiic side of AB, that make equal angles witli it, and 
which make equal angles with it when produced to the other 
side. 





PROPOSITION XXXIII. 

IJ'a straight line be drawn from a given pmnt to a straight line 
given in position, and make a given angle with it, that 
straight line is given in positio?i. 

Frbm the given point A, let the straight line AD he drawn 
to the straight line BC given in position, and make with it a 
given angle ADC: AD is given in ptisition. 


I. 

^ 4. Def. 

( ^ 0 . ) 


* 1 Def. 

* 23. I. 


( 30.) 
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• 31. 1. 

• 31 Dat. 

• 29. 1. 

• 32 Dat. 

( 31 . ) 
See N. 


• 1 Def. 


• S3 Dat. 


• 6 Def. 

♦ 28 Dat. 


Through the point draw * the straight line EAF parallel 
to BC ; and because through the given point A^ the straight 
line EAF is drawn parallel to Bb, which 
is given in position^ EAF is therefore given 
in position And because the straight 

line AD meets the parallels BC, EF, the g-^—g 

angle EAD is equal* to the angle ADC; 
and ADC is given, wherefore also the aA'gle EAD is given ; 
therefore, because the straight line DA is drawn to tlic given 
point A, in the straight line EF given in position, and makes 
with a given angle EAD, AD is given * in position. 


PROPOSITION XXXIV. 


IJ* from a given point to a Hraight line given in position^ a 
straight line be drawn which is given in magnitude^ the 
same is also given in position. 

Let A be a given point, and BG a straight line given in 
position: a straiglit line given in magnitfide, drawn from 
the point A to BC, is given in position. 

Because the straight line is given in magnitude, one equal 
to it can be found*; let this be the straight line Di frorn 
the point A, draw AE perpendicular to BC: and 
because AE is the shortest of all the straight 
liiiep which can be drawn from the point A to 
BC, the straight line D, to which one equal is t C 

to be drawn from the point A to BC, cannot, D- 

be less than AE. If therefore D be equal to 
AE, AE is the straight line given in magnitude dvawn from 
the given point A to BC: and it is evident that AE is given 
in position *, because it is drawn from the given point A to 
BC, which is given in position, and makes with BC the given 
angle AEG. 

But if the straight line D be not equal to AE, it must be 
greater than it: produce AE, and ma^e AF equal to D; and 
from the centre A, at the distance AF, ^ 
describe the circle GFH, and join AG, 

AH: because the circle GFH is given 
in position and the straight line BG 
is also given in position; therefore their 
intersection G is given *; and the point A is given; wherc- 



D 
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fore AG is given in position*; that is, the straight line AG 
given in magnitude^ (for it is equal to D,) and drawn from the 
given point A, to the straight line B€ given i^ position, is also 
given -in position; and in like manner AH is given in position : 
therefore in this case there are two straight lines AG, AH, of 
the s^mc given magnitude which can be drawn from a given 
point A, to a straight line BC given in position. 

• 

^ PROPOSITION XXXV. 

If a straight Itw^he drawn between two parallel straight lines 
gwen in positioHy and make given angles with ihem^ ike 
straight line is given in magnitude. 

Let the straight line EF be drawn between the parallels 
AB, CD, which are given in position, and make the given 
angles BEF, EFD: EF is given in magnitude- 

In CD take the given point O; and through G, draw * GH 
parallel to EF; and because CD meets the parallels OH, EF, the 
angle EFD is equal * to the angle HOD: and 
EFD is a givcn'^angle: wherefore the angle 
HOD js given; and because IIO is drawn to 
the given point G, in the .straight line CD, 
given in position, and makes a given angle 
HGD, the straight line HG is given in position*; and AB is 
gfven in position; therefore the point H is given * : and the 
point G is also given, wherefore OH is given in magnitude *: 
and EF is equal to it, therefore EF is given in magnitude. 



PROPpSITION XXXVL 
< 

If a straight line given in magnitude^ he drawn between two 
parallel straight lines given in position^ it shall make given 
angles with the parallels. 


A E H 


Let the straight line EF given in magnitude be drawn be¬ 
tween,the parallel straight lines AB, CD, which are given in 
positioi# the angles AEF, EFC shall be given. 

Because EF is giVen in magnitude, a 
straight line equal to it can be found *; let 
this be G ; in AB take a given point H, and 
from •it draw* HK perpendicular to CD: 
therefore the straight line G, that is,. EF 
cannot be less than HK; and if G be equal to HK, EF also is 


C F 
G— 


K 5 


* S9 Dat. 


( 38 . ) 


• 31 . 1 . 

• S9. K 

• 32 Dat. 

• 2B Dat. 

• 29 Dat, 

( S3. ) 
See N. 

• 1 Def. 

• 12 . 1 . 
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equal to it; wherefore EF is at right angles to CD; for if it 
be not, EF would be greater than HK, which is absurd. 
Therefore the SMiglc EFD is a right, and consequently a given 
angle. 

But if the straight line G be not equal to HK, it must be 
greater than it: produce IlK, and take HL equal to G ; and 
from the centre II, at the distance HL, describe the circle 

• 6 Def- MLN, and join riM, IIN: and because the circle* JMLN, and 

the straight line CD, arc given in position, the points M, N 

* 28 Dat. are * given: and the point 11 is given, 

wherefore the straight lines IIM, HN 

* 29 Dat, arc given in position * : and (JD is 

given in position; therefore the an¬ 
gles HJMN, HNM are given in posi- 

* A. Def. tion *: of the straight lines 1131, IIN, 

let IIN be that which is not parallel to EF, for EF cannot he 
parallel to both of them ; and draw EG parallel to HN; EG 

• 34*. 1 . therefore is equal * to HTS% that is, to (J; and EF is equal to O ; 

wherefore EG is equal to EF, and the angle EFO to the angle 
*^29. 1. EOF, that is *, to the given angle HNM, andMiecause the angle 
HNM, which is equal to the angle EFO, or EFD, has been 
found; therefore the angle EFD, that is, the angle AEF, is 

* J Def. given in magnitude *; and consequently the angle liFCi 

( E. ) PROPOSITION XXXVII. 

See N. Jf straight line given in magnitude he dran'n ft am a. point 

to a straight line gii'cn in position^ hi a given anglc^ the 
straight line drawn through that point parallel to the 
straight line given in position^ is given in position. 

r- 

Let the straight line AD given in magnitude be drawn from 
the point A, to the straight line BC given in position, in the 
given angle ADCJ: the straight line EAF drawn 
through A, parallel to BC, is given in position. 

In BC take a given point G, and draw GH 
parallel to AD: and because HG is drawn to a 
given point G in the straight line BC ‘given 
*29.1. in position, in a given angle HOC, for it is equal* to the 

• S2 Dat. given angle ADC, HG is given in position * ; but it is given 

• 34. 1. also in magnitude, because it is equal to * AD, which is*given 

in magnitude : therefore because G, one of tlie extremities of 
the straight line GH, given in position and magnitude, is given. 
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the other extremity H is given *; and the straight line EAF, 
which is drawn through the given point H, parallel to BC 
given in position, is therefore given * in posit'on. 


PROPOSITION XXXVIII. 

% 

If a siraight line be drawn from a given point to two jiorallcl 
straight lines givm in position^ the ratio of the segments 
betneen the given point and the parallels shall he given. 


T^ct the straiglft line EFG be drawn from the given point 
E, to the parallels AB, CD: the ratio of EF to EG is given. 

From the point E, draw EIIK perpendicular to Cl); and 
because from a given point E, the straight line EK is drawn 
to Cl) which is given in 

[E 

, A_i: JT_B 


H 


Tt in5 


position, in a given an¬ 
gle EKCj EK is given 
in position * ; and AB, 

CD arc given in posi¬ 
tion ; therefore * the c G K~ “D 
points H, K are given; 

and ilie point E is given; v'hcrefore * EH, EK are given in 
magipitude, and the ratio * of them is therefore given. But 
as Ell to EK, so is EF to EG, because AB, CD arc parallels; 
tlftreforc the ratio of EF to EG is given- 


PROPOSITIONS XXXIX. 

If the ratio if the sigmenis of a straight line between a given 
2)ohd in it and two parallel straight lines be givc7i; if one 
if the parallels be given in position^ the other is also given 
in posili07i. 

From the given point A, let the straight line AED be drawn 
to the two paralltd straight lines FO, BC, and let the ratio of 


the segments AE, AD, be given: if one of the parallels BC bt! 
given in position, the other FG is also given in position- 




30 Dat. 

31 Dat. 
( Si. ) 


• 33 Dat. 

' 28 Dat. 

• 29 DaU 

• 1 Dat. 

( 35, 36. ) 
See N. 



• 


346 


» S3 Dat. 

• 29 Dat. 

• 29 Dat. 


♦ 2 Dat. 

• 30 Dat. 


• 31 Dat. 

{ 37, 39. ) 
See N. 


• S3 Dat. 

• 28 Dat. 

• 29 Dat. 

• Cor. 6. or 
Dat. 

Cor. 6. or 
Dat. 

2 Dat. 

• 30 Dat. 


XUCL1I>*8 DATA. 

Prom the point A, draw AH perpendicular to BC, and let 
it meet FO in K; and because AH is drawn from the given 
point A, to the straight line BC"given in position^ and makes 
a given angle AHD, AH is given * in position ; and BC/is like¬ 
wise given in position^ therefore the point H is given *: the 
point A is also given ; wherefore AH is given in magnitude 
and because FG, BC are parallels^ as AE to AD, so is AK to 
AH ; and the ratio of AE to AD is givtJl, wherefore tlic ratio 
of AK to AH is given ; but AH is given in magnitude^, there¬ 
fore * AK is given in magnitude ; and it is^also given in posi¬ 
tion, and the point A is given: wherefore * the point K is 
given. And because the straight line FG is drawn through 
the given point K, parallel to BC wliich is given in position, 
therefore ^ FG is given in position. 


PROPOSITION XL. 


IJ* the ratio of the segments of a straight line into which it is 
cut hy three parallel straight lines be given ; if two of' the 
parallels be given in positiony the third is filso given in posim 
iion. 


Let AB, CD, HK be three paifallel straight lines, of which 
AB, CD arc given in position; and let the ratio of the seg¬ 
ments GE, GF, into which the straight line GEF is cut by 
the three parallels, be given : the third parallel HK is given 
ill position. , 

In AB take a given point L, and draw liM perpendicular 




CT 


M D 


to CD, meeting HK in N; because LM is drawn, from the given 
point L, to CD which is 
given in position, and H G N 
makes a given angle 
LMD, LM is given in 
position * ; and CD is 
given in position, where¬ 
fore the point M is given *; and the point L is given ; LM is 
therefore given in magnitude * ; and because the ratio of GE 
to GF is given, and as GE to GF, so is HL to NM ; the ratio 
of NL to NM is given; and therefore * the ratio of ML to 
LN is given; but ML is given in magnitude *, wherefore * 
LN is given in magnitude; and it is also given in position, 
and the point It is given, wherefore * the point N is given: and 
because the straight line HK is drawn through the given poi^ 
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N, parallel to CD which is given in position^ therefore HK is 

given in position * SI Dat. 

PROPOSITION XLI. ( F, ) 

If a sfraighi line meet ihree parallel straight lines tvhich are See N, 
given in posifioUj the segments into which they cut it have a 
given ratio^ ^ 

Let the parallel straight lines AB, CD, EF, given in posi¬ 
tion, be cut by thejstraight line GHK: the ratio of GII to UK 
is given. 

In AB take a given point E, and draw 
IjM perpendicular to CD, meeting KF in N; 
therefore* I^M is given in position: and 
CD, EF are given in position, ^vherefore the 
points M, N arc given; and the point L is 
given ; therefore * the straight lines DM, 

MN are given in magnitude; and the ratio of LM to JVIN is 
therefore given * : but as IjM to MN, so is GH to HK; where- * l 
fore the ratio of GII to HK is given. 



• S3 Dal. 


♦ 29 DaU 


PROPOSITION XLII. 


( 39. ) 


If^cach of the sides of a triangle he given in magnitude, the See N. 

triangle is given in species. 

Let each of the sides of the triangle ABC be given in ufag- 
nitude : the triangle ABC is given in species. 

Make a triangle * DEF, the sides of which aie equal, each * 22. l- 
to each, teethe given straight lines AB, BC, CA ; which can 
be done, because any two of them must be greater than the 
third; and let DE be equal to AB, 

EF to BC, and FD to CA ; and be¬ 
cause the two sides ED, DF arc equal 
to the «two BA, AC, each to each, 
and the base EF equal to the base 

BC ; the angle BDF "is equal * to the angle BAC ; therefore, • 8 . 
because the angle EDF, which is equal to the angle BAC, has 
been found, the angle BAC is given *: in like manner the 
angles at B, C, are given. And because the sides AB, BC, 

CA are given, their ratios to one another are given * ; there- 
triangle ABC is given * in species. 




J Def. 

1 Dat. 
3 Def. 
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( 40 . ) 


PROPOSITION XLIII. 

I S 

If each of the ajtgles of a triangle he gwen in magniludCy the 

iriafiglc is given in species. 


* 1 . 


• Dat. 


• 29 Dat. 
^42 Dat. 

• 4 6 . 

) Def. 6. 


Let each of the angles of the triangle ABC be given in 
magnitude: the triangle ABC is given in species. 

Take a straight line DE given in position and magnitude, 
and at the points D, E, make * the angle EDF equal to the 
angle BAC, and the angle DEF equal tu 
ABC?; therefore the other angles EFD, 

BCA arc equal, and each of the angles at 
the points A, B, C, is given, wherefore 
each of those at the points DEF is given. 

And because the straight line FI) is drawn to the given j)oint 
D, in DE which is given in position, making the given angle 
EDF, therefore DF is given in position * ; in like manner EF 
also is given in position; wherefore the point ¥ is given : 
and the points D, E arc given; therefore ^ach of tlie straight 
lines DE, EF, FD, is given * in magnitude; wherefore the 
triangle DEF is given in species*; and it is similar to the 
triangle ABC; which therefore is given in species. 



( 41- ) PROPOSITION XLIV. 

If one of the angles (f a triangle he given^ and if the sides 
about it have a given ratio to one another, the triangle is 
given in sjyecics. 

Let the triangle ABC have one of its angles JBAC given, 
and let the sides BA, AC, about it, have a given ratio to one 
another: the triangle ABC is given in species. 

Take a straight line DE given in position and magnitude, 
and at the point D, in the given straight line DE, make the 
angle EDF equal to the given angle BAG: 
wherefore the angle EDF is given ; and 
because the straight line FD is drawn oto 
the given point D in ED, winch is given 
in position, making the given angle EDF ; 

• 32 Dat. therefore FD is given in position *. And because the latio of 
BA to AC is given, make the ratio of ED to DF the same with 
it, and join EF; and because the ratio of ED to DF is given. 
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niul ED IS givcn^ therefore* DF is given in magnitude: and 
it is given alsc in position, and the point D is given, where* 
fore the point F is given*; and the points T, E are given, *30Dat. 
wherefore DE, EF, FD are given * in magnitude; and the * 29 
triangle DEF is therefore given* in species; and because the * ^2 Dat. 
triangles ABC, DEF have one angle BAC equal to one angle 
EDF, and the sides about these angles proportionals; the 
triangles are * similaf, but tlie triangle iSsF is given in * o. o, 
speei(‘s, and therefore also the triangle AEC. 

PROPOSITION XLV. ( +2. ) 

If the sides of a triangle have to one another given ratios, the Soe N. 

triangle is given in species. 

Lc^t the sides of tlic triangle ABC have given ratios to one 
another: the triangle ABC is given iii species. 

Take a straight line D given in magnitude; and because 
the ratio of AB to B(; is given, make the ratio of D to E the 
same with it; and D is givxn, therefore * E is given. And * 2 Dat, 
because the r;itio of BC^ to CA is given, to this make the ratio 
of E ty F the same ; and E is given, and therefore* F. And * 2 Dat. 
because as AB to BC, so is D to E; by 
coiuposition AB and BC together arc to 
Be, as 1) and E to 5: but as BC to CA, 
so is E to F; therefore, ex 'cquali *, as 
AB and BC an; to CA, so arc D and E G 

to F, and AB and BC are greater * tlian 11 '"^ x * 20 . L 

<'A; therefore D and E arc gTcater * • A, 3, 

than F. 13 the same manner, any two of the three D, K, F 
are greater than tlie third- Make * the triangle GllK, wliosc * 22 , l, 
sides are equal to D, E, F, so tliat GH be equal to D, IlK to 
E, and KG to F ; and because D, E, F are each of them given, 
therefore OH, HK, KO are each of them given in magnitude; 
therefore the triangle GHK is given * in species : but as AB * 
to BC, so is (D to E, that is) Gll to HK ; and as BC to CA, so 
is (E to F, that is) HK to KG ; therefore, cx eequali, as AB 
to AC, so is GH to IIK. Wherefore*, the triangle ABC is • 5. O- 
cquiangular and similar to the triangle GHK; and the triangle 
GHK is given in species; therefore also the triangle ABC is 
given in species. 

Cou, If a triangle be required to bo made, the sides of 
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which shall have the same ratios which three given straight 
lines D, E, F have to one another; it is necessary that every 
two of them he greater than thV: third. 

( 43. ) PROPOSITION XLVI. 

If the sides of a right-angled triangle about one of the acute 
anglesf haveia given ratio to one qnother, the triangle is 
given in species. 

Let the sides AB, BC about the aQutc angle ABC of 
the triangle ABC, which has a right angle at A, have a 
given ratio to one another: the triangle ABC is given in 
species. 

Take a straight line D£ given in position and magnitude ; 
and because the ratio of AB to BC is given, make as A B to 
BC, so D£ to EF; and because D£ has a given ratio to EF, 

• 2 Dat. and DE is given, therefore * EF is given ; and because as AB 

• 19.1. to BC, so is DE to EF; and AB is less * than BC, therefore 

• A. 5. DE is less * than EF. From the point D, ^raw DG at right 

angles to DE, and from the centre 
E, at the distance EF, describe a 
circle which shall meet DG in two 
points; let G be either of them, and 
join EG: therefore the circumference 

• 6 D('f. of the circle is given * in position; 

• 82 Dat. and the straight line DG is given in position, because it is 

drawn to the given point D in DE given in position, in a 

• 28 Dat. given angle; therefore * the jtoint G is given', and the points 

• 29 Dat. D, E are given, wherefore DE, EC, GD are given * in magni- 

• 42 Dat. tude, and the triangle DEG in species*. And because the 

triangles ABC, DEG have the angle BAC equal to the angle 
EDG, and the sides about the angles ABC, DEG proportionals, 
and each of the other angles BCA, EGD, less than a right 
‘ 7. (». angle; the triangle ABC is equiangular * and similar to the 
triangle DEG; but DEG is given in species; therefore the 
triangle ABC is given in species: and in^ the same manner, the 
triangle made by drawing a straight line from E to the other 
]>oint in which the circle meets DG, is given in species. 
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PROPOSITION XLVII. 



If a triangle have one of its Angles which is net a right angle 

given, and if the sides about another angle have a given 

ratio to one another, the triangle is given in species. 

• 

Let the triangle ABC have one of its angles ABC a given« 
but not a riglit angle. and let the sides BA) AC^ about an¬ 
other angle BAC, have a given ratio to one another : the tri¬ 
angle ABC is given in species. 

Firsts let the given ratio be the ratio of equality^ that is^ 
let the sides BA, AC, and consequently the angles ABC, ACB, 
be equal; :tand because the angle ABC is given, 
the angle ACB, and also the remaining * angle 
BAC is given; therefore the triangle ABC is 
given* in species; and it is evident that in this 
case the given angle ABC must be acute. 

Next, let the given ratio be the ratio of a less 
to a greater, that is, let the side AB adjacent to the given 
angle be less thaif the side AC : take a straight line DE given 
in position and magnitude, and make the angle DEF equal 
to the gived angle ABC: therefore EF 
is given * in position; and because the 
ratio of BA to AC is given, as BA to AC, 
so^make ED to DO; and because the 
ratio of ED to DG? is given, and ED is 
given, the straight line DO is given 
and BA is loss than AC, therefore ED is 
less * than DO, From the centre D, at 
the distance DG, describe "' the circle OF 
meeting EF in F, and join DF ; and be¬ 
cause the circle is given * in position, as also the straight line 
EF, the point F is given *; and the points D, B are given ; 
wherefore the straight lines DE, EF, FD are given * in mag¬ 
nitude, and the triangle*D£F in species And because BA 
is less than AC, the angle ACB is less * than the angle ABC, 
and therefore ACB isdess * than a right angle. In the same 
manner because ED is less than DO or DF, the angle DFE is 
less than a right angle: and because the triangles ABC, DEF 
have fhe angle ABC equal to the angle DEF, and the sides 
about the angles BAG, EDF, proportionals, and each of the 
other angles ACB, DFE, less than a right angle; the triangles 
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7. 6* ABC, DEF arc * similar, and DEF is given in species, where¬ 
fore the triangle ABC is also given in species. 

Thirdly, let* the given ratio be the ratio of a greater to a 
less, that is, let the side AB adjacent to the given angle be 
greater than AC; and, as in the last case, 
take a straight line DE given in position and 
magnitude, and make the angle DEF equal to 
' 3*2 DaL the given angle"ABC; therefore BF is given ♦ 
in position: also draw DG perpendicular to 
EF ; therefore if the ratio of BA to AC be 
the same with the ratio of ED to the perpen¬ 
dicular DG, the triangles ABC, DEG arc sinii- 
' 7- 0 . lur because the angles ABC, DEG arc equal, 

and DGE is a right angle; therefore the angle ACB is a right 
* 43 Dat. angle, and the triangle ABC is given • in species. 

Uut if, in this last case, the given ratio of BA to AC be not 
the same with the ratio of ED to DG, that is, with the ratio 
of BA to the perpendicular AM drawn from A to BC ; the 
’ 8.5. ratio of BA to AC must be less * than the ratio of BA to AM, 
because AC is greater than AM. Make as BA to AC, so ED 
to DH ; therefore the ratio of ED to DH is less^than the ratio 
of (BA to AM, that is, than the ratio of) 

10.. ED to DO : and consequently D1J[ is greater * 
than DG ; and because BA is greater than 
A. 5. AC, ED is greater * than DII. From ^thc 
centre D, at the distance DH, dcscrihc the 
circle KIIF wliich necessarily meets the 
straight line EF in two points, because DFI 
is greater than DG, and less than’DE. Let 
the circle meet EF in the points F, K, which 
are given, as was shewn in the preceding case; and DF, DK 
being joined, the triangles DEF, DBK arc given in species, as 
Avas there shewn. From the centre A, at the distance AC, 
describe a circle meeting BC again in L: and if the angle 
ACB be less than a right angle, ALB must be greater than a 
right angle; and on the contrary. In the same manner, if 
the angle DEF be less than a right Ungle, DKE must be 
greater than one ; and on the contrary. Let each of the 
angles ACB, DFE be either less or greater than a right angle ; 
and because in the triangles ABC, DEF, the angles ABC, 
DEF are equal, and the sides BA, AC, and ED, DF, about two 
' 7. 0. of the other angles proporti<mals, the triangle ABC is similar * 







PROPOSITION XLVIIf. 




tu the triangle DEF. In the same manner the triangle ABL 
is similar to DEK. And the triangles DEF, DEK are given 
in species; therefore also th^j triangles ABC, 4BL are given 
in species. And from this it is evident, that in this third 
case, there arc always two triangles of a different species, to 
which the things mentioned as given in the proposition can 
agree. 

PROPOSITION XLVIIL 


( ) 


IJ' a triangle haw one angle given, and if' hoik the sides io- 
gUher about that angle have a given ratio to the remaining 
side, the triangle is given in species. 

Let the triangle ABC have the angle BAC given, and let 
the sides BA, AC together, about that angle, have a given 
ratio to BC: the triangle ABC is given in species. 

Bisect * the angle BAC by the straight line AD; therefore • 9 . 1 . 
the angle BAD is given. And because as BA to AC, so is* • s.6. 
BD to DC, by permutation, as AB to BD, so is 
AC to CD; and BA and AC together to BC, 
so is * AB to BD. But the ratio of BA and 
AC together'to BC is gi\:eu, wherefore the 
ratio df AB to BD is given, and the angle BAD 
is given; therefore * the triangle ABD is given in species, and * 4*7 Dat. 
the^ angle ABD is therefore given; the angle BAC is also 
given, wherefore th^e triangle ABC is given in species*. * 4^ Dau 

A triangle ^vhich shall have the things that are mentioiicd 
in the proposition to be given, can lie found in the following 
manner. Let EI^G be the given angle, and leir the ratio of 
II to K be tjie given ratio which the two sides about the angle 
KFG must have to the third side of the triangle; therefore, 
because two sides of a triangle are greater than the third 
side, the ratio of H to K must be the ratio of a greater to a 
less. Bisect * the angle EFG by the straight line FL, and by • 9 . 1 . 
the 47tb Prop, find a triangle of which EFIi is one of the 
angles, and in which the ratio of the sides about the angle 
opposite to FL is the same with the ratio of H to K: to do 
which, take F£ given in position and magnitude, and draw 
EL perpendicular to FL: then if the ratio of H to K be the 
same ^’fith the ratio of FE to EL, produce EL, and let it meet 
FG in P: the triangle FEP is that which was to be found: for 
it has the given angle EFG; and because this angle is bi- 




354 


ettclid’s data. 


* 3.6. scctcd by FL, the sides EF, EP, together are to EP as* FE to 
EL^ that is, as H to K. 

But if the retio of H to K hd not the same with the ratio 
of FE to EL, it must be less than it, as was shewn in Prop. 
47-, and in this case there ure two triangles, each of which 
has the given angle EFL, and the ratio of the sides abdut the 
angle opposite to FI^ the same with the ratio of H to K, By 
Prop. 47- find tKese triangles EFAI, EFW, 

each <)f which has the angle EFIi for one of H- 

its angles, and the ratio of the side FE to 
EM or EN the same with the ratio of 11 ' 
to K; and let the angle EMF be greater, 
and ENF less, than a right angle. And 
because H is greater than K, EF is greater 
than EN, and therefore the angle EFN, that is, the angle NFO, 

' 18 , I. is less * than the angle ENF. To each of those add the angles 
NEF, EFN; therefore the angles NEF, EFG arc less than the 
angles NEF, EFN, FNE, that is, than two right angles; therefore 
the straight lines, EN, FG, must meet together Avhen produced; 
let them meet in O, and produce EM to G. Eilcli of the triangles 
EFG, EFO, has the things mentioned to be given in the pro- 
positi<Hi: for each of them has?-the given angle EFG; and 
because this angle is bisected by the straight line FMN, the 
sides EF, FG together, have to EG the third side, the rati<j of 
FE to EM, that is, of H to K. In like manner, the sides iCF, 
FO together, have to EO, the ratio which h has to K. 

O ^ ^ r* 

I 



( 46. ) PROPOSITION XLIX. 

If a (rtangle have one angle given^ and if the sides about an¬ 
other angle both together have a given ratio to the third 
side^ the triangle is given in sj>ecies. 

Let the triangle ABC have one angle ABC given, and let 
the two sides BA, AC, about another angle BAG havQ.a given 
ratio to BC : the triangle ABC is given in species- 

Suppose the angle BAC to be bisected by the straight line 
AD; BA and AC together arc to BC, as AB to BD, as was 
shewn in the preceding proposition. But the ratio of BA 
and AC together to BC is given; therefore, also, the ratio of 
' 44 Dat. AB to BD is given. And the angle ABD is given, wherefore * 
the triangle ABD is given in species; and consequently the an- 
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glc BAD, and its double the angle BAG, are given; and the angle 

AB<> is given ; therefore the triangle ABC is given in species *. * 45 Dat. 

A triangle which shall have the things mentioned in the 
pr(>porftion to be given may be thus found- Let EFO be the 
gi\’cn angle, and the ratio of H to K the 
given ratio; and by Prop. 44. find the tri¬ 
angle KFL, which has the angle KFG for 
one of its angles, an8 the ratio of the sides 
EF, FLi, about this angle the same with the 
ratio of II to K ;^and make the angle LEM 
equal to the angle FEL. And because the 
ratio of H to K is the ratio which two sides 
of a triangle have to the third, 11 must be 
greater than K. And because EF is to FL, as H to K, there¬ 
fore EF is greater than FL, and the angle FEIi, that is, LEM, 
is therefore less than the angle EIjF. Wherefore the angles 
JiFE, FEM arc less than two right angles, as was shewn in 
the foregoing proposition, and the straight lines FL, EM must 
meet if produced; let them meet in G, EFO is the triangle 
which u'as to be found: for EFCJ is one of its angles, and be¬ 
cause the angle FE(i is bisected by EL, the two sides FE, EG 
togct]}er, have to the third side FG, the ratio of EF to FIi, 
that is, the given ratio of II to K. 

PROPOSITION L. ( 76. ) 

Jf from the vertex of a irmtigle given in species, a straight 
line he drawn to the base in a given ajigle, it shall have a 
given ratio to the base, ^ 

From the vertex A, of the triangle ABC which is given in 
species, let AD be drawn to the base BC in a given angle 
ADB: the ratio of AD to BC is given. 

Because the triangle ABC is given in species, 
the angle ABD is given, and the angle ADB is 

given, ♦‘herefore the triangle ABD is given * ^ ^ * 43 Dat. 

in species: wherefore the ratio of AD to A B is 

given. And the ratio of AB to BC is given; and therefore • • 5) Dat. 
the ratio of AD to BC is given. 

• PROPOSITION LI. ( 47. ) 

Reeiilineal Jigiires given in species, arc divided into triangles 

which are given in s^weies. 
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* 44 Dat. 

• S Def. 


• 9 Dat. 

• 44 Dat. 


( ) 


• 3 Def. 

• 9 Dat. 
*37.1. 

• 1 . 6 . 


Let the rectilineal figure ABODE be given in species: 
ABODE may be divided into triangles given in rpccies. 

Join BE, BD '. and because ABODE is given in species, the 
angle BAE is given and the ratio of BA to AE is given ^; 
wherefore the triangle BAE is given in spe¬ 
cies and the angle AEB is therefore given *• 

But the whole angle AED is given, and there¬ 
fore the remaining angle BED is givcii, and 
the ratio of AE to EB is given, as also the 
ratio of AE to ED ; therefore the ratio of 
to ED is given *. And the angle BED is given, wherefore the 
triangle BED is given * in species. In the same manner, the 
triangle BDO is given in species; therefore rectilineal figures 
M'hich are given in species, are divided into triangles given in 
species. 
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If two triangles given in species be described upon the same 
straight linCy they shall have a given ratio to one another. 

Let the triangles ABO, ABD, given in species, be described 
upon the same straight line A3:, the ratio of the triangle 
ABO to the triangle ABD is given. 

Through the point C, draw CE parallel to AB, and let it 
meet DA produced in E, and join BE. Because the triailgle 
ABC is given in species, the 
angle BAG, that is, the angle 
ACE, is given ; and because the 
triangle ABF is given in species, 
the angle DAB, that is, the an¬ 
gle AEG, is given. Therefore 
the triangle ACE is gh’^en in 
species; wherefore the ratio of EA to AC is given and the 
ratio of CA to AB is given, as also the ratio of BA to AD; 
therefore the ratio of* EA to AD is given, and the triangle 
ACB is equal * to the triangle AEB, and as the triangle AEB, 
or ACB, is to the triangle ADB, so is * the straight line EA 
to AD: but the ratio of EA to AD is given; therefore the 
ratio of the triangle ACB to the triangle ADB is given. 

Problem. — To Jind the ratio of two triangles ABC, ABD, 
given in species^ and rvhich are described upon the same 
straight line AB. 
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Take a straight line FG given in position and magnitude, 
and because the angles of the triangles ABC, ABD are given, 
at the points F, G, of the ctraight line FG, .make the angles 
GFH,, GFK * equal to the angles BAC, BAD, and the angles * 23, 1- 
FGII, FGK, equal to the angles ABC, ABD, each to each. 

TluTjfore the triangles ABC, ABD arc equiangular to the 
triangles FGH, FGK, each to each. Through the point H, 
draw Hli parallel FO, meeting KF produced in li. And 
because the angles BAC, BAD are equal to the angles GFH, 

UVK, each to each; therefore the angles ACE, AEG arc equal 
to FHIi, FLU, eSch to each, and the triangle AEC equiangu¬ 
lar to the triangle FLH. Therefore as EA to AC, so is LF to 
FH, and as CA to AB, so is HF to FG ; and as BA to AD, so is 
GF to FK ; wherefore, ex unquali, as EA to AD, so is LF to 
FK. But, as was shewn, the triangle ABC is to the triangle 
ABD, as the straight line EA to AD, that is, as LF to FK. 

The ratio, therefore, of LF to FK has been found, which is 
the same with the ratio of the triangle ABC to the triangle 
ABD. 

PROPOSITION LIIT. ( ) 

JJ" two rectilineal figures given in species be described xipon See N. 
the same straight /iwc, they shall have a given ratio to one 
^another. 

Let any two rectilineal figures ABCDE, ABFG, which are 
given in species, be described upon tlie same straight liiic'AB: 
the nitio of them to one another is given. 

Join AC, AD, AF ; each of the triangles AED, ADC, ACB, 

AGF, AB? is given * in species. And because the triangles • 15 Dau 
ADE, ADC, given in species, are described 
Upon the same straight line AD, the ratio 
of EAD to DAC is given * \ and by compo¬ 
sition, the ratio of EACD to DAC is given 
And tl>e ratio of DAC to CAB is given 
because they are described upon the same 
straight line AC ; therefore the ratio of 
EACD to ACB is given and, by composi¬ 
tion, the ratio of ABCDE to ABC is given. In the same manner, 
the rdtio of ABFG to ABF is given. But the ratio of the triangle 
ABC to the triangle ABF is given ; wherefore * because the * 52 Dat. 
ratio of ABCDE to ABC is given, as also the ratio of ABC to 
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• 9 Dat, 


in 


( 50 . ) 


ABF, and the ratio of ABF to ABF«; the ratio of the recti¬ 
lineal ABUDE to the rectilineal ABFG is given 

Pros. —To find the ratio of two reclUhwalfigures given in 
species^ and described ujyon the same straight line. 

I 

Jjct ABCBE, ABFG he two rei'tilincal figures given in 
species, and described upon the same straight line AB, and 
join AC, AD, AF. Take a straight line HK 
given in position and magnitude, and by the 
r)2d Dat. find the ratio of the triangle ADE 
to the triangle ADC, and make the ratio of 
HK to KL the same with it. Find also the 
ratio of the triangle ACD to the triangle 
ACB, and make the ratio KL to LM the 
same. Also, find the ratio of the triangle 
ABC to the triangle ABF, and make the ratio of to MN 
the same. And, lastly? find the ratio of the triangle AFB 
to the triangle AFG, and make the ratio of MN to NO the 
same. Then the ratio of ABCDE to ABF(f is the same with 
the ratio of HM to IVIO. 

Because the triangle EAD is to the triangle DAC, as the 
straight line UK to KL ; and as the triangle DAC to CAB, so 
is the straight line KL to I?M ; therefore by using compo¬ 
sition as often as the number of triangles requires, the recti¬ 
lineal ABCDE is to the triangle AIM), as the straight line IIM 
to lyiL. In like manner, because the triangle (MF is to FAB 
as ON to NM, by composition, the rectilineal ABFG is to the 
triangle ABF as MO to N3I, and by inversion, as ABF to ABFG 
so is NM to MO. And the triangle ABC is to ABF, as I^M to 
MN. Wherefore^ because as ABCDE to ABC, so is HM to ML: 
and as ABC to ABF, so is LM to MN; and as ABF to ABFG, 
so is MN to MO ; ex scquali, as the rectilineal ABCDE to 
ABFG, so is the straight line IIM to IVIO. 

PROPOSITION LIV. 

If two straight lines have a given ratid to one another, the 
shnilar rectilineal figures described upon them similarly^ 
shall have a given ratio to one another. 

Let the straight lines AB, CD have a given ratio to one 
another, and let the similar and similarly placed rectilineal 


t 
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figures E, F, be described upon them : the ratio of E to F is 
given- 

To AB, CD, let G be a third proportional; 
therefore as AB to CD, so is CD to G. And 
the ratio of AB to CD is given ; wherefore 
the ri*tio of CD to G is given; and conse¬ 
quently the ratio of AB to G is also given 
Ihit us AB to G, so is the figure E to the figure * F. Tlicrc- 
fore the ratio of E to F is given. 

Prob.— 1 ojind The ratio of itvo shmlar rectilineal fgurcs E, 
F, shnllarltj described upon straig/U lines AB, CD, which 
have a given ratio to one another. 

Let G be a third proportional to AB, CD. 

Take a straight line H given in magnitude; and because 
the ratio of AB to CD is given, make the ratio of II to K the 
same with it ; and because H is given, K is given. As H is 
to K, so make K to L; then tlic ratio of E to F is the same 
with the ratio of II to L: for AB is to CD, as II to K, where¬ 
fore CD is to G, as K to D ; and, ex uiquali, as AB to G, so is H 
to L ; but the figure E is to f the figure F, as AB to G, that 
is, a&ll to D. 

PROPOSITION LV. 

If two straight lincfi hate a given ratio to one another^ the rec¬ 
tilineal fgnrcs given in^speciesj described upon them^ sjiall 
have to one another a given ratio. 

Let AB, CD be two stfaight lines which have a given ratio 
to one another: the rectilineal figures E, F, given in sj»ecies 
and described upon them, have u given ratio to one another. 

Upon the straight line AB, describe the 
figure AG similar and similarly placed to 
the figure F ; and because F is given in 
species^ AG is also given in species: there¬ 
fore, since the figures E, AG, which are 
given in species, arc described upon the 
same straight line AB, the ratio of E to AG is given *, and 
because the ratio of AB to CD is given, and upon them arc 
described the similar and similarly placed rectilineal figures 
AG, F, the ratio of AO to F is given ^ ; and the ratio of AG to 
E is given; therefore the ratio of E to F is given 
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* 63 Dat. 

• 2 Dat, 


Pbob. —To find the ratio of two rvctiUncal figures E, F, given 
in species and described upow the straight lines AB, CD, 
tvhicli have a given ratio to one another. 

Take a straight line 11 given in magnitude; and because 
the rectilineal figures K, AO, given' in species, are described 
upon the same straight line AB, find tbeir ratio by the b3d 
Dat. and make the ratio of 11 to K the same, K is therefore 
given. And because the similar rectilineal figures AO, F arc 
described upon the straight lines AB, CD, u^iich have a given 
ratio, find their ratio by the .54th Dat. and make the ratio of 
K to L the same : the figure E has to F the same ratio wliich 
H has to L: for by the construction, as E is to AO, so is II to 
K; and as AO to F, so is K to L: therefore, ex a'quali, as E 
to F, so is II to L. 

PROPOSITION LVI. 

If a rectilineal figure given in spceics he described upon a 
straight line given in magnitudcy the figure*is given in mag¬ 
nitude, 

\ 

Let the rectilineal figure ABODE given in species, be de¬ 
scribed upon ilic straight line AB given in 
magnitude; the figure ABODE is given in 
magnitude. 

Upon AB let the square AF be described ; 
therefore AF is given in sjjecics and mag¬ 
nitude, and because the rectilineal figures 
ABODE, AF, given in species, arc described 
upon the same straight line AB, the ratio 
of ABCDE to AF is given *: but the square 
AF is given in magnitude, therefore * also 
the figure ABCDE is given in magnitude. 

Prob. —To find the magnitude of a rectilineal figure given in 
species described upon a straight line given in magnitude. 

Take the straight line Oil equal to the given straight line 
AB, and by the .53d Dat. find the ratio which the square AF 
upon AB has to the figure ABCDE; and make the ratio of 
GH to HK the same; and upon GH describe the square GL 
and complete the parallelogram LIIKM ; the figure ABCDE is 
equal to LHKM. Because AF is to ABCDE, as the straight 
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lino (tH to HK, that is, as the figure GL to HM ; and AF is 
equal to GL; therefore ABODE is equal to HM 

, PROPOSITION LVII. 

Jf iim revlUmenl figures he given in species^ and. if a side of 
one of them have a given ratio to a side of the othcr^ the ra~ 
tios of the remaining sides to the remaining sides shall be 
gh eiK * 

Let AO, DF he Iwo rectilineal figures given in species, and 
let the ratio of 4he side AB to the side DE be given : the 
ratios of the remaining sides to the remaining sides arc also 
given. 

Because the ratio of AB to DE is given, as also* the ratios 
of AB to B(i, and of DE to EF, the ratio of BC to EF is given *. 
In the same manner the ratios of the other 
sides to t]]e other sides arc given. 

The ratio which BC has to EF may be 
found thus: take a straight line <r given 
in magnitude, ar J because the ratio of BC 
to BA is given, make the ratio of G to II 
the same; iMd because the ratio of AB to 
DE » given, make the ratio of II to K the 
same ; and make the ratio of K to li the same with tlie given 
ratio of DK to EF. Since therefore as BC to BA, so is G to 
II; and as BA to''DE, so is II to K ; and as DE to EF, so is K 
to L ; ex pnquali, B(’ is to EF, as G to L; therefore the ratio 
of Ci to L has been found, which is the same with the ratio of 
BC to EF. 

* PROPOSITION LVIIL 

If two similar rectilineal figures have a given ratio to one 
finothrr, their homologous sides have aLs‘o a ghen ratio to 
one another. 

Let the two similar rectilineal figures A, B have a given 
ratio to one another: their homologous 
sides have also a gi^cn ratio. 

Let the side CD be homologous to EF ; 
and to CD, EF, let the straiglit line G be 
a third proportional. As therefore * CD 
to G, so is the figure A to B; and the 
ratio of A to B is given, therefore the ratio of CD to G h 
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given ; and CD, EF, G are proportionals ; wherefore * the ratio 
of CD to EF is given. 

The ratio of pD to EF may be' found thus: take a straight 
line II given in magnitude ; and because the ratio of the 
figure A to B is given, make the ratio of II to K the same with 
it: and, as the 13th Dat. directs to be done, find a mean pro¬ 
portional li between II and K ; the ratio of CD to EF is the 
same with that of H to L. Let G be a third pro]>ortional to 
CD, EFj therefore as CD to G, so is (A to B, and so is) H 
to K; and as CD to EF, so is II to L, as Is shewn in tlie 13th 
Dat. 

PROPOSITION LrIX. 


See N. 


• 3 Def. 

• 9 Dat. 


• 53 Dat. 

• 9 Dat. 

• 68 Dat. 

• 9 Dat. 


If tfvo rectilineal fgiircs given in species hare a gtven ratio 
to one ffHoZ/fcr, their sides shall lilcewisc have given ratios to 
one another^ 

Let the two rectilineal figures A, B, given in species, have 
a given ratio to one another; their sides shall also have given 
ratios to one another. 

If the figure A be similar to B, their homologous sides shall 
have a given ratio to one another, by the preceding proposi¬ 
tion I and because the figures ar*. given in spccifcs, the sides 
of each of them have given ratios * to one another ; ther(;fore 
each side of one of them has* to each side of the other a 
given ratio. 

But if the figure A be not similar to 
B, let CD, EF be any two of their sides ; 
and upon EF, conceive the figure EG 
to be descrilv'd similar and similarly 
placed to the figure A, so that CD, 1:F 
be homologous sides: therefore EG is 
given in species: and the figure B is 
given in species ; wherefore* the ratio of B to EG is given: 
and the ratio of A to B is given, therefore * the ratio of the 
figure A to EG is given : and A is similar to EG ; therjfore * 
the ratio of the side CD to EF is given ; and consequently * 

the ratios of the remaining sides to the leniaining sides are 
given. 

The ratio of CD to EF may be found thus: take a straight 
line H given in magnitude, and because the ratio of the figure 
A to B is given, make the ratio of H to K the same with it. 
And by the 53d Dat. find the ratio of the figure B to EG, and 
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make the ratio of K to L the same: between H and L find a 
mean proportional M, the ratio of CD to EF is the same with 
the ratio of H to M. Because the figure A is co B asll to K, 
and as*B to EG, so is K to L; ex a>quali, as A to EG, so is H 
to L : and the figures A, EG arc similar, and M is a mean 
proportional between H and L ; therefore, as was shewn in the 
preceding proposition, CD is to EF as H to M, 


• PROPOSITION LX. 


If u recAiUneal ^gure he given in species and 7nagnUudcj the 

sides of it shall be given in magnitude. 


( r>5. ) 


Let the rectilineal figure A be given in species and magni¬ 
tude : its sides are given in magnitude. 

Take a straight line BC given in position and magnitude, 
and upon BC describe* the figure D similar, and similarly *18.6. 
placed, to the figure A, and let EF be 
the side of the figure A homologous to 
B(; the side of D , therefore the figure 
D is given in species. And because 
upon the given straight lino BC the 
figuA 1) given in species is described, 

D is given * in magnitude, and the 
figlhrc A is given in magnitude, therefore the ratio of A to D 
is given : and the figure A is similar to D: therefore the ratio 
of the side EF to the homologous side BC is given * ; and BC * 58 Dat. 
is given, wherefore * EF is given : and the ratio of EF to EG • 2 Dat. 
is given •, therefore EG i« given. And, in the same manner, * 3 Dcf. 
each of other sides of the figure A can be shewn to be 
given- 



• 56 Dat. 


* Prob. —To describe a rectilineal Jigure A similar to a given * This is 
figure D, and equal to another given figure H. 

Because each of the figures D, H is given, their ratio is 
given, *which may be found by making * upon the given * Cor. 45.1 
straight line BC the parallelogram BK equal to D, and upon 
its side CK making ^ the parallelogram KL equal to H in the • Cor. 45.1 
angle KCL equal to the angle MBC ; therefore the ratio of D 
to H,»that is, of BK to KL, is the same with the ratio of BCto 
CL: and because the figures D, A are similar, and that the 
ratio of D to A, or II, is the same with the ratio of BC to CL, 
the ratio * of the homologous sides BC, EF, is the same with * 58 Dat. 
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the ratio of BC to the mean proportional between BC and CL. 
Find EF the mean proportional; then EF is the side of the 
figure fb be described, homologous to BC the side of Dj and 
the figure itself can be described by the 18th Prop.* B. 6., 
which, by the construction, is similar to 1> ; and because D is 

« 


M 

( 67. ) PROPOSITION LXI.. 

See N. If a parallelogram given in magnitude haw: one of its sides 

and one of its angles given in magnitude^ the other side also 
is gix'en. 

Let the parallelogram ABD(^ given in magnitude, have the 
side AB and the angle BAC given in magnitude: the other 
side AC is given. 

Take a straight line I^F given in position and magnitude; 
and becsiuse the parallelogram AD is given in magnitude, a 

* ] Def. rectilineal figure equal to it can be found*. ^ And a parallolo- 

* Cor. 46. 1. gram equal to this figure can be applied * to the given straight 

line EF in an angle equal to the given angle , 

BAC. Let this be the parallelogram EFIIG, 
having the angle FEO equal to the angle 
bat:. And because the parallelograms AD, 

EH, are equal, and have the angles at A and 
E egual; the sides about them are recipro- 

* 14. 6. cally proportional* ; therefore as AB to EF, 

so is EG to AC: and AB, EF, EG are given, 

* 12. 6. therefore also AC is given*. Whe,ncc the way of finding AC 

is manifest. 

( IL ) PROPOSITION LXII. 

If a parallelogram have a given angle^ the rectangle contained 
hy the sides about that angle has a given ratio to the parallel- 
ogramn 

Let the parallelc^ram ABCD have the given angle ABC : 
the rectangle AB, BC has a given ratio to the parallelogram 
AC. 

From the point A, draw AE perpendicular to BC ; because 
the angle ABC is given, as also the angle AEB, the triangle 

* 48 Dal. ABE IS given * in species; therefore the ratio of BA to A£ is 




2 Cor, 20. to A, as * BC to Cli, that is, as the figure BK to KL; and that 
j ^ . D is equal to BK, therefore A * is equal to KL, that is, to 11. 
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given. But as BA to AE, so is * the rectangle AB, BC, to the 
rectangle AE. BG ; therefore the ratio of the rectangle AB^ 
BC, to AE^ BC, that is*, to the parallelogram. AC, is given. 

And it is evident how the ratio of the rect¬ 
angle to the parallelogram may be found, by- 
making the angle FGH equal to the given 
angle ABC, and drawing from any point F ia 
one of its sides, FK jierpcndicular to the other 
GH : for GF is to {"K, as BA to AE, that is, as 
tlie rectangle AB, BC, to the parallelogram 
AC, • 

Cor. And if a triangle ABC has a given angle ABC, the 
rectangle AB, BC, contained by the sides about that angle, 
shall have a given ratio to the triangle ABC. 

Complete the parallelogram A BCD ; therefore by this pro¬ 
position, the rectangle AB, BC, has a given ratio to the pa¬ 
rallelogram AC ; and AC has a given ratio to its half the 
triangle * ABC ; therefore the rectangle AB, BC has a given * 
ratio to the triangle ABC. 

And the ratio of the rectangle to the triangle is found thus: 
make the triangle FOK as was shewn in the proposition : the 
ratio of GF fo the half of the perpendicular FK, is the same 
with the ratio of the rectangle AB, BC, to the triangle ARC, 
Because, as was shewn, GF is to FK, as AB, BC, to the 
parallelogram AC ; and FK is to its half, as AC is to its half, 
which is the triangle ABC : therefore, ex scquali, GF is to the 
half of FK, as the rectangle AB, BC, is to the triangle ABC. 

PBOI’OSITION LXIII, 

4 

If iwo paratlelogramH be equiangular, as the side of the first 
to a side of the second, so is the other side of the second to 
the straight line to which the other side of the first has the 
sawe ratio which the first parallelogram has to the second. 
And consequently, if the ratio of the first parallelogram to 
the second he given, the ratio of the other side of the first io 
that straight line is given; and if the ratio of the other side 
of the first to that straight line he give7}, the 7‘atio of the 
fir^i jiaraHelogram to the second is given. 




K —H 


3(>5 

• 1 . 6 . 

» 36. 1. 


( ) 

• 4-1. 1. 

• 9 Dat, 


( 56 . ) 


Let AC, DF be two equiangular parallelograms: as BC, a 
side of the first, is to EF, a side of the second, so is DK, the 
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• U.6. 


( 74. 73. 
See K. 


* 35. 1. 

• 63 Dat. 


other side of the second, to tlie straight line to which AB, the 
other side of the first, has the same ratio which AC has to 
DF. 

Produce the straight line AB, and make as BC to*EF so 
DE to BO, and complete the parallelogram BOUC; there¬ 
fore, because BC or Oil, is to EF, as DE to ' 

BO, the sides about the equal angles BGIl, 

DEF, are reciprocally proportional; where¬ 
fore* the parallelogram BH is equal to 1>F; 
and AB is to BO, as the parallelogram AC is to 
Bll, that is, to DF; as therefore B(3 is to l^F, 
so is DE to BO, which is the straight line to 
which AB has the same ratio that AC has to DF. , 

And if the ratio of the parallelogram AC to DF be given, 
then the ratio of the straight line AB to BO is given ; and if 
the ratio of AB to the straight line BO be given, the ratio of 
the parallelogram AC to DF is given. 



PROPOSITION LXIV. 

If two parallelograms have wwqual^ but given angles^ and if 
as a side of the first to a side rf the second^ so the other 
side of the sceond be made to a certain straight line; if the 
ratio of the first parallelogram to the second he ghen^ the 
ratio of the other side of the first to that ^straight line shall 
be given. And if the ratio of the other side of the first to 
tiiat straight line he given, the ratio of the first parallelo¬ 
gram to the second shall he given. 

Let ABCD, EFOH be two panillelograms which have the un¬ 
equal but given angles ABC, EFG; and as BC to FG, so make 
EF to the straight line M: if the ratio of the parallelogram 
AC to EO be given, the ratio of AB to M is given. 

At the point B of the straight line BC, make the angle 
CBK equal to the angle EFO, and complete the parallelogram 
KBCL. And because the ratio of AC to EO is given, and that 
AC is equal * to the parallelogram KC, therefore the ratio of 
KC to EO is given; and KC, EO, are equiangular, therefore 
as BC to FO, so is * EF to the straight line to which KB has 
a given ratio, viz. the same which the parallelogram KC has 
to EG; but as BC to FG, so is EF to the straight line M ; 
therefore KB has a given ratio to M; and the ratio of AB to 
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BK is given> because the triangle ABK is given in species *; 
therefore the ratio of AB to M is given *. 

And if the ratio of AB to' M be given, the '*atio of the pa¬ 
rallelogram AC to EG is given; for since the ratio of KB to 
BA is given, as also the ratio of AB to M, the 
ratio cf KB to M is given *; and because the 
parallelograms KC, EG are equiangular, as 
BC to FG, so is* EBto the straight line td 
whieli KB has the^same ratio which the pa¬ 
rallelogram KC has to EG: but as BC to FG, 
so EF to M; tJerefore KB is to M as the 
parallelogram KC is to EG ; and the ratio of KB to M is given, 
therefore the ratio of the parallelogram KC, that is, of AC to 
E(i is given. 

Con- And if two triangles ABC, EFG, have two equal 
angles, or two unequal but given angles ABC, EFG, and if as 
l'.C a side of the first to FG a side of the second, so the other 
side of the second EF be made to a straight line M; if the 
ratio of the triangles be given, the ratio of the other side of 
the first to the straight line M is giveu- 

Coniplete the j)arulIelograms AB('D, EFGH ; and because 
the ratio of \he triangle ABC to the triangle EFG is given, 
tlic Vatio of the parallelogram AC to EG is given *, be¬ 
cause the parallelograms are ’double * of the triangles; and 
because B(’ is to FG, as EF to M, the ratio of AB to M is 
given by the 63 Dat. if the angles ABC, EFG, are equal; but 
if they be unequal but given angles, the ratio of AB to M is 
given by this proposition- 

And if the ratio of AD to M be given, the ratio of the pa¬ 
rallelogram AC to EG is ^ven by the same propositions; and 
therefore the ratio of the triangle ABC to EFG is giveii- 

PROPOSITION LXV. 

// tworcquiangular parallelograms have a given ratio to one 
another^ and if one side have to one side a given ratio^ the 
other side shall also have to the other side a given ratio. 

Let the two equiangular parallelograms AB, CD have a 
givcif ratio to one another, and let the side £B have a given 
ratio to the side FD : the other side A£ has also a given ratio 
to the other side CF. 



• 43 Dat. 

* 9 Dat. 

♦ 9 Dat. 

♦ 63 Dat. 


( 76 . ) 


* 15. 5. 
•41.1. 


( 68. ) 
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Because the two equiangular parallelograms AB, CD have a 
given ratio to one another; as EB^ a side of the first, is to 

• 63 Dat. FD, a side of the second, so is FC, the other side of the se¬ 

cond, to the straight line to which AE, the other side.of the 
first, has the same given ratio which the first parallelogram 
AB has to the other CD. Let this 
straight line be EG ; therefore tine 
ratio of AE to EG is given ; and EB 
is to FD, as FC to EG, therefore the 
ratio of FC to EG is given, because 
the ratio of EB to FD is given ; and 
because the ratio of AE to EG, as also 
the ratio of FC to EG is given; the ratio of AR to CF is 

• 9 Dat. given 

The ratio of AE to CF may be found thus : take a straight 
line 11 given in magnitude: and because the ratio of the pa¬ 
rallelogram AB to CD is given, make the ratio of 11 to K the 
same with it. And because the ratio of FD to EB is given, 
make the ratio of K to L the same : the ratio of AE to CF is 
the same with the ratio of H to L. Make as EB to FD, so 
FC to EG: therefore, by inversion, as FD to EB, so is EG to 

• 63 Dat. FC ; and as AE to EG, so is * (the parallelogram AB to CD, 

and so is) 11 to K; but as EG to FC, so is (FD to EB, and so 
is) K to L; therefore, ex eequali, as AE to FC, so is H to L. 

( 69. ) PROPOSITION LXVI. ' 

• •> 

/f two have unequal but giticn angles^ and a 

given rattQ to one another; if om side have to one side a 
given raliOf the other side has alsb a given ratio Iq the other 
side. 

Let the two parallelograms ABCD, EFGH, which have the 

given unequal angles ABC, EFG, have a given ratio, to one 

another, and let the ratio of BC" to FG be given: the ratio 
1 « . • ^ 
also of A B to EF IS given. 

At the point B of the straight line make the angle 
CBK equal to the given angle EFG, and complete the paral¬ 
lelogram BKLC : and because each of the angles BAK, AKB 

• 43 Dat. is given, the triangle ABK is given * in species; therefole the 

ratio of AB to BK is given ; and^because, by the hypothesis, 
the ratio of the parallelognim AC to EG is given, and that AC 
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is equal * to BL; therefore the ratio of BL to EG is given: 
and because BL is equiangular to EG, and^ by the hypothesis^ 
the ratio of BC to FG is given ; therefore 
the ratio of KB to EF is given, and the ratio 
of KB to BA is given; the ratio therefore * of 
AB to EF is given. 

The ratio of AB ttf) EF may be found thuo: 
take the straight line MN given iii position 
and magnitude ; and make the angle NMO 
eqiial to the giveft angle BAK, and the angle MNO equal to 
the given angle EF<t or AKB : and because the parallelogram 
Bli is equiangular to and has a gi\xn ratio to it^ and that 
the ratio of BC to F(J is given ; find * the ratio of KB to EF; 
and make the ratio of NO to OP the same with it: then the 
ratio of AB to EF is the same with the ratio of MO to OP : 
for since the triangle ABK is equiangular to MON, as AB to 
BK, so is MO to ON r and as KB to EF, so is NO to OP ; 
therefore, ex cequali, as AB to EF, so is MO to OP. 

PROPOSITION LXVII. 

J/tllC sides of two vqtudngular parallelograms hare given 
ratios to one another^ the parallelograms shall have a given 
jatio to one another. 

Let ABCP, EFUH be two equiangular parallelograms, and 
let the ratio of AB to EF, as also the ratio of BC to F(J, be 
given : the ratio of the parallelogram AC to EG is given. 

Take a straight line K^given in magnitude, and because the 
ratio i»f AB to EF is given, make the ratio of K to the same 
with it; therefore L is given *: and 
because the ratio of BC to FG is given, 
make the ratio of E to M the same: 
therefore M is given *, and K is gi\'en: 

M’hcrcfore * the ratio of K to M is given: 
but the parallelogram AC is to the pa¬ 
rallelogram EG, as the straight line K to the straight line M, 
as is demonstrated in the 23d Prop, of B. 6. £lem.; there¬ 
fore the ratio of AC to EG is given. • 

Frdm this it is plain liow the ratio of two equiangular pa¬ 
rallelograms may be found, when the ratios of their sides are 
given. 
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• 35. I. 

• 65 Dat. 

• 9 Dat. 


65 Dat. 


( 70 . ) 
See N. 


* 2 Dat. 

* 2 Dat. 

* I Dat. 
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PROPOSITION LXVIII. 


See N. 


• 4S Dat. 


• 9 Dat. 


• 67 Dat. 

• 33. 1. 


( 71 . ) 


1/ the sides of two parallelograms which have unequal^ but 
given angles^ have given ratios to one another^ the pa ral 
telograms shall have a given ratio to one another* 


Let two parallelograms ABCD, £r'GH which have the given 
unequal angles AltC, EFG, have the ratios of their sidesj viz. 
of AB to EF, and of BC to FG, given : the ratio of the paral- 
lelogram AC to EG is given. 

At the point B of the straight line BC, make the angle C,BK 
equal to the given angle EFG, and complete the parallelogram 
KBCL: and because each of the angles BAK, BKA,, is given^ 
the triangle ABK is given* in species: 
therefore the ratio of AB to BK is ^4— 
given; and the ratio of AB to EF is 
given, wherefore * the ratio of BK to 
EF is given. And the ratio of BC to 
FG is given; and the angle KBC is 
equal to the angle EFG ; therefore * the ratio of the parallelo¬ 
gram KC to EG is given: but KC is equal * to AC; therefore 
the ratio of AC to EG is given. '» ^ ** 

The ratio of the parallelogram AC to EG may be found 
thus: take the straight line MN given in position and magni¬ 
tude, and make the angle MNO equal to the given angle KA‘B, 
and the angle NMO equal to the ^iven angle AKB or FEII: 

. and because the ratio of AB to EF is given, make the ratio of 
NO to P the same; also make the ratio of P to Q the same 
with the giv^n ratio of BC to FG, the parallelo^am AC is to 
EG, as MO to Q. * , 

Because the angle KAB is equal to the angle MNO, and the 
angle AKB equal to the angle NMO; the triangle AKB is 
equiangular to NMO: therefore as KB to BA, so is MO to ON; 
and as BA to EF, so Is NO to P; wherefore, ex sequali, as 
KB to EF, so is MO to P : and BC is to FG, as P to Q, ^nd the 
parallelograms KC, EG are equiangular: therefore, as was 
shewn in Prop. 67*, the parallelogram KG, that is AC, is to EG, 
as MO to Q. 

CoH. 1. If two triangles ABC, DEF have 
two equal angles, or two unequal but given 
angles ABC, DEF, and if the ratios of the 
sides about these angles, viz. the ratios of 
AB to DE, and of BC to EF, be given; the triangles shall 
have a given ratio to one anotlier. 
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Complete the parallelograms BG^ £H ; the ratio of BG to 
EH is given ; and therefore the triangles which are the 
halves * of them have a given * ratio to one another. 

Cor. 2. If the bases BC, EF, of two triangles ABC, DEF, 
have % given ratio to one another, and if also the straight 
lines AG, DH, which are drawn to the bases from the opposite 
angles, either in equal^angles, or unequal * 
but gi’^en angles, AGC, DIIF have a EL 
given ratio to one another; the triangles 
shall have a givcn%*atio to one another. 

Draw BK, EL parallel to AG, DH, 
and complete the parallelograms KC, LF ; and because the 
angles AGC, DHF, or their equals, the angles KBC, LEF, are 
either equal, or unequal but given; and that the ratio of AG 
to DH, that ij, of KB to LE, is given; as also the ratio of BC 
to EF; therefore * the ratio of the parallelogram KC to LF is 
given; wherefore also the ratio of the triangle ABC to DEF 
is given *- 

PROPOSITION LXIX. 



* 67 or 68 
Dut. 

* 84.1. 

* 15. S. 

( 78 . ) 


• 67 or 68 
Dat. 

* 41, 1. and 
15. 5. 

( 61. ) 


If a parallelZgram which has a given angle he applied to one 
sidh of a rectilineal figure given in species; if the figure 
have a given ratio to the parallelogram^ the parallelogram 
given in species* 


Let ABCD l>e a rectilineal figure given in species, and* to 
one side of it AB, let the parallelogram ABEF having the 
given angle ABE, be applied: if the figure ABCD have a given 
ratio to the parallelogram BF, the parallelogram BF is given 
in species. 

Through the point A, draw AG parallel to BC, and through 
the point C, draw CG parallel to AB, and produce QA, CB 
to the points H, K ; because the angle ABC is given and the * 8 Def, 
ratio of AB to BC is given, the figure ABCD being given in 
species) therefore the paraliel(^ram BG is given * in species. * S Def. 
And because upon the same straight line AB the two recti¬ 
lineal figures BD, BG, given in species, are described, the ratio 
of BD to BG is given *; and, by hypothesis, the ratio of BD * 58 Dat. 
to the parallelogram BF is given; wherefore * the ratio of BF, * 9 Dai. 
that is *, of the parallelogram BH, to BG, is given, and there- * 35.1. 
fore* the ratio of the straight line KB to BC is given ; and 
the ratio of BC to BA is given, ivhorefore the ratio of KB to 
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^ 9 Dat. 


* 9 Dat. 

* 3 Dcf. 


^ 63 Dat. 


^ 36 . 1 . 
* 1 . 6 . 


( 62. 78. ) 
SecN. 
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BA is given * : and because the angle ABC is given, the adja¬ 
cent angle ABK« is given ; and the angle ABE is given, there¬ 
fore the remaining angle KBE is 
given. The angle EKB is also given, 
because it is equal to the angle ABK; 
therefore the triangle BKE is givcif 
in species, and colisequently the ra¬ 
tio of EB to BK is given; and the 
ratio of KB to BA is given, where¬ 
fore * the ratio of EB to BA is given; anifthe angle ABE is 
given, therefore the parallelogram BF is given * in species. 

A parallelogram similar to may be found thus: take a 
straight line EM given in jiosition and magnitude; and be¬ 
cause the angles ABK, ABE, are given, make the angle MAI 
equal to ABK, and the angle NLO equal to ABE. And be¬ 
cause the ratio of BF to BD is given, make the ratio of L]\I 
to P the same with it; and because tin* ratio of the figure BD 
to BG is given, find * this ratio, and make the ratio of P to 
Q the same. Also, because the ratio of CE to BA is given, 
make the ratio of Q to R the same ; and take LX equal to R ; 
through the point M draw 031 parallel to LN, /ind complete 
the parallelogram XLOS; then this is similar to the parallelo¬ 
gram BF. 

Because the angle ABK is equal to NL3I, and the aifglc 
ABE to NLO, the angle KBE is equal to MLO; and the angles 
B^£, L3IO arc equal, because the angle ABK is equal to 
NLM; therefore the triangles BKE, LMO arc equiangular to 
one another-; wherefore, as BE to BK, so is LO to LM ; and 
because as the figure BF to BD, so is the straight line L3I to 
P ; and as BD to BG, so is P to Q ; ex sequali, as BF, that is 
BH, to BG, so is L3I to Q: but BII is to ^ BG, as KB to BC; 
as therefore KB to BC, so is LM to Q ; and because BE is to 
BK, as LO to LM ; and as BK to BC, so is LM to Q; and as 
BC to BA, so Q was made to R; therefore, ex sequali, as BE 
to BA, so is LO to R, that is, to LN; and the angles ABE, 
NLO, arc equal; therefore the parallelogram BF is similar 
to LS. 

w 

PROPOSITION LXX. 

^ two straight lines have a given ratio to one another^ and 
upon one of them be described a rectilineal figure given in 
species, and upon the other a. parallelogram having a given 




PUOPOSITION LXX. 


373 


angle; if the figure hate a given ratio to the parallelogram^ 
the parallelogram is given in species. 


Lef the two straight lines ABj CD have a given ratio to one 
another^ and upon AB let the figure AEB given in species be 
clescril^ed, and upon CD the parallelograni DF having the 
given angle FCD: if the ratio of AEB to DF be given, the 
parallelogram DF is given in species. 

Upon the straight line AB, conceive the paralltdogram AG 
to be described, ^rnilar and similarly placed to FD; and be¬ 
cause the ratio of AB to CD is given, 
and upon them are described the similar 
rcctilineai figures A(i^, FD ; the ratio of 
AG to FD is given*; and the ratio of 
FD to AEB is given; therefore* the 
ratio of AEB to AG is given; and the 
angle AB<; is given, because it is equal 
to the angle FCD; because therefore the parallelogram AG, 
wliich has a given angle ABG, is applied to a side AB of the 
figure A KB given in species, and the ratio of AEB to AG is 
given, the pgrallologram AG is given* in species: but FD is 
simihir to AG ; therefore F’D is given in species. 

A parallelogram similar to FD may be found thus: take a 
stwght line H given in magnitude ; and because the ratio of 
the figure AKB to FD is given, make the ratio of H to K the 
same with it; also because the ratio of the straight line^CD 
to AB is given, find by the 54th Dat. the ratio which the 
figure FD dcsciibed upon CD has to the figure AG described 
upon AB similaT to FD; and make the ratio of K to L the 
same w'ith*that ratio: and because the ratios of H to K, and 
of K to L, are given, the ratio of H to L is given *; because 
therefore, as AEB to FD, so is H to K; and as FD to AO, so 
is K to L: ex a'quali, as AEB to AG, so is II to L; therefore 
the ratio of AEB to AG is given; and the figure ABB is given 
in species, and to its side AB the parallelogram AG is applied 
in the given angle ABG ; therefore by the 69th Dat. a paral¬ 
lelogram may he found similar to AG : let this be the paral¬ 
lelogram AIN; AIN also is similar to FD; for, by the con¬ 
struction, MN is similar to AG, anl AG is similar to FD; 
tlicreforc the parallelogram FD is similar to AIN. 
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• 67 Dat. 

• 17. 6. 

• 17.6. 

• 58 Dat. 

• 67 Dat. 


• 6A Dat. 

• 17. 6. 

• 65 Dat. 


( 8*. ) 


PROPOSITIO^J LXXI. 

If the extremes of three proportional straight lines have gwen 
ratios to the extremes of other three proportional straight 
lineSj the means shall also have a given ratio to one aviother. 
And if one extreme have a given ratio to one extreme^ and 
the mean to the mean^ likewise the othdir extreme shall hate 
to the other a given ratio^ # 

Let B, C be three proportional straight lines^ and D; £, 
T, three other; and let the ratios of A to D, and of C to F, 
be given: then the ratio of B to E is also given. 

Because the ratio of A to as also of C to is given, the 
ratio of the rectangle A, C, to the rectangle D, F, is given *; 
but the square of B is equal * to the rectangle A, C; 
and the square of E to the rectangle * D, F; there¬ 
fore the ratio of the square of B to the square of E is 
given; wherefore * also the ratio of the straight line ^ 

B to £ is given *. 

Next, let the ratio of A to D, and of B to be 
given; then the ratio of C to F is also given. 

Because the ratio of B to £ is given, the ratio of the square 
of B to the square of E is given • ; therefore * the ratio of 1;he 
rectangle A, C, to the rectangle D, F, is given; and the ratio 
of the side A to the side D is giventherefore the ratio of the 
other side C to the other F is given *. 

Cor. And if the extremes of four proportionals have to the 
extremes of four other proportionals'givcn ratios, and one of 
the means a given ratio to one of the means ; the other mean 
shall have a given ratio to the other mean, as may be shewn 
in the same manner as in the foregoing proposition. 

PROPOSITION LXXIL 

If four straight lines be proportionals ; as the first is to the 
straight line to which the second has a given ratioy so is the 
third to a straight line to which the fourth has a given 
ratio. 


Let A, B, C, D be four proportional straight lines, viz, as 
A to B, so C to D: as A is to the straight line to which B 
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has a given ratio> so is C to a straight line to which D has a 
given ratio. 

Let £ be the straight line to which B has a given 
ratio, and as B to E, so make D to F; the ratio of B 
to E is given and therefore the ratio of D to F; 
and because as A to B, so is C to D; and as B to £ 
so D to F; therefor^ ex asquali,, as A to so is C 
to F; and £ is the straight line to which B has a 
given ratio, and ¥ that to which D has a given ratio; there¬ 
fore as A is to th^ straight line to which B has a given ratio, 
so is C to a line to which D has a given ratio. 



PROPOSITION LXXIIl. 

1/four straight lines be proportionals; as the first is to the 
straight line to which the second has a given ralio^ so is a 
straight line to which the third has a given ratio to the 
fourth. 

Let the straight line A be to B, as C to D; as 
straight line to which B has a given ratio, so is a 
straight line to which C has a given ratio to D, 

Let E be the straight line to which B has a given 
ratio, and as B to E, so make F to C; because the 
ratio of B to E is given, the ratio of C to F is given: 
and because A is to B, as C to D; and as B to £, so 
F to (3; therefore, ex acquali in proportione pertur- 
bata ♦, A is to E, as F to D; that is, A is to E, to 
has a given ratio, as F, tc which C has a given ratio, 

PROPOSITION LXXIV. 

If a triangle have a given obtuse angle, the excess of the square 
of the side which subtends the obtuse angle, above the squares 
of the sides which contain it, shall have a given ratio to the 
triangle. 

Let the triangle ABC have a given obtuse angle ABC ; and 
produce the straight line CB, and from the point A, draw AD 
perpendicular to BC : the excess of the square of AC above 
the squares of AB, BC, that is *, the double of the rectangle 
contained by DB, BC, has a given ratio to the triangle ABC. 


A to the 


ABE 
F C D 


which B 
is to D. 


•Hyp. 


( S3. 

SeeN. 


• «S. 5. 

( 6L ) 
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Because tlie angle ABC is giveii^ the angle ABD is also 
given; and the angle ADB is given ; wherefore the triangle 
ABD is given * •in species; and therefore the ratio of AD to 
DB is given: and as AD to DB, so is * the rectangle AD, BC, 
to the rectangle DB, BC ; wlicrcfore the ratio of the rectangle 
AD, BC, to the lectangle DB, BC„ is given, 
as also the ratio yf twice the rectangle DB, 

BC, to the rectangle AD, BC : but the ratio of 

the rectangle AD, BC, to the triangle ABC, is T‘G 

given, because it is double* of the triangle,: 

therefore the ratio of twice the rectangle DB, 

BC, to the triangle ABC is given *: and twice the rectangle 
DB, BC, is the excess * of the square of AC above the squares 
of AB, B('; therefore this excess has a given ratio to tlic tri¬ 
angle ABC. 

And the ratio of this excess to the triangle ABC may be 
found thus ; take a straight line EF given in position and 
magnitude; and because tlie angle ABC- is given, at the point 
F of the straight line EF make the angle equal to the 

angle ABC; produce GF, and draw EH jierpeiidicular t<» F(i ; 
then the ratio of the excess of the square of A/l above the 
'Squares of AB, BC, to the triangle !ABG, is the same with the 
ratio of quadruple the straight line HF to HE. 

Because the angle ABD is equal to the angle EFTl and tfhc 
angle ADB to EHF, each being a right aagle; tlie triangle 
ADp is equiangular to EHF; thev-efore * as BD to DA, so 
PH to HE ; and as quadruple of BD to DA, so is* quadru¬ 
ple of FH to HE: but as twice BD is to DA, so * is twice the 
rectangle DB, BC, to the rectangle AD, BC; and as DA to 
the half of it, so is * the rectangle AD, BC, to its half the 
triangle ABC; therefore, ex a;quali, as twice BD is to the 
half of DA, that is, as quadruple of BD is to DA, that is, as 
quadruple of FH to HE, so is twice the rectangle DB, BC to 
the triangle ABC. 

PROPOSITION liXXV. 


//a tria7igla have a given acute angles the space by ivkich the 
squa.re of the side suhUnding the acute angle is less than the 
squares of the sides which contain it^ shall have a given ratio 
to the triangle. 

* r 

Let the triangle ABC have a given acute angle ABC, and 
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draw AD perpendicular to BC : the space by which the square 
of AC is less than the squares of AB, BC, that is * the double 
of the rectangle contained by CB, BD, has a gi‘> en ratio to the 
trianglS ABC. 

Because the angles ABD, ADB, are each of them given, the 
triangle ABI) is given in species; and therefore the ratio of 
Bl) to DA is given: and as BD to DA, so is the 
rectangle CB, BD to the rectangle CB, AD : 
therefore the ratio eff these rectangles is given, as 
also the ratio of twye the rectangle CB, BD to the 
rectangle CB, AD: but the rectangle CB, AD, has 
a given ratio to its half the triangle ABC : there¬ 
fore * the ratio of twice the rectangle CB, BD, to the triangle 
ABC is given ; and twice the rectangle CB, BD, is * the space 
by wliich the square of AC is less than the squares of AB, BC ; 
therefore the ratio of this space to the triangle ABC is given : 
and the ratio may be found as in the preceding proposition. 

LEMMA. 

If from the vertex A <f an isosceles triangle ABC, any straight 
line AD be drawn to the ha)te BC^, the square of the side AB 
is *cqttal to the rectangle BD, D(;, of the seg7ncnts <f (he 
base together with the square of AD y but ij AD be drawn 
to (he base produced, the square of AD is equal to the reel- 
angle BD, DC, together nnlh the square qf'AB, 

• 

Cask 1- Bisect the base BC in E, and join AE, which will 
be perpendicular * to BC; wherefore the square 
of AB is pqual * to the squares of AE, EB; 
but the square of EB is equal * to the rect¬ 
angle BD, DC, together with the square of 
DE; therefore the square of AB is equal to 
the squares of AE, ED, that is, to * the square of AD, to¬ 
gether with the rectangle BD, D(3. 

The other case is shc^vn in the sixmc way by 6. 2. Elem. 

PROPOSITION LXXVI. 

Jfa (mangle have a given angle, the excess qfihe square of the 
straight line which is equal to the two sides that contain the 
given angle, above the square rf the third side, shall have 
a given ratio to Ike triangle. 
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Let the triangle ABC have the given angle BAG : the ex^ 
cess of the square of the straight line which k equal to BA^ 
ACy together above the square of BC^ shall have a given ratio 
to the triangle ABC. 

Produce BA, and take AD equal to AC, join DC, and pro¬ 
duce it to E, and through the point B, draw* BE parallel to 
AC: join AE, and draw AF perpendicular to DC^ and be¬ 
cause AD is equal to AC, BD is equal to*BE; and BC is drawn 
from the vertex B of the isosceles triangle 
DBE : therefore by the lemma, the square pf 
BC, that is, of BA and AC, together, is equal 
to the rectangle DC, CE, together with the 
square of BC: and therefore the square of 
BA, AC, together, that is, of BD, is greater ^ 
than the square of BC by the rectangle DC, 

CE ; and this rectangle has a given ratio to the triangle ABC: 
because the angle BAG is given, the adjacent angle CAD is 
given ; and each of the angles ADC, DCA is given, for each of 
them is the half * of the given angle BAC ; ^therefore the tri¬ 
angle ADC is given in species * ; and AF is drawn from its 
vertex to the base in a given angle; wherefoi^C the ratio of 
AF to the base CD is given and as CD to AF, so is* the 
rectangle DC, CE, to the rectangle AF, CE ; and the ratio of 
t))e rectangle AF, CE, to its half*, the triangle ACE is given; 
therefore the ratio of the rectangle DC, «CEj to the triangle 
ACE, that is *, to the triangle ABC, is given *; and the rect¬ 
angle DC, CE is the excess of the square of BA, AC together, 
above the square of BC : therefore the ratio of this excess to 
the triangle ABC is given, < 

The ratio which the rectangle DC, CE has to the triangle 
ABC, is found thus : take the straight line OH given in posi¬ 
tion and magnitude, and the point O in GH, make the angle 
HGK equal to the given angle CAD, and take GK equal to GH, 
join KH, and draw GL perpendicular to it: then the ratio of 
IIK to the half of GL is the same with the ratio of the rect¬ 
angle DC, CE, to the triangle ABC: because the angles HGK, 
DAC, at the vertices of the isosceles triangles GHK, ADC, arc 
equal to one another, these triangles are similar; and because 
GL, AF are perpendicular to the bases HK, DC, as HK to GL, 
so is * (DC to AF, and so is) the rectangle DC, CE, to the 
rectangle AF, CE; but as GE to its half, so is the rectangle 
AF, CE, to its half, which is the triangle ACE, or the triangle 
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ABC; therefore ex fiequali^ HK is to the half of the straight 
line Oh, as the rectangle DC, CE is to the triangle ABC. 

CoK. And if a triangle have a given angle, the space by 
which the square of the straight line, which is the difference 
of the sides which contain the given angle, is less than the 
square of the third side, shall have a given ratio to the tri¬ 
angle. This is demonstrated the same way as in the preceding 
proposition, by help of the second case of the Lemma. 

PROPOSITION LXXVII. ( 1- ) 

IJ' the perpendicular drawn from a given angle of a triangle See N. 
to the opposite side, or base, have a given ratio to the base, 
the triangle is given in species. 

Let the triangle ABC have the given angle BAC, and let 
the perpendicular AD drawn to the base BC, have a given 
ratio to it: the triangle ABC is given in species- 

If ABC be an isosceles triangle, it is evident that if any *6. !• 

one of its angles be gii^en the rest are also given; and there¬ 
fore the triangle is given in 
species, without the consider- 
atioiv of the ratio of the per¬ 
pendicular to the base which 
in^his case is given by Prop. 

50. 

But when ABC is not an isosceles triangle, take any straight 
line £F given in position and magnitude, and upon it describe 
the segment of a circle EGF, containing an angle equal to the 
given angle BAC, draw GH bisecting EF at right angles, and 
join EG, (fP : then, since the angle EGF is equal to the angle 
BAC, and that EGF is an isosceles triangle, and ABC is not, 
the angle FEG is not equal to the angle CBA ; draw Eli, ma¬ 
king the angle FED equal to the angle CBA; join FL, and 
draw LM perpendicular to £F; then because the triangles 
ELF, BAC are equiangular, as also are the triangles MLE, 

DAB, as ML to LE, so is DA to AB: and as L£ to £F, so is 

AB to BC; wherefore, ex sequali, as LM to EF, so is AD to 

BC; and because the ratio of AD to BC is given, therefore 

the ratio of LM to EF is given ; and EF is given, wherefore * • 2 Dau 

LM also is given. Complete the parallelogram LMFK; and 

because LM is given, FK is given in magnitude; it is also 

given in position; and the point F is given, and consequently * * 30 Dat. 
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the point K ; and because through K the straight line KL is 
drawn parallel to EF, which is given in positicn^ therefore* 
KL is given in^position : and ttfe circumference ELF is given 
in position; therefore the point L is given *: and beca'usc the 
points L, E, F arc given, the straight lines LE, EF, FL are 
given * in magiutude; therefore the triangle LEF is given in 
species *; and the triangle ABC is similar to liEF, wherefore 
also ABC is given in species. ^ 

Because LM is less than GII, the ratio oftLM to EF, that is, 
the given ratio of AD to BC, must be les^, than tlie ratio of 
C»H to EF, which the straight line in a segment of a circle 
containing an angle equal to the given angle, that bisects the 
base of the segment at right angles, has unto the base. 

Cor. 1. If two triangles ABC, LEF have one angle RAC 
equal to one angle EIjF, and if the perpendicular AD be to 
the base BC, as the perpendicular liM to the base EF, the 
triangles ABC, LEF are similar. 

Describe the circle EGF about the triangle EI^F, and draw 
LN parallel to EF, join EN, NF, and draw NO perpendicular 
to EF: because the angles ENF, ELF, are equal, and that the 
angle EFN is equal to the alternate angle FNL, that is, to the 
angle FEL, in the same segment, therefore the triangle ,NEF 
is similar to LEF; and in the 
segment EOF there can be no 
other triangle upon tlie base 
EF,which has the ratio of its 
perpendicular to that base the 
same with the ratio of IjM or 

NO to EF, because the perpendicular must be greater or less 
than LM or NO ; but, as has been shewn in the' preceding 
demonstration, a triangle, similar to ABC, can be described in 
the segment EOF, upon tlie base EF, and the ratio of its per¬ 
pendicular to the base is the same, as u'as there shewn, with 
the ratio of AD t6 BC, that is, of LM to EF ; therefore that 
triangle must be either LEF, or NEF, which therefore are 
similar to the triangle ABC. 

Cor. 2. If a triangle ABC have a given angle BAC, and if 
the straight line AR drawn from the given angle to the oppo¬ 
site side BC, in a given angle ARC, have a given ratio to BC, 
the triangle ABC is given in species. 

Draw AD perpendicular to BC; therefore the triangle ARD 
in given in sjKicics; wherefore tlie ratio of AD to AR is given: 




: o 
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and the ratio of AR to BC is given, and consequently * the 
ratio of AD to BC is given; and the triangle ABC is therefore 
given yi species 

Cou. 3- If two triangles ABC, LEF have one angle BAC 
equal 4o one angle ELF, and if straight lines drawn from these 
angles to the bases, making with them given and equal angles, 
have the same ratio to the bases, each to each; then the tri¬ 
angles are similar: for having drawn perpendiculars to the 
buses from the equal angles, as one perpendicular is to its base, 
so i? the other to ife base *; wherefore, by Cor. 1. the triangles 
are similar. 

A triangle similar to ABC may be found thus: having de¬ 
scribed the segment EGF, and drawn the straight line GH as 
was directed in the proposition, find FK, which has to EF the 
given ratio of AD to BC ; and place FK at right angles to EF 
from the point F ; then because, as has been shewn, the ratio 
of AD to BC, that is, of FK to EF, must be less than the ratio 
of GlI to EF, therefore FK is less than OH ; and consequentlv, 
the parallel to Ex' drawn through the point K, must meet the 
circumference <if the segment in two points ; let L he either 
of them, amfjoiu EL, LF, and draw LM perpendicular to EF j 
then* because the angle BAC. is equal to the angle ELF, and 
that AD is to BC, as KF, that is, LM, to EF, the triangle ABC 
is*similarto the triangle LEF, by Cor. 1. 

PROPOSITION LXXVIII. , 

If a iriaugic have one angle given^ a7id if the ratio of the 
rectangle qj the sides pdiich contain the given angle to the 
square ^ the third side be given, the triangle is given in 
species. 

Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC, to the square of BC be 
given : the triangle ABC is given 
in species. 

From the point A, draw AD 
perpendicular to BC, the rect¬ 
angle AD, BC, has a given ratio 
to itif half * the triangle ABC ; 
and because the angle BAC is given, the ratio of the triangle 
ABC to the rectangle BA, AC is given *; and by the hypo¬ 
thesis, the ratio of the rectangle BA, AC, to the square of BC 
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is given; therefore * the ratio of the rectangle AD, BC, to the 
square of BC, that is the ra,tio of the 8traig*ht line AD to 
BC, is given ; wherefore the triangle ABC is given in species*. 

A trian^e similar to ABC may he found thus: take a 
straight line EF given in position and magnitude, and^ make 
the angle FEG equal to the given'angle BAG, and draw FH 
perpendicular to'EG, and BK perpendicular to AC; therefore 
the triangles ABK, EFH arc similar, and the rectangle AD, 
BC, or the rectangle BK, AC which is equal to it, is to the 
rectangle BA, AC, as the straight line BK^o BA, that is, as 
FH to FE. Let the given ratio of the rectangle BA, AC, to 
the square of BC, be the same with the ratio of the straight 
line EF to FL; therefore, ex sequali, the ratio of the rectangle 
AD, BC, to the square of BC, that is, the ratio of the straight 
line AD to BC, is the same with the ratio of HF to FL; and 
because AD is not greater than the straiglit line MN in the 
segment of the circle described about the triangle ABC, which 
bisects BC at right angles; the ratio of AD to BC, that is, of 
HF to FL, must not be greater than the ratio of MN to BC: 
let it be so ; and find * a triangle OPQ which has one of its 
angles POQ equal to the given "ngle BAC, and' the ratio of 
the perpendicular OR, drawn from that angle to the baser PQ, 
the same with the ratio of HF to FL; then the triangle ABC 
is similar to OPQ: because, as has been shewn, the ratio*'of 
AD to BC is the same with the ratio of (HF to FL, that is, by 
the*construction, with the ratio of) OR to PQ ; and the angle 
BAC is equal to the angle POQ. Therefore the triangle ABC 
is similar * to the triangle POQ. 

Otherwise: 

Let the triangle ABC have the given angle BAC, and Jet 
the ratio of the rectangle BA, AC, to the square of BO, be 
given: the triangle ABC is given in species. 

Because the angle BAC is given, the excess of the square 
of both the sides, BA, AC, together, above the squard of the 
third side BC has a given * ratio to the tri¬ 
angle ABC. Let the figure D be equal to ^ 
this excess; therefore th^e ratio of D to the 
triangle ABC is given: and the ratio of the jg—— 
triangle ABC to the rectangle BA, AC, is 
given *, because BAC is a given angle; and the rectangle BA, 
AC has a given ratio to the square of BC; wherefore* the 
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ratio of D to the square of BC is given ; and by composition * 
the ratio of the space Dj together with the square of BC, to 
the square of BC is given; but D, together witn the square of 
BC, is equal to the square of both BA and AC together ; there¬ 
fore thj ratio of the square of BA, AC, together, to the square 
of BC, is given ; and the rr.tio of BA, AC, together, to BC is 
therefore given *; ai;d the angle BAC is given, wherefore * 
the triangle ABC is given in species- 

The compositionfof this, which depends upon those of the 
76tl>>and 48tli Propositions, is more complex than the preced¬ 
ing composition, which depends upon that of Prop ..774 which 
is easy. 

PROPOSITION LXXIX. 

IJ a triangle have a given angle^ and if the straight line dranm 
from that angle to the hase^ making a given angle with /V, 
divide the base into segments which have a given ratio to 
one another^ the triangle is given in species. 

Let the triangle ABC have the given angle BAC, and let the 
straight line Al>, drawn to the base BC, making the given 
angle*ADB, divide BC into the segments BD, DC, which have 
a given ratio to one another: the triangle ABC is given in 
species. 

Describe * the circle BAC about the triangle, and from its 
centre E, draw EA, EB, EC, ED ; because the angle BAC* is 
given, the angle BEC- at the centre, which is the double * of 
it, is given. And the ratio of BE to EC is given, because 
they are equal to one another ; therefore * the 
triangle BEG is given in species, and the ratio 
of EB to BC is given ; also the ratio of CB to 
BD is given *; because the ratio of BD to DC 
is given, therefore the ratio of EB to BD is 
given and the angle EBC is given, where¬ 
fore the triangle EBD is given * in species, and the ratio of 
EB, that is, of EA, to ED, is therefore given; and tile angle 
EDA is given, because each of the angles BDE, BDA, is given; 
therefore the triangle AED is given tn species, and the angle 
AKD given: also the angle DEC is given, because each of the 
angles BED, BEC, is given ; therefore the angle AEC is given, 
and the ratio of EA to EC, which are equal, is given; and the 
triangle AEG is therefore given* in species, and the angle 

L 
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ECA is given; and the angle ECB is given, wherefore the angle 
ACB is given ; and the angle BAG is also given ; therefore * 
the triangle ABC is given in species. 

A triangle similar to ABC may be found, by taking a straight 
line given in position and magnitude, and dividing if in the 
given ratio which the segments BD, DC, are required to have 
to one another ^otheii, if upon that strtyght line a segment of 
a circle be described containing an angle equal to tlie given 
angle BAC, and a straight line be drawli from the point of 
division in an angle equal to the given angle ADB, and from 
the point where it meets the circumference, straiglit lines be 
drawn to the extremity of the first line, these together with 
the first line, shall contain a triangle similar to ABC, as may 
easily be shewn. 

The demonstration may be also made in the manner of that 
of the 77th Prop., and that of the 77th may bo made in tlu; 
manner of this. 


PROPOSITION LXXX. 

If the sides about an anf^Ic of a triangle have a giren ratio to 
one another, and if the perpeixdicular drawn jrtytn that angle 
to the base have a given ratio to the base, the triangle is 
given in sjjecies. 

Let the sides BA, AC, about the angle BAC of tlie triangle 
AJ^C have a given ratio to one another, and let the perpendi¬ 
cular AD have a given ratio to the base UV : the triangle Al\C 
is given in species. 

First, let the sides AB, AC be^cqual to one an¬ 
other, therefore the perpendicular AD bisects * the 
base BC; and the ratio of AD to BC, and therefore 
to its half DB, is given: and the angle ADB is 
given; wherefore the triangle * ABD, and consequently the 
triangle ABC, is given* in species. 

But let the sides be unequal, and BA be greater than AC; 
and make the angle CAE equal to the angle ABC.; because the 
angle AEB is common to th& triangles A£B, 

C£A, they are similar^; therefore as AB to 

BE, so is CA to AE, and, by permutation, as 3^ 

BA to AC, so is BE to EA, and so is EA to 
EC ; and the ratio of BA to AC is given, 
therefore the ratio of BE to EA, and the ratio of EA to EC, as 
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also tlie ratio of BE to EC, is given ^; wherefore the ratio of • 0 Dat. 
EB to BC is given * ; and the ratio of AD to BC is given by * 6 Dat. 
the hypothesis, therefore* the ratio of AD to BE is given; 
and the*ratio of BE to EA was shewn to be given; wherefore 
the ratio of AD to £A is given; and ADE is a right angle, 
iherefofe the triangle ADE is given * in species, and the angle * 4-6 Dat. 
AEB given; the ratio of BE to EA is likewise given, there¬ 
fore * the triangle Alft is given in species, and consequently * 4iDat. 
the angle EAB, as, also the angle AliE, that is, the angle 
CAE, is given: therefore the angle BAC is given, and the 
angle AJK; being also given, the triangle ABC is given * in * 43 Dat. 
species. 

How to .'ind a triangle wliich shall have the things which 
are mentioned to be given in the proposition, is evident in tlic 
first case; and to find it the more easily in the other case, it 
is to be observed that, if the straight line EF equal to EA be 
j)laccd in EB towards B, the ])oiiit F divides the base BC into 
the segments BF, F(', which have to one another the ratio of 
tlie sides BA, (^A, because JiE, EA, or EF, and were shewn 
to Lc proportionals, therefore* J5F is to FC, as BE to EF or * 19.5. 
EA, that is, as BA to AC; and AE cannot he less than the 
altitucje of the triangle ABC, liut it may be equal to it, which 
if it be, the triangle, in this case, as also the ratio of the 
sidc!^ may be thus found; having given the ratio of the per¬ 
pendicular to the base, take the straight line GII, given in 
position and magjiitude, foT* the base of the triangle to be 
found; and let the given ratio of the perpendicular to tfie 
hnse be that of the straight line K to Cll, that is, let K be 
equal to the perpendicular; and 
suppose OIAJ to be the triangle 
which is to he found, therefore 
having made the angle HEM equal 
to IdUU, it is required that LM be 
perpendicular to GM, and equal to 
K ; and because GiAl, ML, MU, are 

proportionals, as was shewn of BE, EA, EC, the rectangle 
OMII is equal to^the square of ML. Add the common square 
of Nil (having bisected GH in N), and the square of NA^ is 
equal *^to the squares of the given str^ght lines Nil and AIL, * 2- 

or K: therefore the square of NM, and its side NAI, is given, 
as also the point Al, viz. by taking the straight line NAI, the 
square of which is equal to the squares of NH, Alli. Draw 
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ML equal to K, at right angles to GM; and because ML is 
given in position and magnitude, therefore the point L is 
given: join 150, Ul; then the triangle LGII is that which 
was to be found; for the square of NM is equal to the squares 
of NH and ML, and taking away the common square of NH, 

• 6. the rectangle GMH is equal * to t)ie square of ML ; therefore 

•6. G. as OM to ML,^,so is ML.to MH ; and the triangle I^GM is 

therefore equiangular to HLM, and the angle IIIiM equal to 
the angle LGM, and the straight line I M, drawn from the 
vertex of the triangle, making the angle I^LM equal to LGII, 
is perpendicular to the base, and equal to the given stiaighl 
line K, as was required ; and the ratio of the sides GL, LII, is 
tlie same w'ith the ratio of GM to 3IL, that is, with the ratio 
of the straight line which is made np of ON, the lialf of the 
given base, and of NM, the square of which is equal to the 
squares of GN and K, to the straight line K, 

And \vhether this ratio of GM to ML be greater or loss tlian 
the ratio of the sides of any other triangle upon tlic base Oil, 
and of W'hich the altitude is equal to the straight line K, that 
is, the vertex of which is in the parallel to OH drawn through 
the point L, may be thus found. Let OGH bo any such tri¬ 
angle, and draw OP, making the angle HOP equal to the angle 
OGll; therefore, as before, GP, PO, PH are proportionals, 
and PO cannot be equal to LM, because the rectangle GPU 
would be equal to the rectangle GMH, which is impossible; 
for the point P cannot fall upon M, because O would then fall 
on L; nor can PO be less than LM, therefore it is greater; 
and consequently the rectangle GPU is grcat.?r than the rect¬ 
angle GMH, and the straight lirie^GP greater than GJI: there¬ 
fore the ratio of G3I to MH is greater than the ratio of GP to 
PH, and the ratio of the square of GM to the square of ML is 
•2Cor. 20 . therefore* greater than the ratio of the square of OP to the 
square of PO, and the ratio of the straight line OM to ML 
greater than the ratio of OP to PO. But as OM to ML, so is 
OL to LII; and as GP to PO, so is GO to OH ; thc;eforc the 
ratio of OL to LH is greater than the ratio of GO to OH ; 
w'herefore the ratio of OL to LH is thd* greatest of all others; 
anij consequently the given ratio of the greater side to the less 
must not be greater than this ratio. 

But if the ratio of the sides be not the same with this 
greatest ratio of GM to ML, it must necessarily be less than 
it: let any less ratio be given, and the same things being sup- 
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posed, viz, tlmt OH is the base, and K equal to the altitude 
of the triangle, it may be found as follows: divide Gil in the 
point Q, so that the ratio of OQ to QH may be the same with 
the given ratio of the sides ; and as GQ to QH, so make OP to 
PQ, aq4 so will ^ PQ be to PH ; wherefore the square of OP * 19- 5- 
is to the square of I'Q, as* the straight line OP to PH : and ^ 2Cor. 
because GM, My are ]>roportionals, the vquare of GM is 
to the sqtiare of ML, as* the straight line GM to MH: but *2 Cor. so. 
the ratio of GQ t<f QH, that is, the ratio of GP to PQ, is less 
than the ratio of (JkM to ML; and therefore the ratio of the 
square of <iP to the square of PQ is less than the ratio of the 
square of GIVI to that of ML; and consequently the ratio of 
the straight line OP to PII is less than llic ratio of GM to 
MH ; and, by division, the ratio of OH to IIP is less than that 
of on to IIM ; wherefore* the straight line HP is greater * 10. a. 
than IIM, and the rectangle OPH, that is, the square of PQ, 
greater than the rectangle GMII, that is, than the square of 
ML, and the straight line PQ is therefore greater than ML. 

Draw I-Jl parallel to OP, and from P draw PR at right angles 
to GP. Because PQ is greater than ML, or PR, the circle 
described from the centre P, at the distance PQ, must necessa¬ 
rily out LR in two points; let these be O, S, and join OO, 

Oil; SO, SlI : cacli of the triangles OOH, SGII, have the 
things mentioned to be given in the proposition: join OP, 

SP; and because as OP to PQ, or PO, so is PO to PH, the 
triangle OOP is cquiangulai to HOP ; as therefore OG to G^, 
so is HO to OP ; and, by permutation, as GO to OH, so is OP 
to PO, or PQ; 'and so is OQ to QH ; therefore the triangle 
OGII has the ratio of its sides GO, OH, the same with the 
given ratio of GQ to QH ; and the perpendicular has to the 
base the given ratio of K to GII, because the perpendicular is 
equal to LM, or K : the like may be shewn in the same way 
of the triangle SOH. 

This construction, by which the triangle OGII is found, is 
shorter than that which would be deduced from the demon¬ 
stration of the datum, by reason that the base Oil is given 
in position and magnitude, which was not supposed in the 
demonstration : the same thing is to ^ observed in the next 
proposition. 

PROPOSITION LXXXI. 

If the .v/V/cA' ahoitf an angle of a Inangle he unrquof and haee 

. . 
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a give?! f'alio to one anothery and if the perpendicular front 

that angle to the base divide it into scgnictits that have a 

gwcfi ratio to one anothevy the triangle is given ifi ^sjyecies. 

Let ABC be a triangle, the sides of which about the angle 
BAG arc unequal, and have a give'll ratio to one another, and 
let tlie perj)endieular Al) to the base BC divide it into the 
segments BD, DC, which have a given ratio to one another: 
the triangle ABC is given in species. 

Let AB be greater than AC, and make the angle CAE equal 
to tlie angle ABC ; and because tlic angle A KB is common to 
the triangles ABK, CAK, they are * equiangular U* one an¬ 
other : therefore as AB to BE, so is CA to AE, 
and, by permutation, as AB to Ai\ so is BE 
to KA, and so is EA to EC: but the ratio of 
i4A to At’ is given, therefore the ratio of BE 
to EA, as also the ratio of KA to K(^ is given ; 
wherefore* the ratio of BK to EC, as also* 
the ratio of EC to CB, is given : and the ratio 
of BC to CD is given *, because the ratio of 
BD to DC: is given ; therefore * the ratio of EC to Cl) is given, 
and consequently * the rati(» of DE to EC: and the ratio of 
EC to J^A u as sliewii to be given, therefore * the ratio of DE 
to EA is given: and ADE is a right angle, wherefore the 
triangle ADE is given in species, and the angle AED given; 
aqd the ratio of CE to EA is given, therefore * the triangle 
AEO is given in species, and consequently the angle AtlE is 
given, as also the adjacent angle ACB. In tlfc same manner, 
because the ratio of BE to EA is given, the triangle BEA is 
given in species, and the angle ABE is therefore ^given: and 
the angle ACB is given ; wherefore the triangle ABC is given * 
in species. 

But the ratio of the greater side BA to the other AC must 
be less than the ratir* of the greater segment BD to DC ; be¬ 
cause the square of BA is to the square of A(i, as the’ squares 
of BD, DA to the squares of DC, DA ; and tlie squares of BD, 
DA have to the squares of DC, DA, a less ratio than the square 
of Bl) has to the square of DC t, because the square of BD is 

f If A be greater than B, aod C any third rnagnitudi^; then A and C to¬ 
gether have to B and C together a less ratio than A lias to B. 

Let A be to B as C to D, and because A is greater tiian B, C is greater 
than D : but as A Is to B, so A and C to B and D. and A and C have to B 


I 


A 
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greater than the square of DC, therefore the square of BA has 
to the square of AC a less ratio than the square of UD has to 
that of DC : and consequently the ratio of l^^ to AC is less 
than tlic ratio of BD to DC. 

This being premised, a triangle Avhich shall have the things 
nicnti(Aed to be given in the j»roposition, and to which the 
triangle ABC is similar, may be found thus: take a straight 
line (MI given in position and magnitude, anti divide it in K, 
so tliat the ratio of JiK to KH may he the same with the given 
ratio of BA to A(^: divide also (JIJ in L, so that the ratio of 
(ilj t ) LIf may be the same u ith the given ratio of Bl) to DC, 
and draw TiM at riiiht angles to (ill: and because the ratio of 
the sides a triangle is loss tlian the ratio of tlie segments 
of tlie base, as has l>oen shewn, the ratio of (iK to Kil, is less 
than the ratio of <iL to CIl; wherefore the point L must foil 
betwixt K and H : also make as (»K to KTI, m (»N to NK, and 
so shall * NK be to Nil, And fnnn tlie centre N, at the dis¬ 
tance NK, describe a circle, and let its circumference meet 
LM in (), and Join CXi, Oil ; tlieii ()(ill is the triangle which 


was he descrilx-d; because (jN is to NK, or NO, as NO to 
Nil, the triangle (XiN, is equiangular to HON ; therefore as 
no to (tN, so is HO to ON, and, by permutation, as CO to 
OH, so is fjlN to NO, or NK, that is, as (jJK to KH, that is, in 
the given ratio of the sides, and by the construction, (tL, 
lill have to one another the given ratio of the segments of 
the base. 


PROPOSITION LXXXII. 


ff a given in species and magnitude be in¬ 

creased or dimhnshed bipa gammon given in magnifude^ (he 
sides {if '^ic gnomon are given in magnitude. 


l\ 


K 


First, let the parallelogram AB given in species and mag¬ 
nitude, be increased by the given gnomon E(JBDF(t; each of 
the straight lines (‘E, DF, is given. 

Because AB is given in species and magnitude, 
and that the gnomon E(;BDF<r is given, therefore 
the whole space AO h' given in magnitude: but 
AO is also given in species, because it is similar* 
toAB; therefore the sides of A(r aic given*: 
each oF the straight lines AE, AF, is therefore 




u 



and C a less ratio Ilian A and C have to B and D, because C is greater than 
J>, therefore A and C have to B and C a less ratio tlian A to B. 
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given; and each of the straight lines CA, AD, is given*, 
therefore each of the rcnuiinders, EC, DF, is given 

Next, let the parallelognun* AG, given in species and mag¬ 
nitude, be diminished by the given gnomon ECBDFG^ each of 
the straight lines CE, DF, is given. 

Ilecausc the parallelogram AG is given, as also its ‘gnomon 
ECRDFO, the remaining space Alt is given in magnitude: but 
it is also given fn species; because it is 'similar* to AG; there¬ 
fore * its sides CA, AD arc given, and each of the straight 
lines EA, AF is given; therefore EC, DF are each of them given. 

The gnomon and its sides t:E, DF, nijfy be found thus in 
the first case. Let II be the given s])ace to whidi the gnomon 
must be made equal, and find* a parallelogram similar to AB 
and equal to the figures AB and II together, and place its sides 
AE, AF, from the point A, upon the straight lines AC, AI), 
and complete the parallelogram A<i which is about the same 
diameter * with AB; because therefore AG is equal to both 
AB and II, take away the common i)art AB, the remaining 
gnomon ECBDFG is equal to the remaining figure 11; there¬ 
fore a gnomon equal to H, and its sides CE, DF, are found: 
and in like manner they may be found in tlie other case, in 
whicli the given figure II must'be less than the figure FE from 
which it is to be taken. 

PROPOSITION LXXXIII. 

I f a parallelogram ec/ual ioa gircpi xparr be applied lo a given 
.sfj'aighi linvy dcficienf hp a parallelogram given in species^ 
the sides of the d^eci arc givvn^ 

Let the parallelogram AC equal'to a given spao'i be applied 
to the given straight line AB, deficient by the parallelogram 
BDCL given in species: each of the straight lines CD, DB, is 
given. 

Bisect AB in E ; therefore KB is given in 
magnitude; upon ISB describe * the parallelo¬ 
gram EF similar to DE, and similarly placed; 
therefore KF is given in species, and is about 
the same diameter * wdth DE; lot BCG be the 
diameter, and construoi the figure ; therefore because the 
figure EF given in sj)ccies, is described upon the given straight 
line EB, EF is given * in magnitude, and the gnomon EliH is 
equal * to the given figure A(-; therefore * since EF is dimi- 
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iiitsheil by the given gnoniou ELH, the sides EK, FH of the 
gnomon are given; but EK is equal to DC, and FH to BD; 
wherefore CD, DB are each cf them given. 

Tliis demonstration is the analysis of the problem in tlic 
2bth Prop, of Book 6. the construction and demonstration of 
which proposition is the composition of the analysis; and be¬ 
cause the given space AC, or its equal the gnomon ELH is to 
be taken from the ftgure EF, described upitfi the half of AB 
similar to BC, th^ereforc AC must not be greater than EF, as 
is shewn in the 27th Prop. Book 0. 

PROPOSITION LXXXIV, 

Ij a juri aUvIograin equal to a gwen space, he applied to a 
glvcPi straight Hue exceeding hy a paraUelograui given in 
spccicsy the sides of the excess are given. 

Let the parallelogram AC equal to a given space, be applied 
to the given straight line AB, exceeding by the parallel<>grain 
BIX'L given in species; oacli of the straight lines CD, DB, is 
given. 

Bisect AB in E ; therefore EB is given in magnitude: upon 
BE describe^ the jiarallelogram EF similar to LD, and simi¬ 
larly placed; therefore EF is given in species, 
and is about the same diameter * with LD- Let 
C5Ci be the diameter, and construct the figure: 
therefore, because the figure EF given in spe¬ 
cies is described upon the given straight line 
EB, EF is given in magnitude and the gnomon ELll is equal 
to the given figure * AC ; wherefore, since EF is inereasi^d by 
the given gnoimm ELII, its sides EK, FH arc given*; but 
EK is e(jual to CD, and FII to BD, therefore CD, DB are each 
of them given- 

This demonstration is the analysis of the problem in the 
29th Prop. Book C., the construction and demonstration of 
which is the composition of the analysis. 

Cor, If a parallelogram given in species be applied to a 
given straight line, exceeding by a parallelogram equal to a 
given space ; the sides of the parallelogram are given. 

Let the parallelogram ADCE givey in species, be applied to 
the given straight line AB, exceeding by the parallelogram 
BD(Xt equal to a given space; the sides AD, DC, of the paral¬ 
lelogram arc given. 
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Draw the diameter DE of the ])iirallelogram AC, aiid con- 
43. I. struct the figure. Because the parallelogram AK is equal* 
to 15C M'hich is given, therefore AK is given; 

•21,6, and liK is similar* to AC, therefore EK is 
given in species. And since the panillclo- 
gram AK givtai in iimgiiitude is ap])lied to 
the given straight line AE, exceeding by the 
parallelogriini EK given in species, thereftire, 
by this pro])osition, ED, DK, the sides of th\? excess, arc given, 
and the straight line AE is given ; therefore the whole AD, as 
also DC, to which it has a given ratio, is given. 

PiiOB,— To rt parallvlogravi shnilar lo a g/m/ owe, to 

a given straight line AE, CAceeding hy a paraUeUigram equal 
to a given .space, 

• 29, 6. To the given straight line AE apply * the parallelogram AK 

equal to the given space, exceeding by the parallelogram EK 
similar to the one given. Draw DF the diameter of EK, and 
through the point A, draw AE parallel to EF, meeting DF 
produced in E, and complete the jiarallelognmi AC. 

• 43, 1. The parallelogram E(' is equal * to AK, that is, to the given 

• 24.6. sjiace ; and the parallelogram ACV is similar * to liK ; tlierefore 

the parallelogram AC is a])plied to tin; straight line AE simi¬ 
lar to the one given, and exceeding by the parallelogram EC- 
which is equal to the given space. 

( ei. ) • FROrOSITION ’I.XXXV, 

JJ' two straight lines coyitaiu a pnraUelograin given in wagn^ 
tilde in a given angle ; if the dijfhrcnee of the straight lines 
be given^ they shall each of them he given. 

Let AE, EC contain the parallclogruin AC given in magni¬ 
tude, in the given angle ABC, and let the excess of EC above 
AE be given: each of the straight lines AE, EC is given. 

Let DC be the given excess of EC above DA, tliercf ire the 
remainder ED is equal to BA. Complete the 
parallelogram AD; and because AB is eqaial to 
ED, the ratio of AE to ED is given ; and the 

angle A El) is given, therefore the parallelogram y- ^ 

AD is given in species; and because the given 
parallelogram A(; is applied to the given straight line DC, ex¬ 
ceeding by the parallclogiam AD given in species, the sides 
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of the excess are given * : therefore BD is given ; and DC is * 6 4 Dat. 
given, wherefore the whole BC is given: and AB is given, 
therefore AB, BC arc each cf them given. 


PROPOSITION LXXXVI. ( 85. ) 

JJ' Iwo straight lines contain a parallelogram given in magni¬ 
tude^ in a given single ; if both them*together be given^ 

ihaj shall each of them be given. 

Let tlic two straight lines AB, BC contain the parallelogram 
AC given in magnitude, in the given angle ABC, and let AB, 

B(J, together be given : each of the straight lines AB, BC, is 
given. 

Produce CB, and make DB equal to BA, and 
complete the parallelogram ABDB. Because 
I)B is equal to BA, and the angle ABD given, 
because the adjacent angle AlU' is given, the 
parallelogram AI) is given in species; and because AB, BC 
together are gi'a*n, and AB is equal to BD; tlicrefore DC is 
given : and because the given ])aralleLigram AC- is ajijilied to 
the given slraiglit line DC, deficient by the parallelogram AD 
giwii in species, the sides AB, BD, of the defect, are given**; ^ 83 D;it- 
and DC; is given, wherefore the remainder BCJ is given; and 
cuch of the straight lines Ali, BC, is therefore given. 

T 

PROPOSITION LXXXVII. , ( 87. ) 



Jfhvo straight lines contain a parallelogram ghen in magJiu 
iudcy in a given angle ; if the ea'cess of the squajx of the 
greater above the square of the lesser be giveny each of the 
straight lines shall be given. 


Let the two straight linos AB, BC contain the given paral¬ 
lelogram AC in the given angle ABC: if the excess of the 
square of BC above the square of BA be given, AB and BC arc 
each of them given. 

Let the given excess of the square of B(^ alnwe the square 
of BA be the rectangle C^B, Bl); take this from the square of 
BC j the remainder, which is * thc^rectangle BC, CD, is equal 
to the square of AB ; and Iwcause the angle ABC of the paral¬ 
lelogram AC is given, th<i rati<» of the sides of the rectangle 
AB, BC, to the parallelogram AC is given * ; and AC" is given. 


« 
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therefore the rectangle A B, BC is given ; and the rectangle 
CB, BD is given; therefore the ratio of the rectangle CB, BD, 

* l.<>. to the rectangle^AB, BC^ that isi*, the ratio of 
64 Dau the straight line DB to BA is given; therefore ♦ 

the ratio of the square DB to the square of 
BA is given : and the square of BA is equal to 
the rectangle BC, CD: wherefore the ratio of 
the rectangle BC, CD, to the square of SD is given, as also 
the ratio of four times the rectangle BC, CD, to the sqisare of 

* 7 Ddi. BD; and, by composition the ratio of four times the rect¬ 

angle BC, CD, together with tlic square of BD, to the square 
of BD is given : but four times the rectangle BC, CD, together 

* (S. 2, with the square of BD, is equal ♦ to the square of the straight 

lines BC, CD, taken together ; therefore the ratio of the square 

* :>s Dat. of BC, Cl), together to the square of BD is given; wherefore * 

the ratio of the straight line BC, together with CD to BD is 
given: and, by composition, the ratio of BC together with CD 
and DB, that is, tlic ratit) of twice Bt: to BD is given ; therc- 

* J. G. fore the ratio of BC to BD is given, as also * the ratio of the 

square of BC to the rectangle BC, BD : but tijc rectangle CIS, 
BD, is given, being the given excess of the squares of BC, BA ; 
therefore the square of BC, and t!ie straight line bC is given : 
and the ratio of BC to BD, as also of BD to BA, has been shewn 

* 5) Dat. to be given: therefore * the ratio of BC to BA is given ; and 

BC is given, wherefore BA is given. 

The preceding demonstration is the analysis of tliis pro¬ 
blem, viz, 

A parallelogram AC, which has a given angle ABC, being 
given in magnitude, and the excess of the square of BC, one 
of its sides above the square of the other BA, being given; to 
find the sides: and the composition is as follows: 

Let EFO be the given angle to which the angle ABC is re¬ 
quired to be equal, and from any point E in EE, draw E(i 
perpendicular to EG ; let the rectangle EG, GlI be the given 
space to which the parallelogram AC is to be made equal; and 
the rectangle IIG, GL, be the given excess of the squares of 
BC, BA. 

Take, in the straight line GE, OK equal to EE, and make 
GM double of GK; join Xh, and in GL produced, take LN 
equal to LM: bisect GN in O, and between Gll, GO, fifid a 
mean proportional lUi: as 0(r to GL, so make CB to BD; and 
make the angle CBA equal to GEE, and us LG to OK, so make 




pnOPOSITION LXXXVII. 


305 


DB to BAj and complete the parallelogram AC; AC ia equal 
to tlic rect(?nglc EG, (iH, and the excess of the squares of CB, 

BA is equal to the rectangle HG, GL. 

Because as CB to BD, so is OG to GI^, the square of CB is 
to the rectangle CB, BD, as* the rectangle HG, GO, to the *1.0. 
recfcngle HG, OL: and the square of CB is equal to the rect¬ 
angle HG, <fO, because GO, BC, GII are proportionals; there¬ 
fore the rectangle ft'B, BD is equal * to Ilrt, GL; and because * 14. 3. 
as CB to BD, sp is OG to GI^; twice CB is to BD, as twice 
OG, that is (iN to OL; and, by division, as BC together with 
(’D is to BD, so is NL, that is LM, to LG: therefore* the *22.0. 
s(jiiiire of BC together with (-D is to the square of BD, as the 
square of 31L to the square of LG ; but the square of BC and 
CD together is equal * to four times the rectangle BC, CD, ♦ 8. 2. 
together with the square of BD ; therefore four times the 
rectangle BC, CD, together with the square of BD is to the 
square of BD, as the square of to the square of IXi: and, 
by division, four times the rectangle BC, CD is to the square 
of BD, as the square of 31G to the square of GL; wherefore 
the rectangle BC, CD, is 

to the s(piarc of BD, as M 

(the square of KG tlie half 
of M(jr to the square of (JL, 
that is, as) the square of 
AB to the square of BD, be¬ 
cause as L(t to <rK, so DB was made to BA; therefore * the * 14, 3. 
reclaiiglc lUi, CD is equal to the square of AB. To clch of 
these add the rectangle CB, BD, and the square of BC be¬ 
comes equal to the square of AB, together with the rectangle 
CB, BD*; therefore this rectangle, that is, the given rectangle 
IKf, Gli, is the excess of the squares of BC, AB, From the 
}K)i!it A draw AP perpendicular to BC, and because the angle 
ABP is equal to the angle EF<t, the triangle ABP is equiangu¬ 
lar to KFG: and DB was made to BA, as LG to OK; therefore 
as the rcctiingle CB, BD to CB, BA, so is the rectangle HG, 

GL to IJCr, GK; and as the rectangle CB, BA to AP, BC, so 
is (the straight line BA to AP, and so is FE or GK to EG, 
and so is) the rectangle HG, GK to HG, GE; therefore, ex 
a^quali, as the rectangle CB, BD toAP, BC, so is the rectangle 
no, GL to E<t, GH : and the rectangle CB, BD is equal to 
H<jr, GIj ; therefore the rectangle AP, BC, that is, the paral¬ 
lelogram AC, is equal to the given rectangle EG, GH, 
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PROPOSITIONS LXXXVIII. 

//' Iwo straight lines contain a parallelogram given in nragni’- 
iude in a given angle ; if the sum of the squares of its sides 
be given, the sides shall each of them he giveyi^ ^ 




Let the two stiaiglit lines All, liC cofitain the parallelo¬ 
gram AI5CD given in niagnitiule in the giveii angle AlUV, and 
let the sum of the squares AR, RC be given; AR, RC are 
each of them given. ^ 

First, let ARC be a right angle : and because twice tlie 
rectangle contained I>y two equal straight lines is equal to 
both their squares ; but if two straight lines are 
unequal, twice the rectangle contained by them 
is less than the sum of their squares, as is evi¬ 
dent from llie 7th l*rop. Ihtok 2. Klom.; tliere- r' -'c 

fore twice the given space, to which space the 
rectangle of which the sides are to be found is equal, must 
not be greater than the given sum of tlie squaA‘s (»f the sidrs: 
and if twice that Kj)ace be equal to the given sum of the 
squares, tlie sides of tlie rectangU’must neccssarify be equal 


to one another: therefore in this case describe a square 
ARCD equal to the given rectangle, and its sides AI5, RC are 
those which were to be found: for the rectangle AC is equal 
to the given space, and the sum of the squares of its sides 
AR, RC, is equal to twice tlic rectangle A(’, that is, by the 
hypothesis, to the given space to Avhich the sum of the squares 
was required to be equal. 

But if twice the given rectangle be not equal to tlie given 
sum of the squares of the sides, it must be less than it, as has 
been shewn. Let ARCD bo tlie rectangle, 
join AC, and draw RE perpendicular to it, 
and complete the rectangle A ERF, and de¬ 
scribe the circle ARC about tlie triangle 
ABC; AC is its diameter*: and because 
the triangle ARC is similar* to AER, as* 

AC to CR, so is AR to RE ; therefore the 

rectanghi AC, RE is equi*! to AR, RC ; and the rectangle 

AR, RC is given, wherefore AC, BE is given: and because 


/i 



G- K 


'c: 


li' L 


the sum of the squares of AB, BC, is given, the square of 
AC which is equal * to that sum is given ; and AC itself 


‘ 4.7. U 
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is therefore given in magnitude; let AC be likewise given in 

position, and the point A ; therefore AK is given * in position : * 32 Dat. 

and the rectangle AC, BE is given^ as has been shewn, and 

AO is*given, ivhercforc * BE is given in magnitude, as also * 61 Dat. 

AF which is equal to it; and AF is also given in position, 

and fhc point A is given, wherefore * the point F is given, • 30 Dat. 

and the straiglit line FB in position * : and the circumference • si Dat, 

ABC is given in position, \vhereforc the point B is given. ► as Dat, 

And the points C arc given; therefore the straight lines 

AB, B(' are given* in position and magnitude, * 29 Dat. 

^rhe sides AB, BC- of the rectangle, may he found thus: let 
the rectangle OH, GK be the given space to which the rect¬ 
angle AB, BC- is equal; and let OH, HIj be the given rect¬ 
angle to wdiich the sum of the squares of AB, 1Kb is equal: 
find* a square equal to the rectangle OH, GTi: and let its *14.2. 
side AC- be given in position; upon AC as a diameter describe 
the semicircle ABC, and as AO to Oil, so make OK to AF, 
and from the point A, jdace AF at riglit angles to AC: there¬ 
fore the rectangle CA, AF is equal * to OH, OK ; and, bvthe * 16. 6. 
hypothesis, twice the rectangle OH, GK, is less than OH, OL, 
lliat is, than the square of AC; wherefore twice tlie rectangle 
AT, is less than the square of A(', and the rectangle CA, 

AF itself, less than half the square of AC, that is, than the 
rectangle contained by the diameter AC and its half; where¬ 
fore AF is less than the semidiameter of the circle, and con¬ 
sequently the straight liije drawn through the point F paral¬ 
lel to A(’, must meet the circumference in two points*: let 
B be either of them, and join AB, B(.b 6nd comi»letc the 
rectangle ABCD ; AIUH> is the rectangle wdiich w'as to be 
found : draw BE perpendicular to AC; therefore BE is equal* * S^. I. 
to AF, and because the angle ABC in a semicircle is a right 
angle, the rectangle AB, BC is equal * to AC, BE, that is, to 9-6. 
the rectangle CA, AF, which is equal to the given rectangle 
OH, <fK : and the .squares of AB, BC arc together equal* to * 47. 1 . 
the square of AC, that is, to the given rectangle OH, GL. 

Hut if the given angle AB(’ of the parallelogram AC be not 
a right angle; in this case, because ABC is a given angle, the 
ratio of the rectangle contained by the sides AB, BC, to the 
parallelogram AC is given*; and ftiC is given, therefore the • 62 DaU 
Toctangle AB, BC is given: and the sum of the squares of 
AB, BC is given : therefore the sides AB, BC are given by 
the preceding case. 
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The sides AB, BC, and the parallelf^ram AC, may be fnuud 
thus: let EFG be the given angle of the paralklogram, and 
from any point 'S in FE, draw ILG perpendicular to FG; and 
let the rectangle EG, FH be the given space to which tHe pa¬ 
rallelogram is to be made equal, and let EF, FK 
be the given rectangle to which the sum of A 

the squares of the sides is to be equal. And, /j^ 

by the preceding rase, find the sides of a roct- b i- 
angle which is equal to the given rectangle KF, 

FH, and the squares of the sides of Avhich qre 
together equal to the given rectangle EF, FK ; / 

therefore as was shewn in that case, twice the y ' i'it> 
rectangle EF, FH must not be greater than the ^ 
rectangle EF, FK: let it be so, and let AB, BC be the sides of 
the rectangle joined in the angle ABC equal to the given angle 
EFG, and complete the parallelogram ABCD, which will bo 
that which was to be found : draw AL perpendicular to B(^ 
and because the angle ABL is equal to EFG, the triangle 
ABL is equiangular to EFG ; and the parallelogram AC, that 
is, the rectangle AL, BC, is to the rectangle AB, BC, as 
(the straight line AJi to AB, that is, as EG to EF, ^hat is, as) 
the rectangle EG, FH to EF, FH; and, by the construction, 
the rectangle AB, BC is equal to EF, FII, therefore the rect¬ 
angle AL, BC, or its equal, the parallelogram AC, is equal 
the given rectangle EG, FII: and the squares of AB, BC are 
together equal, by construction, to the given rectangle EF, FK. 

( B6. ) PROPOSITION LXXXIX. 

If two .s/r/r/gAZ lines contain a gwen parallelogram in a g/iv?; 
angle, and if Ihc excess of the srjuare of one of them above 
a givvjt space have a gwcti ratio to the square of ihc o//irr, 
each (tf the straight lines shall be given. 

Let tlic two straight lines AB, BC contain the given par/allol- 
ograni AC in the given angle ABC, and let the excess of the 
square of BC above a given space have a given ratio to the 
square of AB : each of the straight lines AB, BC is given. 

Because the excess of the square of BC above a given space 
has a given ratio to the square of BA, let the rectangle GB, 
BD be the given space ; take this from the square of BO ; the 
•2.2. remainder, to wit, the rectangle* BC, has a given ratio 
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to tlie square of BA: draw AE perpendicular to BC, and let 
the square df BF be equal to the rectangle BC, CD; then !>c- 
causc the angle ABC, as also BEA, is given, the triangle ABE 
is given * in species, and the ratio of AK to AB 
is gijen: and because the ratio of the rectangle 
B(^ CD, that is, of the square of BF to the 
square of BA, is gi^en, the ratio of the straight 
line BF to BA is given * ; and the ratio of AE 
to AB is given, wlicrcforc * the ratio of AE to BF is given; 
as also the ratiothe rectangle AE, BC, that is*, of the pa- 
rallelograni AC to the rectangle FB, BC; and AC is given, 
u’lierefore tlie rectangle FB, BC, is given. The excess of the 
s(}uare olP above the square of BF, that is, above the rect¬ 
angle BC, Cl), is also given, for it is equal * to the given rect¬ 
angle CB, BD: therefore, because the rectangle contained by 
the straight lines FB, BC, is given, and also the excess of the 
square of BC above the square of BF; FB, BC are each of 
tliem given * : and the ratio of FB to BA is given ; therefore 
AB, BC arc giv^n. 



The Comj)osi(ion is as follows: 



Let OIIK be the given angle to which the angle of llie pa¬ 
rallelogram is to be made equal, and from any 
point O in HC, djaw GK perpendicular to HK ; 
let GK, IIL be the rectangle to which the parnl- 
lelograni is to be made equal, and let 1^11, HM 
be the rectangle equal to the gii'en space Avhich 
is to be taken from tlic square of one of the sides ; and let the 
ratio of tfie remainder to the square of the other side he the 
same with the ratio of the square of the given straight line 
Nil to the square of tlic given straight line IIG. 

By help of the 87th dat. find two straight lines BC, BF, 
which contain a rectangle equal to the given rectangle JNII, 
llli, Mid such that the excess of the square of 
BC above the square of BF be equal to the 
given rectangle LH, HM; and join CB, BF in 
the angle FBC equal to the given angle GIIK: 
and^as NH to HO, so make FB to BA, and com¬ 
plete the parallelogram AC, and draw AE perpendicular to 
BC; then AC is equal to the rectangle GK, HLi: and if from 
the square of BC*, the given rectangle lifl, Hfll, he taken, the 


3 Eli 
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0 Dat. 
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400 


Euclid’s data. 


remainder shall have to the square of BA tlie same ratio whicli 
the square of NH has to the square of IIO. • 

Because, by the construction, tlic square of BC is equal to 
the square of BF toj^ether with the rectangle LII, 11^ ; if 
from the square of BC there be tahen the rectangle IJl, IIM, 
•22.6. there remains the square of BF, which has* to the square of 
BA the same ratiq u hich the square of XJl has to the square 
of Ilti, because, as XH to IJ(r, so FB was made to BA ; hut 
as IIG to (rK, so is BA to AB, because the-#triangle GHK is 
equiangular to ABB ; thoref(»re, ex a*quali, Xil to <iK, so 
* 1 . 6 , is FD to AB; wherefore* the rectangle Nil, IIL is to fhc 
rectangle tiK, HB, as the rectangle FB, BC to AB, BC ; hut, 
by the construction, the rectangle Nil, 11L is equal to FB, 
•14.6. BC; therefore* the rectangle GK, IIL is equal to the rect¬ 
angle AB, BC, that is, to the parallelogram AC. 

The analysis of this problem might have been made as in 
the 8Gth Prop, in the Greeh, and the coni])osition of it may 
be made as that wliich is in Prop. {{7th of this edition. 

( o. ) rUOPOSITlON Xi\ 

If two straight lines eojiiain a gir*^ii paraUvIograr.: in a given 
angle, and if the square of one of them, together with^hv 
space which has a given ratio to the square of the other, 
he given, each of the straight lines shall he give?!, •' 


• 43 Bat, 


58 Dat. 
* 9 Dat. 


Let the two straight lines AB, BC contain the given paral¬ 
lelogram AC ill the given angle ABC, and let the square of 
BC together with the space which has a given ratio to the 
square (»f AB be given : AB, B(’ are esich of them given. 

Let the square of BD he the space M'hich has thcgiv^cn ratio 
to the square of AB; therefore, liy the hypotliesis, tlie square 
of BC together with the square of BD is given. From the 
point A, draw AE perpendicular to BC^; and because the an¬ 
gles ABE, BBA arc given, the triangle ABE is git'on * in 
species: therefore the ratio of BA to AE is given: and be¬ 
cause the ratio of the square of BD to the 


square of BA is given, the ratio of the straiglit Tf 
line BD to BA is given*; and the ratio of BA 


to AE is given; therefore** the ratio of AE to 
BD is given, as also the ratio of the rectangle AE, 



BC, that is, of tlic parallelogram AC, to the rectangle DB, 


BC; and AC is given, therefore the rectangle I>B, B(^ is given ; 
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nml the square of BC togetlier with the square of BD is 
given: therefore * because the rectangle contained by the 
two straight lines DB, BC 13 given, and the sum of their 
squares is given, the straight lines DB, BC are each of 
them given; and the ratio of DB to BA is given; therefore 
AB, BC arc given. 


Tffe Cow/KMvV/Vw /.V as : 


Lot F(fll be tfle given angle to which the angle of the 
parallelogram is Itn be made equal, and from any point F in 
CK, drawFII ]»erpcndicnlar to UU ; and lettlie rectangle FH, 
CH b(J tliat to which the paralhdograin is to be made equal; 
and let the rectangle KC, (rL be the space to which the square 
of one of tlie sides <»f the parallelogram, together with the 
space which has a given ratio to the square of the other side 
is to be made equal ; and let this given ratio be the same 
\^'hich the square of the given straight line MG has to the 
square of GF. 

By the Hfith d't. find two straight lines DB, BC, which con¬ 
tain a rectangle equal to the giv(m rectangle MG, OK, and 
such that thc»sinn of their squares is equal to the given rect¬ 
angle K(i, GIj ; therefore, ])y the determination of the problem 
in that ])roj)ositioTi, twice the rectangle MG, GK must not be 
grenter than the rectangle K(r, OL. Let it be so, and join the 
straight lines DB, BC, in the angle DBC, equal to the given 
angle FOH ; atqL as 310 to GF, • 

so make DB to BA, and com¬ 
plete the parallelogram AC; AC 
is equal to the rectangle FH, 

<iK : and tlio square <if BC 


n 

A, 

/ 

B K 


7 I 

C GH 


M 


TTT. 


togetlier Avith the square of BD, which, by the construction, 
has to the square of BA the given ratio which the square of 
has to the square of GF, is equal, by the construction, 
to tlie given rectangle KG, GL. Draw AK perpendicular to 
BC. 


Because, as DB to BA, so is MG to GF; and as BA to AE, 
so <iF to FlI; ex ajquali, as DB to AE, so is MG to FH ; there¬ 
fore as the rectangle DB, BC to AE, so is the rectangle 
31G, f>K to FH, OK; and the rectangle DB, BC is equal to the 
rectangle MG, GK ; therefore the rectangle AE, BC, that is, 
the parallelogram A(’, is equal to the rectangle FH, GK. 


88 Dat. 
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( 88. ) PROPOSITION XCI. 

If a straight li^ie drawn within a circle given in magmiude^ 
cut off a segment which contains a given anglc^ the straight 
line is given in magnitude* 

In the circle ABC given in magnitude, let the straiglit line 
AC be drawn, cutting off the segment AEC which contains 
the given angle AEC: the straight line AC is given in magni¬ 
tude- • 

•1.3. Take 1) the centre of the circle join AJ>, and produce it 

to E, and join EC: the angle ACE being a 

• SI. S. right * angle, is given; and the angle AEC is 

• 43 Dat. given; therefore* the triangle ACE is given 

in species, and the ratio of EA to AC is there¬ 
fore given, and EA is given in magnitude, bc- 

• 5 Dof. cause the circle is given * in magnitude: AC 

• 2 Dat- is therefore given * in magnitude. 



( 89 . ) 


* 1 Dat. 

* 40 Dat. 


PROPOSITION XCTL 

If a straight line given in 7nagnitude he drawn within a rir- 
cle given in magnitude^ it shall cut off a segmc^ii containing 
a giv€7i ajigle* 

Let the straight line AC given in magnitude be drawn witli- 
in the circle AB(' given in magnitude: it shall 
cut off a segment containing a given angle.’ 

Take D the centre of the circi'c, join AD<, 
and produce it to E, and join EC: and because 
each of the straight lines EA and AC is given, 
their ratio is given * : and tlic angle ACE is a 
right angle, therefore the triangle ACE is given * in species, 
and consequently the angle AEC is given. 



( 90. ) PROPOSITION XCIII. 

If from any point in the eircunfervnee of a circle given in 
positiony two straight lines be draroHy meeting the circunifer-* 
ence and contahiing a gwen angle; if the pohit in which one 
of them meets ike circinnferaice agam be giveny the iwtni in 
which the other meetsKl is also given* 

From any point A, in the circumference of a circle ABC 
given in position, let AB, AC be drawn to the circumference. 
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making the given angle BAG: if the point B be given, the 
point C is also given. 

Take D the centre of the circle, and join BD, DC, and be¬ 
cause each of the points B, D is given, BD is 
given * in position; and because the angle 
BAG is given, the angle BDC is given there¬ 
fore because the straight line DC is draivn 
tlie given point D, fn the straight line BD 
given ill position, ip the given angle BDC, DC 
is given * in position. And the circumference ABC is given 
in position, therefore * the point C is given. 



* S9 Oat. 

• 20 , H, 


• 32 Dat. 

• 28 Dat. 


PROPOSITION XCIV. ( 91. ) 

If from a given point a straight Vine be drawn touching a cir- 
clc given in position^ the straight line is given in position 
and magnitude. 


Let the straight line AB be drawn from the given point A, 
touching the circle BC given in position : AB is given in posi¬ 
tion and magnitude. 

Take D the centre of the circle, and join DA, DB : Because 
each of the povits Dj A is given, the straight line AD is given * 
in position and magnitude : and BDA is a 
right * angle, wherefore DA is a diameter * 
of tjic circle DBA described about the tri¬ 
angle DBA: and tliat circle is therefore 
given in jmition: and the circle BC isgivcii* 
in position, therefore the point B is given*. 

The point A is also given: therefore the straight line AB is 
given''' in position and rnag'iitiide. 



29 Dat. 


' 18. S. 
Cor. 5. 4. 


►GDef. 

* 28 Dat. 


* 29 Dat. 


PROPOSITION XCV, 


( 92. ) 


If a straight line be drawn from a given jMnnt without a c/r- 
cle given in j}ositio7ip the recta^iglc coniamed by the segments 
betwixt the jwmt attd the circumference of the circle is 
gtvai. 


Let the straight Hm ABC be drawn from 
the given point A without the circle BCD 
given in position, cutting it in B, C P the 
rectanjpe BA, AC is given. 

From the point A, drftw * AD touching 
the circle ; wherefore AD is given in position and miigni- * 94 I>at. 

u D 2 
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* 56 Dat. 

* S6. 3. 


( ) 


* 29 IJat. 

* 28 Dat. 

• 29 Dat. 

• 35. 3. 


( ) 


tudc: and l)ccausc AD ir given, the square of AD is given 
which is equal * to the rectangle BA, AC: therefore the rect¬ 
angle BA, AC is given. 

PROPOSITION XCVI. 

If a siraig/if line he drawn fhrfntgh a gwen jHiinl within a 
circle give7i hh 2 >osilwn^ the rectangle ^contained hy the seg¬ 
ments hctwi.rt the jmint and the circumference of the circle 
is giren , % 

Let the straight line BA(' be drawn through the given point 
A, within the circle B(IE, given in position; the rectangle 
BA, AC is given. 

Take D, the centre of the circle, join AD, 
and produce it to the points E, F : because the 
points A, D are given, the straight line AD is 
given * in position ; and the circle BEC is given 
in position ; therefore the points E, F are 
given * ; and the point A is given, therefore EA, AF arc each 
of them given and the rectangle EA, AF is therefore given ; 
and it is equal * to the rectangle BA, AC ; u-hich consequently 
is given. 



PROPOSITION X(;VII. 

f 

/fa straight line he drawn within a circle given in magnitudcy 
culling off'a segme7i1 coritaining a given a^igte ; if the angle 
in the segment he bisected by a straight Ime p^^oduced till it 
kneels the circuynferenvej the straight lines which contain the 
given angle shall both of them together have a given ratio to 
the straight line which bisects the angle: and the rectangle 
conttthied by both these lines together which contain the given 
angle^ and the part q/' the bisecting lines cut off below the 
base of the segmcnly shall be given. 

Let the straight line BC be drawn w'ithin the circle ABC 
given in magnitude, cutting off a segment containing the 
given angle BAC, and let the angle BAC he bisected by the 
straight line AD: BA iMgcthor with AC lias a given ratio to 
AD; and the rectangle contained by BA and AC togethbr, and 
the straight line El) cut off from 4B below BC the base of the 
segment, is given. 
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Join BD ; and because BC is drawn within the circle ABC 
given in magnitude, cutting off the segment BAC, containing 
the given angle BAC; BC is given * in 
magnitude: by the same reason BD is given; 
therefore * the ratio of BC to BD is given: 
and bemuse the angle BAC is bisected by 
AD, as BA to AC, so is * BE to EC ; and, by 
* permutation, as AB to BE, so is AC to CE ; 
wherefore as BA.and AC together to BC, 
so is AC to CE ; aij^d because tlio angle BAE is equal to EAC, 
and the angle ACE to ADB the triangle ACE is equiangular 
to the triangle ADB ; therefore as AC to CE, so is AD to 1>B ; 
but as AC to CE, so is BA together with AC to B(’; as there¬ 
fore BA and AC to BC, so is AD to DB; and, by permutation, 
as BA and At; to AD, so is BC to BD : and the ratio of BC to 
BD is given, therefore tlie ratio of BA together with AC to AD 
is given. 

Also the rectangle contained by BA and AC together, and 
DE, is given. 

Because the triangle BDE is equiangular to the triangle 
ACE, as BD y) DE, si> is AC to VE ; and as AC to CE, so is 
BA and AC to BC; therefore as BA and AC to BC, so is BD 
to DE ; wherefore the rectangle contained by BA and A(' 
togetlier, and DE, is equal to the rectangle CB, BD: but CB, 
BD IS given ; therefore the rectangle contained by BA and AC 
togetlier, and DE, is given. 


• 91 DaU 

• 1 Dal. 

* 3. 0. 

* 1 :^. 5 . 

♦ 2\. 3. 


Oi/ivrtvixc, 

Produce ^A, and inaho AV (qual to AB, and join BF; and 
because the angle JlAt' is double * of each of the angles BFA, • 3. &32.1. 
BAD; the angle BFA is equal to BAD ; and the angle BCA 
is cr|ual to BDA, therefore the triangle FCB is equiangular to 
ABD : as tliereforc FC to CB, so is AD to DB ; and, by per- 
inutatioiH as FC, that is BA and AC together, to AD, so is CB 
to BD: and the ratio of CB to BD is given, therefore the ratio 
of BA and AC to AD iS given. 

And because the angle BF(’ is equal to the angle DAC, that 
is, to tljc angle DB(', and tlie angle 9 ^lCB equal to the angle 
ADB ; the triangle FCB is equiangular to BDE : as therefore 
FC to CB, so is BD to iTe : therefore the rectangle contained 
by FC, that is, BA and AC togi'ther, and DE, is equal to tlie 
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(p-) 


* 91 Dat. 


rectangle CB, BD, which is given, and therefore the rectangle 
contained by BA, AC together, and DE, is giveij* 

PROPOSITION XCVIII- 

Jf a straight Unc be drawn within a circle given in magnitudcy 
cutting off a segment containing^a given angle ; the angle 
. adjacent to the angle in the scgt?ient be bisected hf a straight 
line produced till it meet the circumference agaiuy and the 
base of the segment ; the excess of the straight lines which 
contain the given angle shall have a given ratio to the seg^ 
7neHt of the bisecting line which is within the circle; and 
the rectangle contained btf the same excess^ and the segment 
of the bisecting line betwixt the base produced and ike point 
where it again meets the circum ferenccy shall be gwen. 

Let the straight line BC be drawn within the circle ABC 
given in magnitude, cutting off a segment containing the 
given angle BAC-, and let the angle CAP adjacent to BAC be 
bisected by the straight line DAE, meeting the circtimferciicc 
again in D, and BC the base of tbe segment produced in E ; 
the excess of BA, AC, has a given ratio to AD and tlic rect¬ 
angle which is contained by the ^ame excess and the straight 
line ED is given. 

Join BD, and through B, draw B(y parallel to DE meeting 
AC produced in G : and because BC cuts off from the circle 
ABC given in magnitude, tlic segment 
B'ac containing a given angle, B(? is tlicrc- 
fore given* in magnitude: by the same 
reason BD is given, because tlie angle 
BAD is equal to the given angle EAF; 
therefore the ratio of BC to Bl) is given: 
and because the angle CAE is equal to 
EAF, of which CAK is equal to the alternal angle AGB, and 
EAF to the interior and opposite angle A150, therefore the 
angle AGB is equal to ABG, and the straight line AB,equal to 
AG; so that GC is the excess of BA, AC: and because the 
angle BGC is equal to GAE, that is, :o EAF, or the angle 
BAD ; and that the angle BCG is equal to the opposite interior 
angle BDA of the qiia^ilateral BCAD in the circle; therefore 
the triangle BGC is equiangular to BDA. Therefore as GC to 
CB, 80 is AD to DB; and, by periViutation, as GC which is 
the excess of BA, AC, to AD, so is B<: to BD: and the ratio 
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of CB to BD is given ; therefore the ratio of the excess of BA, 
A(J, to AD is given. 

And because the angle OBC is equal to the alternate angle 
DEB,»and the angle BCG equal to BDE ; the triangle BCG is 
equiangular to BDE; therefore as GC to CB^ so is BD to DE; 
and consequently the rectangle GC, DE is equal to the rect¬ 
angle CB, BD which is given, because its sides CB, BD are 
given : therefore the rectangle contained by the excess of BA, 
AC, aud the straight line DE is given. 


• PROPOSITION XCIX. 


( 95 , ) 


If from a given point in the diameter of' a circle given in posi¬ 
tion, or in the diameter produced, a straight line he drawn 
to anp ]x}inf in the cirannference, and from that point a 
straight line be drawn at right a7igles to ihefrst, and from 
the point in which this meets the circumference again, a 
straight line be drawn parallel to the first, the pohti in 
which this parallel meets the diameter is give/t y and the 
j'ccta?igle cont^nned bi/ the ttvo parallels is givau 


In the diameter of the circle: ABC given in position, or 
in BC produced, let tlie given point D be taken ; and from D, 
let a straight line DA he drawn to any point A iii the circum¬ 
ference, and let AE be drawn at right angles to DA ; and 
froin the point E, where it meets the circumference again, let 


EF be drawn parallel to DA meeting BC in F; the point F is 
given, us also the rectangle AD, EF. * 

Produce EF to the circumference in G, and j(nn AG : be¬ 
cause (iKA is a right angle, the straight line AG is* the 
diunictor of the circle ABC ; and 
BC is also a diameter of it; 
therefore the point II, wliorc 
tlu*y meet, is the centre of the 
circle, and consequently H is 
givenand the point 1) is given, 
wherefore DH is given in magnitude. And becansc AD is 
parallel to FG, and Gil equal to HA ; Dll is equal * to HF, 
and AD equal to (iF : and 1)11 is given, therefi»re HF is given 



in magnitude j and it is also given k ]H)sition, aud the point 
H is given, therefore * the point F is given. 

And because the strtiight line EFG is drawn from a given 
point F, without or within the circle AB(3 giAX'n in position. 


•Cor. 5.4. 
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* y5 or 1)6 therefore * the rectangle EF, FG is given; and GF is equal to 
AD, wherefore the rectangle AD, EF is given. 


( Q. ) PROPOSITION C. 

^ from a given point in a straight line given in j)osiiioHf a 
straight line be drawn to any j}oint in the circumference of 
a circle given m position ; and from tjiis point a straight 
line he drawn, making with the frst an angle equal to the 
difference of a right angle, and the anglff contained by Ike 
straight line ghen in position, and the stxaight line which 
joins the given point and the centre of the circle ; and from 
the point in which the second line meets the circuviferencc 
again, a third straight Vmc he drawn, makbig With the 
second an angle equal to that which Ihejtrsl makes with the 
second ; the point in which this third line meets the straight 
line given in position is given, as also the rectangle contain^ 
ed by the first straight line, and the segment of the third 
betwixt the circumference and the straight line given in 
position, is gwen. , 


* ^6. S. 

K I. 


Let the straight line (1) be drawn from the given point i', 
in the straight line AK given in jmsition, to the circmnfereiicc 
of the circle DEF given in j)osition, of 


which G is the centre; join CG, and from 
the point I), lei DF be drawn, making the 
angle CDF equal to the difference of a 
right angle, and the angle BCG ; and from 
the point F let FE be drawn, making tlic 
angle DFE equal to CDF, meeting AB in 
H: the point H is given; as also the 
rectangle CD, FH. 

Let CD, FH meet one another in the 
]n)int K, from which draw KL perpendi¬ 
cular to DF; and let DC meet the cir¬ 
cumference again in IH, and let FH meet 
the same in E, and join MG, GF, (Wl. 

Because the angles MDF, DFE arc* 
equal to one another, the circumferences 



MF, DE arc equal * ; and* adding or taking away the common 
part ME, the circumference DM is equal to EF; therefore the 
straight line D.'M is equal to the irtrdight line EF, and the 


angle GMD to the angle ' GFE; and the angles <tMC, (iFlI 
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are equal to one another, because they are either the same 
with the angles GMD, GFE, or adjacent to them: and because 
the angles KDL, LKD arc together equal * to a right angle, 
that is, by the hypothesis, to the angles KDL, GCB; the an¬ 
gle GCB or GCH is equal to the asagle (LKD, that is to the an¬ 
gle) I^KF or GKH: therefore the points C, K, II, G arc in the 
circumference of a circle: and the * angle ^GCK is therefore 
equal to the angle GFH: and the angle GMC is equal to GFH, 
and the straight Jine GM to GF; therefore * CG is equal to 
GH, and (’M to I^F: and because CG is equal to GH, the an- 
gle'GCH is equal to GIIC; but the angle GCH is given: there¬ 
fore GHC is given, and consequently the angle CGH is given ,* 
and CG is given in position, and the point G ; therefore * GIl 
is given in position; and CB is also given in position, where¬ 
fore the point H is given. 

And because IIF is equal to CM, the rectangle DC, FU is 
equal to DC, CM : but D(’, CM is given *, because the point 
C is given, therefore the rectangle DC, FH is given. 


*.S2. 1. 
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DEFINITIONS. 


II. This is made more explicit than in the Grech text, to 
prevent a mistake uhich the author of llu* sccoiul demon¬ 
stration of the 21th Prop, in the (Treek cditi<m has fallen 
into, of thinking that a ratio is given to uhich another 
ratio is shewn to be equal, though this <»ther be not ex¬ 
hibited in given magnitudes. See the* Notes f>n the Prop, 
which is the 13th in this edition. Uesides, bv this defini- 

w 

tion, as it is nowgivoii, some j)ropositions are denionstrateil, 
wliicli in the Greek arc not so well done by help of Proj). 2. 

U 


IV. In the Greek text, Def. 4. is thus: “ Point.s, lines, 
“ siiaces, and angles, arc said to he given in ])osition which 
“ have always the .same situationhut this is hiiperfect 
and useless, because there are innumerable cases in which 
things may be given according to this dehnition, and yet 
their position cannot he found: for instance, let the tri¬ 
angle ABC he given in position, and let it 
be proposed to draw a straight line Bl) 
from the angle at B to the opposite side 
AC, nhich shall cut off tin* angle DBC, 
which shall ho the seventh part of the 
angle AB(y; su])pose this is done, tliercfore the straight 
line BI> is invariable in its jxtsition, that is, has always the 
same situation ; for any other straight line drawn from 
the point B on cither side of BD cuts oif an angle greater 


V * 
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or less tliaii the seventh part of the angle ABC ; therefore, 
accordinj^ to this definition, the straight line BD is given 
in position, as also* the point D in which it meets the 
stfaight line AC, which is given in position. But from the 
things here given, neither the straight line BD, nor the 
point 1) can be found by the help of £luclid*s Klemcnts 
only, by which every thing in his Data |s supposed may be 
found. This definition is therefore of no use. We have 
amended it by adding, and which are either actually ex¬ 
hibited, or cjn be found,” for nothing is to be reckoned 
•given, which cannot be found, or is not actually exhibit¬ 
ed. 

The detiiiition of an angle given by position is taken out of 
the 4th, and given more distinctly by itself in the defini- 
ti(»n marked A. 

XI to XV'. The 11th and 12th are omitted, l>ecause they can- 
nol be given in Knglish so as to have any tolerable sense: 
and tlierefore, wherever the terms defined occur, the words 
wliich exj»ress their meaning arc made use of in their 
]>laco. , 

TJie 13th, 14th, ]/5tli, afe omitted, as being of no iise- 
It is to be observed in general of the data in this hook that 
^ tluiy are to be understood to bt^ given geometrically, not 
al\va\s arithnv'tieally, that is, they cannot always be exhi¬ 
bited hi numbers; for instance, if the side of a square be 
give’!, the ratio of it to its diameter is given geometrically *, 
but not i:i numbers; and the diameter is given*; but 
tluaigh the number any equal parts in the side be given, 
for e?^mple 10, the inniiber of them in the diameter cannot 
be given; and the like holds in many other cases. 

PROPOSITION I. 

In this it is shown that A is to B as C to 1), from this, that 

9 

A is to (■ as B to D, and then by ])crmulaiiou; but it follows 
directly \vithout these two steps, from 7- ii* 

PROPOSITigN II. 

The limitation added to the end of this proposition be¬ 
tween the inverted dbnfmas, is quite necessary, because with¬ 
out it the 2 >ropo 8 ition cannot always be demonstrated: For 


Dat. 
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the author having siiid Xy '' because A is given, a magnitude 

• 1 Def. " equal to it can be found * ; let this be C; and because the 

ratio of A to B fs given, a ratio which is tlie same to it can be 

• 2 Def- found adds, let it be found, and let it be the ratio of 

C to A.” Now, from the second definition, nothing more 
follows than that some ratio, suppo^sc the ratio of £ to Z, 
can be found, which is the same with the ratio of A to 15, and 
when the author supposes that the ratio of C to A, which is 
also the same with the ratio of A to B, can be* found, he ne¬ 
cessarily supposes that to the three magnitujles, E, Z, a 
fourth proportional A may be found ; but this cannot alwu]f s 
be done by the Elements of Euclid ; from whicli it is plain 
Euclid must have undcrsttiod the pnjposition under the limit¬ 
ation which is now added to his text- 
make this clear : Let A be a given angle, 
and B another angle to which A has a 
given ratio ; for instance, the ratio of the 
given straight line E to the given one Z ; 
then, having found an angle C equal 
to A, how can the angle A be found to 
which C has the same ratio tliut E has 
to Z ? Certainly no way, until it* bo 
shewn how to find an an«jlc to which a "iven an<rle has a 
given ratio, which cannot he done by Euclid’s Elcincnts, nor^ 
probably by any Geometry known in his tiuu; Therefore in 
all the propositions of tins book which depend upon this se¬ 
cond, the above-mentioned limitation must be iiuderst(M>d, 
though it be not explicitly mentioned. 

I 

PBOFOSITION V. 

Tlic order of the Proj)ositions in tlie Greek text Ijetwe<*ii 
Prop. 4* and Prop. 25. is now changed into another which is 
more natural, by placing those which are more sim])le before 
those which arc more complex ; and by placing tog(‘ther those 
which are of the same kind, some of whicli were mixed 
among others of a different kind. Thus,'Prop. 12. in tlic 
Greek is now made the 5th, and those which were tlie 22d 
and 23d arc made the 11th and 12th, as they are more siin|«le 
than the propositions concerning magnitudes, the excess of 


An example will 
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one jf which above a given magnitude has a given ratio to 
flic other, after whicli these two were placed ; and the 24tli 
m the Greek text is, for the same reason, made the 13th. 

PROPOSITIONS VI. VII. 

'I'hese arc universally true, though, in the Greek text, they 
arc demonstrated by Prop. 2. which has a limitation ; they are 
therefore now shewn witliout it. 


PROPOSITION XII, 

'In the 23d Prop, in the Greek text, which here is the 12th, 
llie words /xJj tovc olvtov; are wrong translated by Claud. 
Hardy,*in lii.s edition of Euclid's Data, printed at Paris, 
anno 1(J25, which was the first edition of the Greek text; 
and Dr Gregory follows him in translating them by the 
words, “ etsi non oasdem ”, as if the Greek had been il xati 
Tov; e^vTolc, as in Prop. 0. of the Greek text. Euclid’s 
meaning is, tiiat the ratios mentioned in the proposition must 
not be tlie same: for if tliey were, tlie proposition would 
n(»t he true. Wliatever ratio tlie ^vhole has to the whole, if 
the ratios of the jiarts of the first to the parts of the other 
be. the same with tliis fatio, one part of the first may be 
double, triple, ike. of the other ]vart of it, or have any other 
ratio to it, and consequently cannot have a given ratio to it; 
wherefore, these .Avords must be rendered by non autem, 
e*asdein but not the same ratios, as Zambertus has trans¬ 
lated them in his edition. 


PROPOSITION XIII. 

Some very ignorant editor has given a second demonstra¬ 
tion of this proposition in the Greek text, which has been as 
ignorantly kept in by Claud. Hardy and Dr. Gregory, and has 
been retained in the translations of Zambertus and others. 
Carolus Reiialdinus gives it only. The author of it has 
thougTit that a ratio was given, if another ratio could be 
shcAvii to be the same to it, though this last ratio be not 
found. But this is altogether absurd, because from it would 
be deduced that the ratio of the si^es of any two squares is 
givon, and the ratio of the diameters of any two circles, &c. 
And it is to be observed that the moderns freequently take 
given ratios, and ratios that are always the same, for one and 
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the same thing; and Sir Isaac Ne\vton has fallen into this 
mistake in the 17th Lemma of his Principia, edil^. 1713» and 
in other places; J)ut this should be carefully avoided, as it 
may lead into other errors. 

■r 

PROPOSITIONS XIV- XV. 

« 

Euclid in this book has several propositions concerning mag¬ 
nitudes, the excess of one of which above a given magnitude 
has a given ratio to the other; but hehasgivfn none concern¬ 
ing magnitudes whereof one together with a (jiven niagiiitude 
has a given ratio to the other; though these last occur as fre¬ 
quently in the solution of problems as tlie first; tlic reason of 
which is, that the last may be all demonstrated by the help of 
the first; for if a magnitude, together with a given magnitude, 
has a given ratio to another magnitude, the excess of this other 
above a given magnitude shall have a given ratio to the first, 
and on the contrary; as we have demonstrated in Prop. 14. 
And for a like reason. Prop. 15- has been added to the Data. 
One example will make the thing clear: Suppose it were to 
be demonstrated, that if a magnitude A together witli a given 
magnitude has a given ratio to an^ither niagnitudeiB, that the 
two magnitudes A and B, together with a given magnitude, 
have a given ratio to that other magnitude B; which is the 
same proposition with respect to the last kind of inagnitudos 
above-mentioned, that tlic first part of Prop. IG. in this 
edition, is in respect of the first kind; this is shewn tlius, 
from the hypothesis, and by the first part of Pr<q» 14. the ex¬ 
cess of B above a given magnitude has unto A d given ratio; 
and, tlierefore, by the first part of Prop. 17- the excess of B 
above a given magnitude has unto B and A together a given 
ratio; and by tlie second part of Prop. 14- A and B together 
with a given magnitude have unto B a given ratio; which is 
the thing that was to be demonstrated. In like manner, the 
other propositions concerning the last kind of magnitudes 
may be shewn. 

PROPOSITIONS XVL X^VIl. 

In the third part of Prqn. 10. in the Greek text, which is 
the 16th in this edition, after the ratio of KC to OB has bi^en 
shewn to be given; from this, by inversion and conversion, 
the ratio of BC to BB is demonstrated to be given; but witli- 
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out these two* stcps^ the conclusion should have been made 
only by citing the 6th Proposition. And in like manner, in 
the first parf of Prop. 11. in the Greek, which in this edition 
is the 17th, from the ratio of DB to DC being given, the ratio 
of DC* to DB is shewn to be given, by inversion and composi¬ 
tion, ^nstead of citing Prop. 7- and the same fault occurs in 
the second part of the same Prop- 11- 

PROPOSITIONS XXI. XXIT. 

These now are added, as being w'anting to complete the 
subject treated oPiii the four preceding propositions. 

PROPOSITION XXIII. 

This, which is Prop. 20. in the Greek text, was separated 
from Prop- 14.15. 16, in that text, after which it should have 
been immediately placed, as being of the same kind ; it is 
now put into its proper place; but Prop. 21. in the Greek is 
left out, as being the same with Prop. 14. in that text, which 
is here Prop. IJk 

PROPOSITION XXIV. 

'l^iis, which is Prop. 13. in the Greek, is now put into its 
pro])er place, having been disjointed from the three following 
it jii this edition, which arc of the same kind. 

PROPOSITION XXVJII. 

This, which^ in the Greek text is Prop. 25. and several of 
the following propositions, arc there deduced from Dcf. 4. 
which is i^pt sufficient, as*has been mentioned in the note on 
that definition. They are therefore now shewm more expli¬ 
citly. 

■r 

PROPOSITIONS XXXIV. XXXVI. 

Eac]^ of these lias a determination, which is now added, 
which occasions a change in their demonstrations. 

PROPOSITIONS XXXVII. XXXIX. XL. XLI. 

• 

The 35th and 36th Propositions in the Greek text are join¬ 
ed into one, which n^kes the 39th in this edition, because 
the same enunciation and demonstration serves both ; and for 
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the same reason Prop. 37- 30. in the Greek are joinet’ into 
one, which is here the 40th. 

Proposition 3j7. is added to the Data, as it frequently oc¬ 
curs in the solution of problems; and Prop. 41. is addpd, to 
complete the rest. 

PROPOSITION XI.TI. 

This is Prop. 39. in the Greek text, wliere the whole con¬ 
struction of Prop. 22. of Book 1. of the Elements input, 
without need, into the dcnionstnition, but is'now only cited. 

PROPOSITION XLV. 

This is Prop. 42. in the Greek, where the three straight lines 
made use of in the construction are said, but not shewn, to 
be such that any two of them are greater than the third, which 
is now doue. 

PROPOSITION XLVII. 

This is Prop. 44. in the Greek text; but the demonstra¬ 
tion of it is changed into another, wherein the several csiscs 
of it are shewn, which, though necessary, is not done in the 
Greek. 

r 

PROPOSITION XliVIII. 

There arc two cases in this Proposition, arising from the 
two cases of the third part of Prop. 47. oh which the 48tii 
depends; and in the comjiosition these two cases are expli¬ 
citly given. 

PROPOSITION LII. 

The construction, and demonstration of this, which is Prop. 
48. in the Greek, are made something shorter than in that 
text. 

PROPOSITION LIII. 

Prop. 63. in the Greek text is omitted, being only a case 
of Prop. 49. in that text, which is Prop. 53. in this edition. 

PROPOSITION LVIII. 

This is not in the Greek text, but its demonstraticn is 
contained in that of the first part of Prop. 54. in that text; 
which proposition is concerning figures that are given in 
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species ; this 58th is true of similar figures^ though they be 
not given in* species^ iUid as it frequently occurs^ it was ne¬ 
cessary to add it. 

PROPOSITIONS I^IX. LiXI. 

This is the 54th in the Greek ; and the 77th in the Greek, 
being the very samC with it, is left out, and a shorter de- 
moiisvration is given of Prop. <>1. 

• PROPOSITION I-»XII. 

This, which,is most frequently useful, is not in the Greek, 
and is necessary to Prop. 87- 88- in this edition, as also 
though not inentioued, to Prop. 86. 87- in the former edi¬ 
tions. Prop. 66. in the Greek text is made a corollary to it- 

PROPOSITION I-iXIV. 

This contains both Prop. 7*4- and 73- in the Greek text ; 
the first case of tlie 74th is a rejjetition of Prop. 56. from 
which it is s<yaratcd in that text by many propositions; and 
as tlxcrc is no order in these propositions, as they stand 
in the Greek, they are now put into the order which seemed 
most convenient and natural. 

demonstration of the first part of Prop. 73- in the 
Greek is grossly vitiated. Dr. Gregory says, that the sen¬ 
tences lic has inclosed betwixt two stars are superfluous, and 
ouglit to be cancelled; bnt he has not observed that what 
follows them is absurd, l>eing to prove that the ratio fsec his 
figure^ of 9KT to FK is given, which, by the hypothesis at the 
beginning of the proposition, is expressly given ; so that the 
whole of this part \vas to be altered, which is done in this 
Prop. 64- 


PROPOSITIONS LXVII. L.XVIII. 

Prop- 70. in the (Jreek text, is divided into these two, for 
the sake of distinctness; and the demonstration of the 67th 
is rendered shorter than that of the grst part of Prop. 70. in 
the Greek, by means of Prop. 23- of Book 6, of the Ele¬ 
ments. • 


E K 
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PROPOSITION LXX. 

I 

This is Prop. 02, in the Greek text; Prop. 78. in tliat 
text is only a particular ease of it, and is therefore omitted. 

Dr. Gregory, in the demonstration of Prop. 62. citf» the 
49th Prop. Kat. to prove that the i-atio of the figure AEB to 
the parallelogram* AH is given; whereas this was shewn a few 
lines before: and besides, the 49th Prop, is not applicable to 
these two figures; because AH is not given'in species, but is, 
by the step for which the citation is brought, proved to be 
given in spccics- 

PROPOSITION LXXIll. 

Prop. 83. in the Greek text is neither well enunciated nor 
demonstrated. The 73d, which in this edition is put in place 
of it, is really the same, as will appear by considering [sec 
Dr. Gregory’s edition], that A, B, P, E, in the (ircek text, 
are four proportionals, and that the proposition is to shew 
that A, which has a given ratio to E, is to^r, as B is to a 
straight line to which A has a given ratio; or, by inversion, 
that I' is to A, as a straight line to which A has a given ratio 
is to B; that is, if the proportionals be placed in this order, 
vix. r, E, A, B, that the first r is to A, to which the second 
E has a given ratio, as a straight line to which tlic third A 
has a given ratio is to the fourth B; which is the enunciation 
of^this 73d, and was thus changed tliat it might be made 
like to that of Prop. 72. in this edition, which is the 82d in 
the Greek text: and the demonstration of Prop. 73. is the 
same with that of Prop. 72. only making use of Prop, 23. 
instead of Prop. 22. of Book 5. of the Elements. 

PROPOSITION I.XXVII. 

This is put in place of Prop. 79. in the Greek text, which 
is not a datum, but a theorem premised as a Lemma !o Prop. 
80. in that text: and Prop. 79. is made Cor. 1. to Prop. 77. 
in this edition. Cl. Hardy, in his edition of tlie Data, takes 
notice, that in Prop. 80, of the Greek text, the parallel KL 
in the figure of Prop. 7/* in this edition, must meet the cir¬ 
cumference, but does not demonstrate it, which is done here 
at the end of Cor. 3, Prop. 77 - in the construction for finding 
a triangle similar to ABC. 
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PROPOSITION LXXVIII. 

The demonstration of this, which is Prop. 00. in the Greek, 
is rerfdercd a good deal shorter by help of Prop. 77- 

PROPOSITIONS LXXTX. LXXX. L.XXXI. 

These arc added to KucUd's Data, as propositions which 
arc often useful in the solution of Problems* 

•proposition bXXXII* 

Tins, which is Pro]>. (50. in the Greek text, is placed before 
the fl3d and 8*lth, which in the Greek are the i>8th and 50th, 
because the dcmojistrations of these two in this edition arc 
deduced from that of Prop. 82. from Avhich they naturally 
follow* 


PROPOSITIONS I..XXXVIII. XC, 

Dr. (iregory, in his preface to Euclid’s works, which he 
j)ublis]ied at Oxford in 1783, after having told that he had 
supplied thc^ defects of the Greek text of the Data in innu¬ 
merable places from several manuscripts, and corrected CL 
Hardy’s translation by Mr. Bernard’s, adds, that the 8(5th 
tlu'orcm, “or proposition”, seemed to be remarkably vitiated, 
but which could «not'be restored by help of the manuscripts; 
then he gives throe different translations of it in Latin,* ac¬ 
cording to wdiich he thinks it may be read ; the two first have 
no distinct meaning, and the third, which he saj^s is the best, 
though it contains a true; proj)osition, which is the 90th in 
tills editiTni, has no connexion in the least with the Greek 
text- And it is strange that Dr. Gregory did not observe, 
that, if Prop. 80. were changed into this, the demonstration 
of the 80th must be cancelled, and another put into its place: 
but the truth is, both the cniinciution and the demonstration 
of Prop. 80. are quite entire and right, only Prop. 87* which 
is more simple, ought to have been placed before it; and the 
deficiency which th? Doctor justly observes to be in this part 
of Euclid’s Data, and which, no doubt, is owing to the care¬ 
lessness and ignorance of the Greek editors, should have been 
supplied, not by changing Prop. 80. which is both entire and 
necessary, but by adding the two propositions, which are the 
88 th and 90th in this edition. 
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PROPOSITIONS XCVIII- C. 

These were communicated to me by two excellent geomc- 
tcrsj the first of them by the Right Honourable the Karl 
Stanhopcj and the other by Dr. Matthew Stewart; to which 
I have added the demonstrations. 

Though the order of the propositions has bc^en in many 
jdaces changed from that in former editions^ yet this will be 
of little disadvantage, as the ancient geometers never cite the 
Data, and the moderns very rarely. 


As that part of the composition of a problem which is its 
construction may not be so readily deduced from the analysis 
by beginners, for their sake the following example is given: 
in which the derivation of the several parts of the construc¬ 
tion from the analysis is particularly shewn that they may 
be assisted to do the like in other problems. 

PROBLEM, 

Having given the magnitude of a parallelogram, the angle of 
which ABC is given, and also the excess if the square of its 
s*de BC above the square of the side AB ; to find its sides 
and desct'ibe it, 

« 

The analysis of this is the same with the demonstration of 
the 87th Prop, of the Data, and the construction that is 
given of the problem at the end of that proposition is thus 
derived from the analysis. 

Lot EFG be equal to the given angle ABC, and because 
in the analysis it is said that the ratio of the rectangle 
AB, BC, to the parallelo¬ 
gram AC, is given by the 
62d Prop. Dat. therefore, 
from a point in FE, thc^ 
perpendicular EG is drawn 
to FG, as the ratio of FE 

to EG is tbe ratio of the rectangle AB, BC, to the parallelo¬ 
gram AC, l>y wliat is shewn at the end of Prop, 02. Next 
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tlic magnitude of AC is exhibited by majcing the rectangle 
OH eqilul to it; {ind the given excess of the square of 
BC above the square of BA, to which excess the rectangle 
CB, BB is equal, is exhibited by the rectangle IlG, GB: then, 
in the analysis, the rectangle AB, BC is said to be given, and 
this is equal to the rectangle FE, GII, because the rectangle 
AB, BC is to the parallelogram AC, as (FE tp EO, that is, as) 
the rectangle FE, GII to EG, GH; and the parallelogram AC 
is equal to the rectangle EG, Oil; therefore tlie rectangle AB, 
BC is equal to lys, GII; and consequently the ratio of the 
rectangle CB, BD, that is, of the rectangle HG, GL, to AB, 
BC, that is, of the straight line DB to BA, is the same with 
the ratio (of the rectangle OIa, GH to FE, GH, that is) of 
the straight line GL to FE, which ratio of DB to BA is 
the next thing said to be given in the analysis: from this 
it is plain that the square of FE is to the square of GL, as 
the square of BA, which is equal to the rectangle BC, CD, 
is to the square of BD : the ratio of which spaces is the next 
thing said to be given: and from this it follows, that four 
times the square of FE is to the square of GL, as four times 
the rectangle BC, CD is to the square of BD ; and by com¬ 
position, four times the square of FE, together with the 
square of Gli, is to the square of GL, as four times the rcct- 
ai^le BC, CD, together with the square of BD, is to the 
square of BD, that is * as the square of the straight lines BC, 
CD, taken together is to the square of BD, wdiich ratio is the 
next thing said to be given in the analysis: and because lour 
times the squUrc of F£ and the square of GL are to be added 
together; therefore, in t^^c perpendicular EG there is taken 
KG equal*to FE, and MG equal to the double of it, because 
thereby the squares of MG, GL, that is, joining ML, the square 
of ML is equal to four times the square of FE, and to the 
square of GL; and because the square of ML is to the square 
of GL, as the square of the straight line made up of BC and 
CD is to the square of BD, therefore * ML is to LO, as BC 
together with CD is to BD; and, by composition, ML and LG 
together, that is, pfoducing GL to N, so that ML be equal to 
LN, the straight line NG, is to GL, as twice BC is to BD; and 
by toking GO equal to the half of Sg, GO is to GL, as BC to 


BD, the ratio of which is said to be given in the analysis: ai^d 
from this it follows, tlmt the rectangle HG, GO is to IIG, GL, 


as the square of lU/ is to the rectangle CB, BD, which is equal 


^ 22 . 6 . 



422 


NOTKS ON EUCLIl/s DATA. 


to the rectangle HGj GL ; and therefore the square of nc is 
equal to the rectangle HG, GO; and BC is 'consequently 
found hy taking a mean proportional betwixt IIG and GO, as 
is said in the construction: and because it was shewn that 
GO is to GL, as BC to BD, and that now the three fir^t are 
found, the fourlh BD is found by 12. G. It was likewise 
shewn that LG i^ to FE, or (JK, as DB tp BA, and the throe 
first are now found, and thereby the fourth BA. ]\Iakc the 
angle ABC equal to EF<», and complete tho parallelogram of 
which the sides are AB, BC, and the construction is finished ; 
the rest of the composition contains the demonstration. 


As the propositions from the 13th to the 28th may be thought 
beginners to be less useful than the rest, because they 
cannot so readily see how they arc to be made use of in the 
solution of problems; on tliis account the two foll(jwing ])n>- 
Llcms arc added, to shew that they are equallv useful with tlic 
otijcr propositions, and from which it may he easily judged 
that many other problems de])end upon these pn^iositioiis. 

PROBLEM I. 

Tojlnd Ihrcc straight lines such, that the ratio of thejtrsi^o 
the second is given; and if a given straight line he taken 
fnom the second, the ratio of the remainder to the third is 
given ; also the rectangle contained hy the first and third is 
given, 

f 

Let AB be the first straight line, CD the scccmd^ and EF 
the third: and because the ratio of AB to CD is given, and 
that if a given straight line be taken from CD, the ratio of the 
•2iDat. remainder to EF is given ; therefore* the excess of the first 
AB above a given straight line has a given ra¬ 
tio to the tliird EF: let BIl be that given A_J,l_B 

straight line; therefore All the excess of AB ^ 
above it, has a given ratio to EF ; and cohsc- ' “ 

* 1 . b. qucntly * the rectangle BA, AH has a given E—T 

ratio to the rectangle AB, liF, which last rcct- NML* O 

* 2 Dat. angle is given by the hypothesis: therefore * * ^ 

the rectangle BA, AH is given, and BH the excess of its sides 

* 85 Dal. is given: wherefore the sides AB, AH are given * : And be- 
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cause the ratios of AB to CD, and of All to EF, arc given, CD 
and EF are * given, * 2 Dau 

Thk Composition.— Let the given ratio of KD to KM be 
that which AB is required to have to CD : and let DG be the 
given straight liiie which is to be taken from CD, and let the 
giveiF ratio of KM to KN be that which the remainder must 
have to EF; also let tlic given rectangle NK, KO be that to 
which the rectangle*AB, EF is required to be equal: find the 
given straiglit line BH which is to be taken from AB, which 
is done, as plainly appears from Prop. 24. Dat. by making as 
KM. to KL, so gI) to HB. To the given straight line BH, 
apply * a rectangle equal to LK, KO, exceeding by a square, * 99 . G. 
and let BA, All be its sides: then is AB the first of the 
straight lines required to be found, and by making as LK to 
KM, so AB to DC, DC will be the second : and lastljs make 
as KM to KN, so CG to EF, and EF is the third. 

For as AB to CD, so is IIB to GD, each of these ratios being 
the same with the ratio of LK to Kai ; therefore * All is to * 19* 5. 
CG, as (AB to CD, that is, as) IjK to KM ; and as CG to EF, 
so is KM to KN ; wherefore, ex a^quali, as AH to EF, so is LK 
to KN : and as the rectangle BA, AH to the rectangle BA, EF, 
so is * the rectangle LK, Ku to the rectangle KN, KO : and, * 1. 
by the construction, the rectangle BA, AH is equal to IjK, 

KO : therefore* the rectangle AB, EF is equal to the given * 14.3. 
rectangle NK, KO: and AB has to CD the given ratio of KL 
to KM; and from CD the given straight line Gl) being taken, 
the remainder CG has to EF the given ratio of KM to KN. 
g. K. n. 

PBOBLEM II. 

l^ojtnd ifircc straight lines snchy that the ratio ofihejirst to 
the second is given ; and ij* a given straight line he taken 
from the second^ the ratio of Uie remainder to the third is 
given also the sum of the squares of the Jirst and third is 
given. 

Let AB be tlie first straight line, BC the second, and BD 
the third: and because the ratio of AB to BC is given, and 
that if a given straight line be taken from BC, the ratio of the 
remainder to BD is given; tberefoft* the excess of the first ♦ S4 Da 
AB above a given straight line, has a given ratio to the third 
BD : let AE be that gfven straight line, therefore the remain¬ 
der EB has a given ratio to BD : let BD be placed at right 
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• 28 Dat. 

• S3 Dat. 

• 28 Dat. 

• 29 Ddt, 

• 2 Dat. 


{TDgles to ED, and join DE; then the triangle EBD is * ‘given 
in species ; wherefore the angle BED is given: let AE, which 
is given in magnitude, be givci/ also iii position, as also the 
point E, and the straight line ED will be given * in position: 
join AD, and because the sum of tbc squares of AB, BD, that 
is *, the square of AD is given, therefore the straight liifc AD 
is given in magnitude; and it is also given * in position, be¬ 
cause from the given point A it is drawn^ to the straight line 
ED given in position: therefore the point D, in which the two 
straight lines AD, ED given in position, cut one anotlior, is 
given *: and the straight line DB, which is*at right angles to 
AB, is given • in position, and AB is given in position, tlicre- 
fore • the point B is given: and the points A, D a-c given, 
wherefore * the straight lines AB, BD arc given: and the ra¬ 
tio of AB to BC is given, and therefore * BC is given. 

The Composition.-— Let the given ratio of F(i to OH be 
that which AB is required to have to BC, and let IIK be the 
given straight line which is to be taken from BC, and let the 
ratio which the remainder is required to hayc to BI) be the 
given ratio of HO to OJL, and place GL at right angles to FH, 
and join LF, Lll : next, as HO is to OF, so niaka UK to AE ; 



produce AE to N, so that AN be the straight line to tbc square 
of which the sum of the squares of AB, BD, is required to be 
equal; and make the angle NED equal to the angle OFL ; 
and from the centre A, at the distance AN, describe a circle, 
and let its circumference meet ED in D, and draw DB per¬ 
pendicular to AN and DM, making the angle BDM equal to 
the angle GLH. Lastly, produce BM to C, so that 3/0 be 
equal to HK ; then is AB the first, BC the second, and BD the 
third of the straight lines that were to bc,found. 

For the triangles EBD, FGL, as also DBM, LOU, being 
equiangular, as EB to BD^ so is FO to itli; and as DB to BM, 
so is LG to GH; therefore, ex <equali, as EB to BM, so is*(F(J 
12.5. to GH, and so is) AEto HK or 3IC; whureforo*, AB is to B(i, 
as AE to HK, that is, as FG to GH, that is, in the given ratio: 
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and from tlio straight line BC taking MC, which is equal to 
the given straight line HKj the remainder BM has to BD the 
given ratio of HO to*GL: and the sum of t.he squares of AB^ 

BD,.is equal * to the square of AD or AN, whieh is the given • 47. l. 
space. Q. E. D. 

t believe it would be in vain to try to deduce the prece¬ 
ding construction from an algebraical solution of the problem. 


END OF THE NOTF.S TO TUB DATA. 
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• L.EMMA 1. 

Lbt ABC be a rectilineal angle : if about the point 15 as a 
centre, and with any distance BA, a circle be describcil, mccl- 
iT'g BA, BC, the straight lines including the angle ABC in 
A, C; the angle ABC will be to four right 
angles, as the arch AC to the whole cTreum-* 
ference. 

Produce AB till it meet the circle again in 
F, and through B, draw DE perpendicular to 
AB, meeting the circle in I), E. ^ 

Sy 33. 6. Elcm. the angle ABC is to a right 
angle ABB, as the arch AC^o the arch AB; and quadrupling 
the consequents, the angle ABC will be to four riglit angles, 
as the arch AC to four times the arch AD, or to the whole 
circumference. 


B 
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. LEMMA II. 

Lot ABC be a plane rectilineal angle as \>cforc: about B 
, as a 6entrc with any two distances BD, BA, let two circles 
be described meeting BA, BC, in D, E ; A, C: 
the arch AC will be to the whole circumference 
of which it is an arfh, as the arch DE is to j;he 
whok circumference of which it is an arch. 

IJy Lemma l.»the arch AC is to the whole 
circumference o^ which it is an arch, as the 
angle ABC is to four riglit angles; and by the same Lemma 1. 
the arch DE is to the whole circumference of which it is an 
arch, as'the angle ABC is to four right angles; therefore the 
arch AC is to the whole circumference of which it is an arch, 
as the arch D£ to the whole circumference of which it is an 
arch. 

DEFINITIONS. 

I. Let ABC be a plane rectilineal an¬ 
gle ; if ab(»ut B as a centre, with 
BA any distance, a circle ACF be 
described, meeting BA, BC, in A, C ; 
the arch AC is called the measure 
of the angle ABC. 

• 

II. The circumference of a circle is supposed to be divided 
into 3(50 equal parts called degrees, and each degree liiito 
GO equal ]>arts called minutes, and each minute into GO 
equal parts called seconds, &c. And as many degrees, 
minute/, seconds, &c. as are contained in any arch, of so 
many degrees, minutes, seconds, &c. is the angle, of which 
that arch is the measure, said to be. 

ConoLijAUY. Whatever bo the radius of the circle of which 
the measure of a given angle is an arch, that arch will con¬ 
tain the same number of degrees, minutes, seconds, &c. as 
is manifest from Lemma 2. 

III. Let AB be pro(7uced till it meet the circle again in F; the Sue ft^. a. 
angle CBF, which together with^ABC is equal to two right 
angles, is culled tlic Sitppletneni of the angle ABC. 

IV. A straight line cl> drawn through C, one of the extremi- Sec fig S. 
ties of the arch AC, perpendicular upon the diameter passing 
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througlj the other extremity A, is called the Sine ot the 
arcli AC, or of the angle ABC, of which it is the measure. 

Con. The Sine df a quadrant, or of a riglit angle, is equal to 
the radius. 

See fig. s. V. The segment DA of the diameter passing through A, one 

extremity of the arch AC, between the sine CD, and that 
extremity is called the Versed Sine of the arch AC, or angle 
ABC. 

See fig. S. VI, A straight line AE touching the circle at A, one extremity 

of the arch AC, and meeting the diameter BC passing through 
the other extremity C in E, is called the Tangent of the arch 
AC, or of the angle ABC. 

See fig. S. VII. The straight line BE between the centre and the ex¬ 
tremity of the tangent AE, is called the Secajit of the arch 
AC or angle ABC. 

Cob. to Def. 4. 6. 7- The sine, tangent, and secant of any 
angle ABC, are likewise the sine, tangent, and secant of 
its supplement CBF. 

It is manifest from Def- 4. that CD is the sine the angle 
CBF. Let CB be produced till it meet the circle again in 
G; and it is manifest that AE is the tangent, and BE the 
secant of the angle ABG or EBF, from Def. 0. 7- 

Cob. to Def. 4. 5. 6. 7- I'hc sine, versed sine, tangent, and 
sqcant, of any arch, which is the measure of any given 
angle ABC, is to the sine, versed sine, 
tangent, and secant, of any other arch 
which is the measure of the same angle, 
as the radius of the first is to the radius 
of the Second- 

Let AC, MN be measures of the angle 
ABC, according to Def-1.; CD the sine, 

DA the versed sine, AE the tangent, and BE the secant, of 
the arch AC, according to Def. 4. 5. 6. 7-; and NO the sine, 
OM the versed sine, MP the tangent, and BP the secant of 
the arch MN, according to the same definitions. Since CD, 
NO, AE, MP are parallel, CD is to NO as the radius CB to 
the radius NB, and AE to MP as AB to BM, and BC o’* BA 
to BD, as BN or BM to BO; and by conversion, DA to MO 
as AB to MB. Hence the corollary is manifest: therefore, 
if the radius be supposed to be divided into any given 
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Dumber of equal parts, the sine, versed sine, tangent, and 
secant of any giveq angle will each contain a given num¬ 
ber of these parts; and, by trigonometrical tables, the 
IcAgth of the sine, versed sine, tangent, and secant of any 
angle may be found in parts of which the radius contains a 
given number; and, vice versa, a number expressing the 
length of the sine, versed sine, tangent^ and secant, being 
given, the angle of which it is the sine, versed sine, tan¬ 
gent, and socj^nt, may be found. 

VIII. The diffeftnee of an angle from a right angle, is called See fig. s. 
the complement of that angle. Thus, if BH be drawn per¬ 
pendicular to AB, the angle CBH will be the complement 

of the angle ABC, or of CBF. 

IX. Let HK be the tangent; CL or 1>B, which is equal to it. See fig.3, 
the sine; and BK the secant of CBH, the complement of 

ABC, according to Def. 4. 0. 7* HK is called the cotangent^ 

BD the cosinCi and BK the cosecant^ of the angle ABC. 

Cob. 1. The radius is a mean proportional between the tan¬ 
gent and cotangent. 

For, since yK, BA are parallel, the angles HKB, ABC will be 
^qual, and the angles KIIB, BAE are right; therefore the 
triangles BAE, KHB are similar, and therefore AE is to AB, 

^ as BH or BA to HK. 

Cor. 2. The radius is a mean proportional between the cosine 
and secant of any angle ABC. 

Since CD, AE are parallel, BD is to BC or BA as BA to Se. 

0 

PROPOSITION I. 

/fa rigAt-angled plane triangle, if the hypoihenuse be made 
radius, the sides become the sines of the angles opposite to 
them : and if either side be made radius, the remaining side 
is the tangent of the angle opposite to it, and the hypoihenuse 
the secant of the same angle^ 

u 

Let ABC be a right-angled triangle: if the 
hypothenuse BC lie made radius^ either of 
the sides AC will be the sine of the angle 
ABp opposite to it; and if eitliA side BA 
he made radius, the other side AC will he the 
tangent of the angle ^BC opposite to it, and the hypothenuse 
BC the secant of the same angle. 
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• Cor. Dc'f, 
4. of tills. 


About B, as a centre^ with BC, BA for distances^ let two 
circles CD, KA be described, meeting BA, BC, in <D, E; since 
CAB is a right'“angle, BC being radius, AC is the sine of the 
angle ABC, by def- 4. and BA being radius, AC is the tangent, ^ 
and BC the secant, of the angle ABC, by def. G. 7- 

Cor. 1- Of the hypothcnusc, a side, and an angle of a 
right-angled triangle, any two being given, the third is also 
given. 

Cor. 2. Of the two sides and an angle of a right-angled 
triangle, any two being given, the third is also given. 

PROPOSITION II. 

Tfic sides of a triangle are to one another^ as Jie sines 

of the angles ojjposiie to them* 

In right-angled triangles, tliis Proposition is manifest from 
Prop- 1. for if the hypothenusc be made radius, the sides arc 
the sines of the angles opposite to them, and the radius is the 
sine of a right angle * which is opposite to the hypothcnusc. 

In any oblique-angled triangle ABC, any tvvo sides AB, AC 
will be to one another as the sines of the angles ACB, ABC, 
which arc opposite to them. 

From C, B, draw CE, BD, perpendicular 
upon the opposite sides AB, AC, produced if 
need be. Since CEB, CDB are right angles, 

BC being radius, CE is the sine of the angle 
CBA, and BD the sine of tlic angle ACB; but 
the two triangles CAE, DAB have each a right 
angle at D and E; and likemsc the common 
angle CAB; therefore they are similar, and 
consequently, CA is to AB, as CE to DB; that 
is, the sides are as the sines of the angles opposite them. 

Con. Hence of two sides, and two angles opposite to them, 
in a plane triangle, any three being given, the fourth is also 
given. 

PROPOSITION III. 

In a •plane triangle^ the sum of any two sides is to their dtf^ 
fercnce^ as the tangent (f half the sum of the a7iglc at the 
basc^ to the tangent of half their diffc^'ence. 

Let ABC be a plane triangle, the sum'of any two sides AB, 
AC will be to their difference as the tangent of half the sum 
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of the angles at the base ABC, ACB, to the tangent of half 
their difference. • 

About A as a centre, with AB the greater side for a dis¬ 
tance, let a circle be described, meeting AC, produced in E, F, 
and^BC in D ; join DA, EB, FB; and draw FG parallel to BC, 
meeting EB in G. 

The angle EAB # is equal to the sum ofr 
the angles at the base, and the angle EFB 
at the circumfefcnce is equal to the half of 
EAB at the centec *; therefore EFB is half 
the sum of the angles at the base; but the 
angle ACB * is equal to the angles CAD 
and ADC or ABC together: therefore FAD is the difference of 
the angles at the base, and FBD at the circumference, or BFG, 
on account of the parallels FG, BD, is the half of that dif¬ 
ference : but since the angle EBF in a semicircle is a right 
angle *, FB being radius, BE, BG are the tangents of the an¬ 
gles EFB, BFG; but it is manifest that EC is the sum of the 
sides BA, AC, and <?F their difference; and since BC, FG arc 
parallel EC is to CF, as EB to BG; that is, the sum of the 
sides is to fjlicir difference, ^s the tangent of half the sum of 
tlie angles at the base, to the tangent of half their difference. 



• S2.1, t 

• 20 . s; 

•32. K 

• 1. of this. 

• 2 . 0 - 


, PROPOSITION IV. 

In any pla7ie triangle BAG, whose two sides are BA, AC, and 
base BC, the less of the two sideSf which lei he BA, w to the 
greater AC, as the radius is to the tangent of an angle; and 
the radius is to the faiigent of the excess of this a7iglc abore 
half a right rtwg’/e, as the tangent of half the sum of the 
angles B a7id C at the base, is to the tangent of half their 
difference* 

At the point A, draw the straight line 
EAD pcrpcndicnlar to BA ; make AE, AF, 
cach^qual to AB, and AD to AC ; join BE, 

BF, BD, and from D draw DO perpendicular 
upon BF. And because BA is at right an¬ 
gles to EF, and EA, AB, AF are e^ual, each 
of the angles EBA, ABF is half a right an¬ 
gle, and the wholc^ EBF is a right angle; also* EB is *4.1. 

\ The figures in the margin refer to the Elements of Euclid, unless other¬ 
wise expressed. 
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• 1 . 6 . 

• 1. of this* 


equal to BF. And since £BF:» FGD are right angles, EB is 
parallel to GD, and the triangles EBF, FGD are similar; 
therefore EB is to BF, as DG to GF, and EB being equal to 
BF, FG must be equal to GD. And because BAD is a right ^ 
angle, BA the less side is to AD or AC the greater, a*' the 
radius is to the tangent of the angle ABD ; and because BGD 
is a right angle, BG is to GD or GF, as ihe radius is to the 
tangent of GBD, which is the excess of tlie angle ABD above 
ABF half a right angle. But because EB ijJ parallel to GD, 
BO is to GF, as ED is to DF; that is, since CD is the sum^ of 
the sides BA, AC, and FD their difference as the tangent of 
half the sum of the angles B, C, at the base, to the tangent of 
half their difl^crcncc. Therefore, in any plane triangle, &c. 
Q. £. X). 


PROPOSITION V. 

In any trianglcy twice the rectangle contained by any two sUlcs^ 
is to the difference of the sum of the squares of these two 
sidesy and the square of the bascy as the ,adtus is to the 
cosine of the angle included by the two sides^ 

Let ABC be a plane triangle, twice the rectangle ABC con¬ 
tained by any two sides BA, BC, is to the difference of the sum 
of the squares of BA, BC, and 
the square of the base AC, as 
the radius to the cosine of 
the angle ABC. 

From A, draw AD perpen¬ 
dicular upon the opposite side 
BC, then * the difference of the sum of the squares of AB, BC, 
and the square of the base AC, is equal to twice the rectangle 
CBD; but twice the rectangle CBA is to twice the rectangle 
GBD, that is to the difference of the sum of the squares of 
AB, BC, and the square of AC * as AB to BD; that is *, as 
radius to the sine of BAD, which is the complement cf the 
angle ABC ; that is, as radius'to the cosine of ABC. 

PROPOSITION VI. 

In any triangle ABC, whose two sides are AB, AC, and base 
BC, the rectangle contained by half the perimetery and the 
excess of it above the base BC, is to the rectangle contained 
by the straight lines by which the half of the perimeter ex- 
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c.ecds the other two sides AB, AC, as the square of the radius 
is to the square of the tangent of half the angle BAG oppo^ 
site to iKc base. • 

Lot the angles BAG, ABC be bisected by the straight lines 
AG, BG ; and producing the side AB, let the exterior angle 
CBl? be bisected by the straight line BK, meeting AG in K; 
and from the points G, K, let there be drgvvn jwrpendicular 
upon the sides^ the straight lines 
(;i), GE, GF, KH, KL, KM. Since 
therefore * G is the centre of the 
circle inscribed iifthe triangle ABC; 

GD, GF, GE will be equal, and AD 
will be equal to AE, BD to BF, and 
CE to CF. In like manner Kll, 

Kli, K31 will be equal, and BH will 
be equal to BM, and All to AIj, be¬ 
cause the angles HBM, HAD are 
bisected by the straight lines BK, KA: and because in tin; 
triangles KCL, KCM, the sides DK, KM are equal, KC is com¬ 
mon, and KDC, KMC are right angles, Avill be equal to 
C31; since therefore BM is equal to BIl, and CM to CL ; I5C 
will be equaf to BII and CL together; and, adding AB and 
AC together, AB, AC, and BC will together be equal to All 
and Ali together : but AH, AL are equal: wherefore each of 
thorn is equal to half the perimeter of the triangle ABC : l)ut 
since AD, AE are equal, and BD, BF, and also CE, CF; AB, 
t<»gclher with FC, will be equid to half the perimeter of flic 
triangle to which AH or Ali was shewn to be equal; taking 
away therefore the common AB, the remainder FC will be 
equal to the remainder BH: in the same manner it is demon¬ 
strated, that BF is equal to Cli; and since the points B, 1>, 

G, F are in a circle, the angle DGF will be equal to the ex¬ 
terior and opposite angle FBH * ; wherefore their Imlvcs BGD, , ti. 
HBK will bo equal to one another : the right-angled triangles 
BGD, HBK will therefore be equiangular, and GD will be to 
BD, as Bll to UK: and the rectangle contained by GD, IlK, 
will be equal to the rectangle DBH or BFlJ: but since All is 
to IIK, as AD to DG, the rectangle HAD * will be to the rcct- » 
angle contained by UK, DG, or tboi rectangle BFC, (as the 
square of AD is to the square of D(}, that is,) as tlie square of 
the radius is to the square of the tangent of the angle DAG, 

F F 
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that is, the half of BAG: but HA is half the perimeter of the 
triangle ABC, and AD is the excess of the same above *HD, 
that is, above the base BC ; but BF or CL is the eicess of HA 
or AIj above the^ide AC ; and FC, or HB, is the excess of the 
same HA above the side AB; therefore the rectangle contained 
by half the perimeter, and the excess of the same above the 
base, viz. the rectangle HAD, is to the rectangle contained by 
the straight lines d>y which the half of t}\e perimeter exceeds 
the other two sides, that is, the rectangle BFG, as the square 
of the radius is to tlic square of the tangent of half the angle 
BAG opposite to the base. q. e. o. 

PROPOSITION VII. 

In a plane triangle^ the hase is to the sum of the sides as the 
difference of the sides is to the sum or difference of the seg* 
menis of the hase made hy the upon it from 

the rer/eo', according as the square of the greater side is 
greater or less than the sum of the squares of the lesser side 
and the base. 


Let ABC be a plane triangle ; if from A the vertex bt' 
drawn a straight line AI) perpendicular upon the base B(', tlie 
base BC will be to the sum of the sides BA, AC, as the differ¬ 
ence of the same sides is to the sum or difference of the Seg¬ 
ments CD, BD, according as 
the square of AC’ the greater 

side is greater or less than the 

# ® 

sum of the squares of the 
lesser side AB, and the base 
BC. 

About A, as a centre, with 
AC the greater side for a distance, let a circle be describ<‘d 
meeting AB produced in E, F, and t:B in O; it is manifest, that 



FB is the sum, and BE the difference of the sides ; and since 
AB is perpendicular to GC; GB, GB will he cqiud; conse¬ 
quently GB will he equal to the sum or difference of the seg¬ 
ments GB, BB, according as the perpendicular AB meets the 
base produced, or the base; tliat is (hy Conv. 12. 13. 2.), ac¬ 
cording as the square of AG is greater or less than the sum of 
the squares of AB, BGnbut * the rectangle GBG is equal to 
the rectangle EBF ; that is * BG is to BF, as BE is t^ BG; 
that is, the base is to the sum of the ihdes, as the difference of 


• 35. 3. 

• 16. 0. 
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the sides is to the sum or diflTerence of the segments of the base 
made by the perpendicular from the vertex, according as the 
square of the greatei»side is greater or less than the sum of the 
squares of the lesser side and the base. q. k. d. 

, PROPOSITION VIII. 

Phob.— The sum and difference oj* Iwo 7iiag^itlades being given^ 

• * to find them. 

Half the giv^n sum added to half the given difference, will 
be the greater, j^iid half the difference subtracted from half the 
siiin, will be the less. 

For let AB be the given sum, AC the greater, and BC the 
less. Let AD be half the given sum ; and to AD, DB, which 
are equal, let DC be added; then 
AC will be equal to BD and DC Pi^. 15 . D C 
together; that is, to BC, and twice ^ 

D(’ ; consequently, twice DC is the difference, and DC half 
that difference; but AC the greater is equal to AD, DC; that 
is, to half the sum added to half the difference, and BC the 
less is equal to the excess of BD, half the sum, above DC half 
the differcqpc. o- n. 


SCllOIilUM. 

^ Of the six parts of a plane triangle (the three sides and 
three angles) any three being given, to find the other three is 
the business of plane trigonometry; and the several cas^s of 
that problem may be resolved by means of the preceding pro¬ 
positions, as in the two following, with the tables annexed. 
Ill these, the solution is expresssed by a fourth proportional to 
three giVen lines; but if the given parts be expressed by 
numbers from trigonometrical tables, it may be obtained arith¬ 
metically by the common Rule of Three. 

Kotk. In the tables tbe following abbreviations are used: R. is put for the 
Radius; T. for Tangent; and S. for Sine. Degrees, minutes, seconds, 
arc wiiiton in this manner; SO" 85' 13", &c, which signify 30 degrees, S5 
minutes, 13 seconds, &c. 


FK 
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Solution of the Cases op Right-angled Triangles. 

GENERAL PROPOSITION. 

In a ri^lit-anghd triangle^ of the three sides and three angles, 
any two heing gleen besides the right angle, the other three 
may be found, except when the two artite angles are gitxii ; 
in which case the ratios of the sides are only gieen, being the 
same with the ratios of the sines of the > ingles opposite to 
them. 

It is manifest from 47- 1- that of the two sides and hypothc- 
nnso, if any two be given, the third may also be found. It 
is also manifest from 32. 1, that if one of the acute angles of 
a right-angled triangle be giv^en, the other is also given, for it 
is the complement of the former to a right angle. 

If two angles of any triangle be given, the third is also 
given, being the supplement of the two given angles to two 
riffht angles. 

O D 

The other cases may bo resolved by help of the preceding 
propositions, as in the following table : 



Case. Given. Souglit. 

1 Two sides, A B, The angles AB ; AC:: R : T, U, of 

iAC. B, C. wliieh C is the e()iii])leiiieni. 

2 AB, BC, a side The anglesi B(' : BA : : U': S, C, of 

and the hypo- B, C. jwhich B is the comjdement. 

thenuse. 

3 AB, 11, a sidt | The otlu'r! « : T, II: : BA : At:, 
land an angle, side A(^ 

4 AB and B, a The hyj>o- S, C : K :: BA ; BC. 

' side and an an- thenuse BC. 

5 I B(J and B, the 11 : S, B ; ; B(': CA, 

h y poth enu sc A C - 

and an angle. 

Th« jse five cases are resolved by Prop. 1. 
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Solution of the Cases of Oblique-angled Triangles. 


GENERAL PROPOSITION. 


In an ohlainc-anglcd triangle^ of the three sides and three an¬ 
gles^ any thrdi being ghen^ the other three may be founds 
except when the three angles are given; in which case the 
ratios of the sides are only giverty being the same with the 
ratios of the%ines of the angles opposite to them. 


i 


Given, 



A,U,iuulthcrt‘-i 

' I 

fiini <’, ;uhI llu'l 
siile AIL 


l\(\ AC 


2 AR, ACj lUid IL 
two sides and 
an anj^lc o])po- 
sitc to one of 
them. 


S, C : S, A : : AB : BC, 
and also C : S, B:: AB : 
AC. (2.) 


3 AIL A(\and A, 
tw<) sides, and 
tlie inclndod 


Tlie anglesj A(; : AB :: S, B : S, 

A and C. i(2.) This case admits of 

itwo solutions; for C may be 

I • 

greater or less than a qua¬ 
drant. (Cor, to dcf. 4.) * 


The angles 
B and C. 


angle. 


AB + AC : AB—AC: : T, 
‘Lti! : T. (3.) the 

If ^ ' 

sum and difference of the 
ingles C, Bj being given, 
.*ach of them is given. (7-) 

Otherwise ; 

BA : AC: : R ; T, ABT), 
and iiUii R : T, ABB —45^^ 

• :T, : T, (4.) 

therefore B and C art* given 
as before. (7*) 


Sco fifT. 9. 
Prop. 4. 
page 431. 
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See fig, 17. 


See fig. 18. 


See fig. n 


See fig. 18. 


Case. Given. Sought- 

4B, BC,CAths /V, B, C the 2 AC V CB : AC^q + CBq 
three sides. three angles. — ABq::R:CoS, C. .Tf 

ACq+CBq be greater than 
Allq. 

2 AC X CB : ABq—ACq 
—CBq :: K : CoS, C. If 
ABq be greater than ACq 
+ CBq. (4.) ' 

c« 

Otherwise; 

Lot AB + BC-|-ACr_2 P. 
PX(P—AB) : (P—AC)X 
(P-BC);:Uq : Tq, i C, 
and hence C is known. (5.) 

Otherwise; 

Let AD be perpendicular 
to BC. 1. If ABq be less 
than ACq-}-(;Bq. • BC : BA 
+ AC : : BA —AC : BD — 
DC, and BC the sum of BD, 
DC is given ; therefore each 
«if them is given. (7-) 

2. If ABq be greater than 
ACq + CBq. BC:BA+AC 
::BA-AC:BD + DC; and 
BC the differeimc of BD, DC-, 
is given, therefore each of 
them is given. (7.) 

And CA : CD : : II: CoS, 
C. (I.) and C being found, 
A and B are found by case 
2 or 3. 



CONSTRUCTIONS 


TRIGONOMETRICAL CANON. 


A Trigonometrical Canon is a Table, which, beginning from 
one second or one minute, orderly expresses the lengths that 
.-Very sine, tangent, and secant have, in respect of the ra¬ 
dius, which is supposed unity; and is conceived to be di¬ 
vided into 10000000 or more decimal parts. And so the 
sine tangen*^, or secant of an arc, may be had by the help 
of this table; and, contrariwise, a sine, tangent, or secant 
being gi»en, we may find the arc it expresses. Take notice 
that in the following tract, II signifies the radius, S a sine, 
■Cos. a cosine, T a tangent, and Cot. a cotangent; also ACq 
.» signifies the square of the right line AC ; and the marks or 
characters, : , ::, and are severally used to 

signify addition, subtraction, equality, proportionality^ and 
tin. extraction of the square root. Again, when the sum or 
difference’ of two quantities is between parentheses, then 
that sum or difference is to be considered as one quantity'. 


PROPOSITION 1. 

Theorem.— T/te two sides of any right-angled triangle being 

given, the other side is also givifh. 

For* ACq=:ABq-fBCq, and ACq—BCqrrABq, 
and interchangeably ACq—ABq~BCq. Whence, 
bjT the extraction of the square root, there is given Jy 
AC = v' (A Bq 4- BCq); and AB = \/ (ACq—BCq) ; / 

and BC = (ACq—ABq). - 1 


' 47. i- 
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PROPOSITION II. 

Problem .—sine DE of tht wre BD, and the iadtus CD, 

being given^ to find the cosine DF, 


The radius CD, and the sine DE, being 
given in tlic right-angled triangle CD!/, 
there will be given (by the last Prop.) 

-✓(CDq—DEq)=(CE=) DF. 

PROPOSITION III. 

ScL'iin. 20, Prob. — The sine DE of any arc DB being giren^ to jaid DM 

or BM, the sine of half the arc, 

DE being given, CE (by the last Prop.) will be given, and 
accordingly EB, which is the difference Ijctwcen the cosine 
and radius. Therefore DE, EB, being given, in the right- 
angled triangle DBE, there will be given DB, whose half DM 
is the sine <»f the arc DLrr^ the arc BD. 

PROPOSITION IV. 

f 

See tig. 20. Phob. — The sine BM of the arc BIj being given^ to find the 

sine of double that arc, ^ 

The sine B3I being given, there will be given (by Prop. 2.) 
the cjsine CI\I- Put the triangles CBM, DBE are equiangular, 
because tlie angles at E and M arc right angles, and the angle 

* 4 , at B common: wherefore* we have CB : CM : : (BD, or) 2 

BM : DE. Whence, since the three first terms of this ana- 
'ogy arc given, tlie fourth also, wliich is tlie sine of the arc 
DB, will be knomi. 

ConoLLARY. Hence CB ; 2 I’M ;; BD : 2 DE ; that is, the 
radius is to double the cosine of one half of the arc DB, as the 
subtense of the arc DB is to tlie subtense of double that arc. 
Also CB : 2 CM : : (2 BM : 2 DE : :) BM : DE ; ; .< CB : (^M. 
Wherefore the sine of an arc, and the sine of its double, being 
given, the cosine of the arc itself is given. 

PROPO.^ITION V. 

Prob. —The sines of tn^o ares BD, FD, being given, to find 
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FI, the sine of the snm^ as likewise EL, the sine of their 
differenoe* 

Lot tlio radius CD be drawn, and then C6 is the cosine of 
the arc TD, whicli accordingly is given, and draw OP through 
O parallel to DK ; also let OM, GE be drawn 
parallel to CB. Then because the triangles 
CDK, COP, CHI, F0H,F0M arc equiangulai; ; 
in the first jdace, CD : DK : : CO : OP, which, 
consequently, is known. Also we have CD : 

(’K : : FO; FM ;,aiid so, likewise, this will be 
kiiown. But because FO—EO, then will 
FM -MGzzON ; and so OP + FM= FInsinc 
of tlic stun of the arcs ; and OP—F3I : that is, OP—ON“EL = 
sine of tin* difference of the arcs: which were to be found. 

Coil. Because the differences of the arcs BE, BD, BF arc 
equal, the arc BD is an arithmetical mean between the arcs 
BE. BF. 

PROPOSITION VT. 

Tiieok.— Thr^ .son/e things heiug .sujiposcdj the radius is to See fig. 2L 
double the cosine of the mean arCy as the shic of the differ* 
ence is to* the difference of the sines of the extremes. 

For wc have CJ) : CK : : FO ; FM; whence by doubling the 
consequents, CD : 2 CK : : FO : (2 FM, or) to FG, which is the 
difiiToncc of the sines EL, FI. y. e, n. 

(h)n. 1. If the arc BD be (50 degrees, the difference the 
sines FI, EL, will be equal to the sine FO of the difference. 

P\>r, in this case, ( K is the sine of 30 degrees; the double 
whereof is equal* to the radius; and so, since CD“2 CK, • 15.4. 
we shall*have FOzzFtL And, consequenlly, if the two arcs 
BE, BF be equidistant from the arc of (50 degrees, the diflhr- 
ence of the sines will be equal to the sine of tlic difference 
FD. 

Cor. 2. Hence if the sines of all arcs distant from one 
another by a given interval, be given, from the beginning of 
a quadrant to (50 degrees, the other sines may be found by 
one addition only. • P\>r the sine of 01 degrees z= the sine of 
nO degrees + the sine of one degree; and the sine of (52 de¬ 
grees — the sine of 50 degrees + tli? sine of two degrees. Also, 
the sine <>f 03 degrees — the sine of 57 degrees + the sine of 3 
di^greos, and so on. 
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See Fig. 
Prop. 15. 4. 
of the Ele¬ 
ments. 


Cor. 3. If tlie sines of all arcs, from the beginning^of a 
quadrant to any part of a quadrant, distant from each other 
by a given intcival, be given, Ichcnce we may find the sines 
of all arcs to the double of that part. For example : Itt all 
the sines to lo degrees be given; then, by the preceding 
analogy, all the sines to 30 degrees may be found. For the 
radius is to double the cosine of 15 degrees, as the sine of 1 
degree is to the difference of the sines of 14 degrees, and IG 
degrees; so, also, is the sine of 3 degrees to the difference be¬ 
tween the sines of 12 and 10 degrees ; and so on continually, 
until you come to the sine of 30 degrees. * 

After the same manner, as the radius is to double the co¬ 
sine of 30 degrees, or to double the sine of 60 degioes, so 
is the sine of 1 degree to the difference of the sines of 20 and 
31 degrees : : sine 2 degrees to the difference of the sines of 
28 and 32 degrees:: sine 3 degrees to the difference of the 
sines of 27 and 33 degrees. But, in this case, the radius is 
to double the cosine of 30 degrees, as i to v' 3. 

For * the angle BGCrrOO degrees, as the arc IK'-, its 
measure, is a sixth pirt of the wliole circumference ; and the 
straight line IK3“R. Hence it is cAndent that the sine of 30 
degrees is equal to half the radius; and therefore, by Prop. 

2. the cosine of 30 degrees ^-j ^^^^d its 


double — \/ 3R^=H X \/3. Consequently, radius is to double 
the cosine of 30^: : R : R X %/3 :: 1 : v^3. 

A:id, accordingly, if the sines of the distances from the 
arc of 30 degrees, lie multiplied by \/ 3, the differences of 
the sines will be had. 

So, likewise, may the sines of the minutes in tli^* hcgiii- 
ning of the quadrant be found, by having the sines and co¬ 
sines of one and two minutes given. For, as the radius is 
to double the cosine of 2': : sine 1' : difference of the sines of 
1' and 3 :; sine 2’ : difference of the sines of 0' and 4‘; that 
is, to the sine of 4'. And so, the sines of the first fouy mi¬ 
nutes being given, wc may thereby find the sines of the 
others to 8', and from thence to 16', and so on. 


PROPOSITION VII. 

Theor. — In small arcs, ike sines and^ia7ignUs of ike same 
arcs are nearly lo one another, in a ratio (if cqvaliij/. 
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For!, because the triangles CED^ CBG, are equiangular, 
CE ; CB : : BD : BG. Put as the point E approaches B, EB 
will vanish in respect of the arc BD; 

equal to 

CB, and so ED will be also nearly equal to 
BO, *If EB be less than the riT o T M) oo H 
part of the radius, tj^en the difference be¬ 
tween the sine and the tangent wiU be 

;ilso less than th» ——part of the tangent. 

Cor. Since any«arc is less than the tangent, and greater 
than its sine, and the sine and tangent of a very small arc arc 
lu^arly equal; it ^follows, that the arc will be nearly equal to 
its sine: and so in very small arcs, it will be, as arc is to arc, 
so is sine to sine. 

PROPOSITION VIII. 

Prob.— 2b ihc sine the arc q /*one vihiule* 

The side of a hexagon inscribed in a circle, that is, the 
sid)tcnse of <50 degrees, is equal to the radius (by Cor. 15th of 
the 4th) ; and so the half of the radius will be the sine of the 
arc of 31) degrees. Wherefore the sine of the arc of 30 degrees 
being given, the sine of the arc of 15 degrees may be found 
(by Prop, 3.), Also the sine of the arc of 15 degrees being 
given, (by the same Prop.) we may have the sine of 7 degrees 
30 minutes. So, likewise, can we find the sine of the halPof 
this, viz. 3 degrees 45 minutes ; and so on, until 12 bisections 
being made, wo come to an arc of 52% 44^, 03% 45% whose 
cosine is nearly equal to the radius; in which case (as is ma^ 
nifest from Prop. 7*) arcs are proportional to their sines: and 
so, as the arc of 52% 44% 03^, 45% is to an arc of one minute, 
so will the sine before found he to the sine of an arc of one 
minute, which therefore will be given. And when the sine 
of one minute is found, then (by Prop. 2. and 4.) the sine and 
cosine of two minutes will be had. 

PROPOSITION IX. 

TKKt)R.— If the angle BAG, being in the periphery of a circle, 
he bisected by the right line AD, and if AB be produced 
til D£=:AD meets it in E ; then will CE:i:AB. 


whence CE will become nearly 
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A ^Fur 


* 22. S. 

* 13. 1. 

* 5 . 1 . 


Fig.23. 





In the quadrilateral figure AB1)(" the angles B 
and DCA * are equal to two right anglcsn:DCEcf 
DCA* whence^thcangle BrrlX'E. But, likewise, 
angle EzzDAC^rzDAB, and DCrrDB: wherefore 
the triangles BAD and CED arc congruous, and so 
CE is equal to \B. q. e. d. 

< PROPOSITION X. ^ 


Tiieor .—Lei the arcs AB, BC, CD, DE, EF, he equal: 
and let ihe snhienses of (he ai'CSy AB, AC, AD, AE, c^r, he 
drawn; then will AB : AC : rjAO ; AB-i-AD :; AD : AC + AE 
: :AE : AD + AF:; AF : AE + AG. 

•s 

Let AD be produced to D, AE to I, AF to K, and A(i to L, 
so that the triangles ACH, ADI, AEK, AFE, be isosceles ones: 
tlien because the angle BAD is bisected, we shall 
have DII“AB (by the last Prop.): so likewise ^ 

El—A(’, FKrrAD, also GErzAE- 

But the isosceles triangles ABC, ACII, ADI, 

AEK, AFE, because of the equal angles at^ the 
bases, arc cijulaiigular: wherefore it tvill be, as 
AF : AC': :AC : (Ail —)AB+A’l:: AD : (Alr:^ Fig?:4.\ 

AC + AE::AE: (AKz=)AD + AF :: AF : (ALrz) 

AK+A(j. V. E. IK 

CoR. 1. Because AB is to AC, as radius is to double "the 
cosine of J the arc AB (by Coroll. Prop. 4.), it will uls(» be, as 
rj\jlius is to double the cosine of J the arc AB, so is i A B : i 
AC : : J AC : i AB + 1 AD:: J AD : J AC + i A E : : J A E : i AD 
-f J AF, &c. Now let each of the arcs AB, BC, CD, ^rc. lie 
2'; then will J AB he the sine of one minute, 1 AC the sine 
of 2 minutes, J- AD the sine of 3 minutes, j AE the siue of 4 
minutes, &c. Wliencc if the sines of one and two minutes 
be given, we may easily find all the other sines in the follow¬ 
ing manner. 

Let the cosine of tlie arc of one minute, that is, the sine of 
the arc of 81) deg. (51)', bo called Q; and make the following 
analogies; K. : 2 Q;; Sin. 2': s. 3'. When*f<ire the sine 

of 3 ininut(*s will be given. Also, R. : 2 Q :: S. 3' : S. 2' + S. 4'. 
Wherefore the S. 4' is given. And K, : 2 Q ;: S. 4 : S. 3' + S. .7; 
and so the sine of 5' will be bad. Likewise, R. : 2 Q;: .■». 5' : 
S. 4'-|-S. O'; and so \ve shall have the sine of ()'. And in 
like manner, the sines of every minute of the quadrant will 


Fig 24 


• 
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be given. And because the radius, or the first term of the 
analogy^ is unity, the operations will be with great case and 
expedition calculated hf multiplication, and contracted by ad¬ 
dition. When the sines arc found to 60 degrees, all the other 
•sines may be had by addition only, by Cor. 1. Prop. 6. 

Tl^ sines being given, the tangents and secants may be S(*e fij;. ti. 
found from the following analogies ; because the triangles 
BD(o BAE, BllK, a»e equiangular, wc have • 

BI) : DC :: : AE ; that is, Cos. : S.:: R.: T. 

Ai: : BA :: UIl : UK ,• that is, T. : R.:: It.: C^ot. 

BO ; BC :: BA ? BE ; that is, Cos. : R-;: R.: Secant. 

( 1> : BC :: BlI : BK ; that is, S. : R.:: R. : Cosec. 


OF LOGARITHMS. 


Artici.k 1- The indices or cx])oneiits of a series of numbers 
in geometrical progression, proceeding from ], are also called 
th^ logaritlinis of the numbers in that scries *. Thus if a 
denote any number, and the geometrical series, 1, n*, 

&c. be produced by actual multiplication, then 1, 2, 3,^4, 
^c- are called the htgarithnis of the first, second, third, and 
fourth powerif of a respectively. Consequently, if, in the 
above, a be equal to the number 2, then 1 is the logarithm of 
2, 2 is tlifi l(»garitlnn of 4, 3 is the logarithm of B, 4 is the 
logiirithm of 16, &c. But if a be equal to 10, then 1 is the lo¬ 
garithm of 10, 2 is the logarithm of 100, 3 is the logiirithm 
of 1000, 4 is the logarithm of 10(K)0, &c. The series may be 

continued both ways from 1. Thus , 1, a', 

• (C ir a a 

<S:c. coiistituii* a series in geometrical progression, and, 
agreeable to the estahlished not.ation in algebra, the indices, 

or logarithms are, —4, —3, —2,^—1, 0, 1, 2, 3, 4, &c. If 

• 

* The ri*a(U*r ought to be acquainted with arithmetical and geometrical pr(»- 
gression and the binomial tUeoretn, before he entens on a i^rusal of any ac¬ 
count of logarithms. 
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a be equal to the number 2, tlien — 4 is the logarithm^of 

— 3 is the logarithm of — 2 is the logarithm of — 1 is 

tlie logarithm of J,, 0 is the ]ogarithnr‘of 1, 1 is the logarithm 
of 2, &c- If lot be equal to 10, then —4 is the logarithm of 
T 15 Joo> — 3 is the logarithm of — 2 is the logarithm of 

tJoj— 1 is the logarithm of0 is the logarithm of l,/m(l 1 
is the logarithm of 10, See. 

Art. 2. Fron' the above it is evident that the logarithms 
of a series of numbers in geometrical progression, constitute 
a series of numbers in arithmetical progression. Beginning 
with 1, and proceeding towards the right hand, tlie terms in 
the geometrical series are produced by multiplication, but 
their corresponding logarithms are produced by addition. On 
the contrary, beginning with 1, and proceeding towards the 
left hand, the terms in the geometrical progression are pro¬ 
duced by division, but their corresponding logarithms are 
produced by subtraction. 

Art. 3. The same observations apply to logarithms when 

I . , i 11 

they are fractions. Thus if «'* denote any niunhcr,- 

a*" 

II 1 1 1 ± 

— j —, 1, ft”, ft", ft". See. tvihstitute a series fif numbers 
« 1 

ft" ft" 

in geometrical progression, of which — v — V — V —V V 
2, 2,2, &c. arc the logaritlims; and it is evident that the as¬ 
sertions in the last article Ijold true, both with rcsj>cct to the 
numbers in geometrical progression and tlicir corresponding 
logarithms. As a and ?i may be taken at pleasure, it follows 
that numbers in very different geometrical progressions may 
have the same logarithms ; and that the same series of num¬ 
bers in geometrical progression may have different series of 
logaritlims corresponding to them. 

Art. 4. If a be an indefinitely small decimal fraction, and 
successive powers of 1 + ft be raised, then the excess of any 
power of I+ft above that immediately preceding it wall* 
be indefinitely small. Thus let a “‘OOfKlOOOOOOl, and 
then (l+ft)*=l,0()(K)000()002{)000000^ and (l + ft)= 
= l-OOOOOOOOOOSflOOOW^ ; and proceed¬ 

ing by actual multiplication to obtain higher powers of 
1'00000000001, it will be found that the difference between 
two successive powers is very small. If, instead of supposing, 
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tts above, that air-00000000001, we suppose it only one mil- 
liontn part of this value, then the successive powers of 1+a 
will difl^ from one another by much smaller decimal fractions. 

Art. ST. If, therefore, a be indefinitely small, and succes* 

• sive powers of 1+a be raised, a series of numbers in geo- 
metycal progression will be produced, of which the common 
numbers, 2, 3, 4, 5, &c. will become terms. For on every 
multiplication by l*+a, an indefinitely smaU addition is made 
to the power multiplied, and by this indefinitely small addi¬ 
tion, the next higher power is produced- Some power of 
1+a will, therefcre, be equal to the number 2, or so nearly 
equal to it that they may be considered as equal. Continuing 
the advancement of the powers of 1+a, the numbers 3, 4,5,' 
&c. for the same reasons, will fall into the series. 


Art. 6. The sum of the logarithms of any two numbers is 
equal to the logarithm of the product of the same two num¬ 
bers- Thus if 1 + a raised to the power be equal to the 
number N, and if 1 + a raised to the power be equal to 
number M, then, by the preceding articles, w is the logarithm 
of -f//)" or o.' its equal N, and for the sanni reason, m is the 
logaritlim of M. Hence it follows that n + mzz. the logarithm 
of NXM, Tor NXM— (1 a)“ (1+a)"'=z (l+a)"+"* by the 

na1;urc of indices. If the logarithm of N be subtracted from 
the logarithm of M, tlic ditference is equal to the logarithm 
of the quotient which arises from the division of M by N. 

For(1 + a)"""”, by the nature of indices. 

The addition* of logarithms, therefore, answers to the multi- 
]>lication of the natural numbers to which they belong ; and 
the subtraction of logaritlims answers to the division by the 
natural numbers to which they belong. 

Art. 7* If the logarithms of a scries of natural numbers be 

all multiplied by the same number, the several products will 

have the last-mentioned properties of logarithms. Thus, if 

the indices of all tlie powers of 1 + a be multiplied by Z, then, 

using tlie notation stated in the last article, the logarithm of 

N is nlj and the logarithm of M is ml, and the logarithm of N X 

M is nl+mh for NXM= (1+a^”' (1+«)'«* ir (l + a)”'+"*^ 

l>y4hc nature of indices. Also ml—nl n the logarithm of 

M ^ M fl+aV'* _ . „ 

Hence the products 


N 


. M (1+aV'* 

for — — — (4 + a) 

N (l+«)"^ V -r y 


m/— 
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arising from the multiplication of I into the indices of the 
powers of 1 +a, arc termed logarithms, as are also all numbers 
which have the properties stated at the end of afticlp G. It 
is on account of*thesc properties that logarithms arc so very- 
useful in calculations of the highest importance. 

Art. 8. If the indices of the powers of 1+^/, be multi¬ 
plied by //, the products arc called the hyperbolic logarithms 
of the numbers equal to the powers of 1 +i7. Thus, if ti e 
number N be equal to then na is the hyperbolic log¬ 

arithm of N; and if the number M be equal tf> (1 +«)"', then 
7na is the liyperbolic logarithm of M. Hyperbolic logarithms 
arc not those in common use, but tliov can lie calculated v«th 
less labour than any other kind, and common logarithms are 
obtained from them. 


Art. 9. If successive powers of a very small fraction 
be raised, they will successively be less and less in value. 
This truth appears most evident by putting the value in the 


form of a vulgar fraction. Thus ( uhLoo ) “I 
(1 00000 ) luooSoooouTiodboo’ 


] 


i 000000000(1 


Art. 10. Let it be required to determine the hyperbolic 
logarithm L, of any number N. 'Using the same notation as 
in the preceding articles, (l4-«)"ziN, and hy extracting tne 

root of each side of the equation, 1 -|-n=:Nl« Put 
and 1+xrrN, and then Ni rr (1 4-x)'"=:(by the binomial 


thcofem) -J- ?«x 


Vi — 


1 


2 




m —J 


m 


o 




X*r^ +&C. —1 +«. Now, as a is indefinitely small, the 
power of 1 +a, which is equal to the number N, must be in¬ 
definitely high ; or, which is the same thing, 9i must be indefi¬ 
nitely great. Consequently 7n must be indefinitely small, and 
therefore may be rejected from the expressions vi ~1, w/—2, 
3, &c. Hence 1 being taken from each side (»f the above 

, w/.r* 7v.r'^ 

equation, wc have a nwx-^ + —r-:i“ + -jr-&c. Lach 

side of this equation being divided by wc have ~ — 

7n 


I ^ 

q-n’ therefore — ~a7tzz 

^ O 4 O 7ft 

X* x^ x^ 

X—“+^0-hy|ierhulic logarithm of 
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N, by article 8 . This series, however, if « be a whole num¬ 
ber, does not converge. Let M be a whole number, and M = 

—, ^nd then x is less than 1. For, i.iultiplying both 

J. 

sides of the equation by 1— x, we have M— Mxzzl, and there¬ 
fore*!let Mrr ——=(1 4 -^)^. 

J — X 


Then we 


M 


1 


have l-fazr-=:(!— or) ^ =^(1— xy (by putting rn: 

{l^x)7 

—-) = 1— rx -P r X ’- 77 ^ Xx^ —r X — X X ar’+ &c. 
But for tlie same reasons as above, r must be indefinitely 
small, a’ld therefore maybe rejected from the factors r —1, 
r—2, r—3, &c. Consequently, taking 1 from each side of 


rx^ rx^ 




—&c. But 


Z 9 

7*X t*X* * w 

the above equation, flr=-,-rx—--^ 

« o 4 

—and therefore, dividing the left hand side of the 
equation by p and the other by—r, we have ap:z:x + - 2 ~^ 


X' 


x^ x^ 


-f-_ 4 . &c- =: the hyperbolic logarithm of M. 

O 4 A 


Art. 11. As, by the last article, the hyperbolic logarithm 
of N or 1 + 0 : IS j:— - 4 ^—t + v—& c. and as the 

is o 4 5 o 7 

hyperbolic logarithm of M or —?— is x+^ 

l~a? 2^3^4^5^(; 

4’—4 &c. the hyperbolic logarithm of NXM, or -l-T, ,,5 

7 , i—x 

equal to the sum of these two series, that is, equal to 20-4 

2^3 2^^ 

_..- 4 _- 4-^4 &c. This scries converges faster than 
either of the preceding, and its value may be expressed thus : 


x^ 


x‘ 


2x + - + ■=+ &c*)* 

« tJ o / 


Art. 12. The logarithm of 


n +1 


2/1 + 3 , , . , , (2// + 1) 

2 w +1 logarithm of -- 


«• 

2 


• (2/1+ !)'-! 


:2 X logarithm of 


For, as the addi- 
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tion of logarithms answers to tlio multiplication of the nuin* 
bers to which they belong, the logarithm of the 5iquare of any 
number, is the logarithm of the number multiplie*^. by 2. 

(2n + 2y ^ 2w -p 2 

Hence the logarithm of ^is 2 X logarithm of - —•—r- 

„ (2«+2)* (2n + \Y _(2«4-2)’^ 4m^-4-8//-k4_ 

(27/ + J ) ^ ^ (2« + J 1 ~ (2^I+T)1 — 4«^ + 4« "■ 
w*4-2w + 3 + w + 1 * 

n (« + l) n 

From the preceding articles, hyperbolic logarithms may be 
calculated, us in the folloA\'ing examples. 

E^iample I. Required the hyperbolic logarithm of 2. 

-p . w + 1 cy 1 1 I 2«H-2 4 (2//-hl)^ 

Put - ^zz.2y and then w=:J, .-t, and i 

w 2w-f-l 3 (2«-fl)^^l 

9 

In order to proceed by the series in article 11, let 




1 +.r 4 


1 


1 — 


zth* iind then J*—=► Consequently, 


X —0.14285714230 

. '5 :rO.O(X)97iai73(» 

^=0.00001189980 
5 

f"=0.00f)00017347 
7 

0.000(.‘0()0027r> 

• 7 

=0.00000008001 

Sum of the above terms - - - - 0.14384103022 

2 


W. of or or % - 0.28708207244 

® 1 —X 2 / 1-|“1 3 < 

The double of which is 0.57530414488, and answers to th(f 

first part of the expression in article 12.' 


Secondly, let 


1 -^x 9 

r—^and then 8+8 j:= 9—9ar, and x now 
1 —X o # 


is equal to —. 

J7 


Consequently, 
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X =0.05882352941 
~ =0.00006784721 

^ =0.00000014086 
5 

f =0.000000000.35 


Sum of the above terms — 


^ . (2k + 1:)' • 0 

caMT)*'=i " » 


- - 0.05889151703 

2 


0.11778303566 


which arswers to the second part of the expression in article 
12. Consequently the hyperbolic logarithm of the number 2 
is 0.5753()414488+0.11778303566-0.69314710054. 

The hy])erb<)lic logarithm of 2 being thus found, that of 4, 8, 
16, and all the other powers of 2 may be obtained by multi¬ 
plying the logarithm of 2, by 2, 3, 4, &c. respectively, as is 
evident from the properties of logarithms stated in article 6. 
Thus by multiplication, the hyperbolic logarithm of 
^ 4=:1.38e>2943G108 

• of 8 -2.07944154162 

&c. 

From the above, the logarithm of 3 may easily be obtained. 
For 4-i-“ — 4x? — 3; and therefore as the logarithm of g 

was determined above, and also the logarithm of 4, • 

From the logarithm of 4, viz. - - 1.38629436108, 

4 

Subtract the logarithm of viz. - - 0.28708207244, 
• «> 

And the logarithm of 3 is — 1.09861228864. 


IIavii»g found the logarithms of 2 and 3, we can find, by 
addition only, the logarithms of all the powers of 2 and 3, 
and also the logarithms of all the numbers which can be pro¬ 
duced by multiplication from 2 and 3. Thus, 

To the logarithi^ of 3, viz. - - - - 1.09861228864 
Add the logarithm of 2, viz, - - - 0 69314718054 

^nd the sum is the logarithm of 6 - L7817i>946918 
To this last found add the logarithm of 2, and the sum 
2.48490664972 is the logarithm of 12. 


G G 2 
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The hyperbolic logarithms of other prime numbers may be 
more readily calculated by attending to the following article- 

Aht- 13. Lf*t a, h, r, be three numbers in arikhmetical 
progression, whose common difference is 1. Let h he the 
prime number, whose logarithm is sought, and a ai>^l c even 
numbers whoso logarithms arc known, or caisily obtainechfrom 
others already computed. Then, a being the last of the 
three, and the common difference beihg 1, azzb —1, and 
(,— 6 + 1. Consequently nxeiz(6—1) (6 + 1) —1, and 

(ic + lrr:6^; and therefore zz This is a general ex- 

ac ax*. 

pression for the fraction which it Avill be 2 )ropcr to putrr 

1 + X , . . < • 

--, that the scries expressing the hyperbolic iogaritlini 

1 — 

may converge quickly- 1* or as - -—-, ac + acx zz ac 

j. ac 


+ 1— acjc—JTj and tlierefore 2flc.r-fj~l, and xzr 


2flrt* + l 


Example 2. Ilequired the hyperbolic logarithm of 5. 

11 « 
Here ozz4, cz:(5, and .rzz^:^——;Consequently, 


2a£: + l 4S> 


^^1=0.0204081632. 


.1 


,1 


3 


=0.0000028332 


a 


,5 


—zzo.ooooooooo; 

5 


Sum of the above terms - - « 0-(t2,04109071 


Log. of or a!- 0.04082i’9942 

25 

But “-7 X 8 X 3rz 25, and the addition of logarithms an- 

Rwers to tlie multiplication of the natural numbers to which 
they belong. Conse( 2 Ucntly> * 

To tlie log. of 2 ^.0.0408219942 

Add the log. of 8 . 2.07944J5422 

And also the log. of 3 « - - - - 1-098(5J 22890 

And the sum is the log. of 25 - 3.2188758^>4 
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The half of this, viz. 1.6094379127, is the hyperbolic lo¬ 
garithm of 5 ; for 5x5=25. 

Exan^lc 3, Required the hyperbolic logarithm of 7* 


•Here <*=6, c=8, and xzz. 


49 

48" 


2flc+l”97, 


1 _ crc + l 1 +x 

and-: 


ac 


l^x 


Consequently, 


=0.01030927835 
^ =0.00000036522 

i3 

i=0.00000000002 

5 


Sum of the terms ------ 0.01030964359 

2 


Log. of^. 0.02061928718 

To which add log. of 8 - - - 2.07944J54162 
And also log. of (>. 1.79175946918 


Fo^ 


49 

48 


Tlic sum is the log. of 49 - - 3.89182029798 
X 6x8=49. Consequently the half of this. 


VIZ. 


1.94%591014899, is the hyperbolic logarithm of 7; for 7x7 

=M9. 

If the reader perfectly understand the investigations and 
exainjdcs already given, he will find no difficulty in calcina¬ 
ting the hype|;bolic logarithms of higher prime numbers. It 
will only be necessary for liini, in order to guard against any 
embarrasginent, to compute them as tliey advance in succes¬ 
sion above those already mentioned. Thus, after what lias 
been done, it would be proper, first of all, to calculate the 
hyperbolic logarithm of 11, then that of 13, &c. 

Proceeding acc(»rding to the method already explained, it 
will be found that 

^ The hyperbolic logarithm of 11 is 2.397895273016 

of 13 is 2.564999357538 
of 17 is 2.833213344878 
of 111) is 2.94443iK)79941 

logarithms were invented by Lord Neper, Baron of IVler- 
chiston in Scotland. In the year 1614, he published at Edin¬ 
burgh a small quarto, containing tables of them, of the hyper- 
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bolic kind^ and an account of their construction and use*’ The 
discovery afforded the highest pleasure to mathe|naticians^ as 
they were fully^ sensible of the very great utility of lojjlirithms ; 
hut it was soon suggested by Mr. Briggs, afterwards Savilian 
Professor of Geometry in Oxford, that another kind of lo-‘ 
garithms would be more convenient, for general purposes, 
than the Jiypcrbolic. TJiat one set of logarithms may be ob¬ 
tained from another will readily appear* from the following 
article. 

Art. 14. It aj)pears from articles 1, 3, and 7^ that if all 
the logarithms of the geometrical progrAsion 1, (1 -J-g)", 
(1+g)*, (1+«)■*, (1&c. be multiplied or 
divided by any given number, the products and also the quo¬ 
tients will likewise be logarithms, for their addition or sul- 
traction w'ill answer to the multiplication or division of the 
terms in the geometrical progression to which they belong. 
The same terms in the geometrical progression may therefore 
be represented with different sets or kinds of logarithms in the 
following manner: 

1, (1 +a)\ (1 +a)% (1 +a)\ (1 +«)^ (1 (1 See. 

1,(1(l+n)^(l+n)^ (l+«)^(l+«)^ (l+«r, &c. 

1 ‘2 'A ^ ^ 

1, (1 (1 (1 -bn)"', (1 (1 (1 &c. 

In these expressions / and in denote any numbers, whole or 
fractional; and the positive value of the term in the geome¬ 
trical progression, under the same number in the index* is 
understood to be the same in each of the three series. Tlius 
if (1 be equal to 7^ then (1 + «)'^ is equal to 7^ as is also 

4 

(1 +«)»«. If (l+«)® be equal to 10,' then (1 is equal 

tj 

to 10, as is also (lH-r/)«, &c. If therefore /, 2/, 3/, &c. be 
hyperbolic logarithms, calculated by the methods already ex- 


12 3 

plained, the logarithms expressed by —» - ^ — » Sec. may be 

derived from them ; for the hyperbolic logarithm of any given 
number is to the logarithm in the last-mentioned set, of tlv? same 


number, in a given ratio- Thus 4/ : — : : 1 

7/1 • 


4.1m 


1 

/m' 


n V- ; also 



1 ^ —1 o 

^ ' 6lm~in? 




Art. 15, Mr- Briggs’s suggestion, above alluded to, was that 

1 should be put for the logarithm of 10, and consequently 

2 for the logarithm of 100, 3 for the logarithm of 1000, &c. 
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This proposed alteration appears to have met with the full 
approbation of Lord Neper; and Mr. Briggs afterwards, 
with Incredible labdbr and perseverance, calculated extensive 
tables of logarithms of this new kind, which are now called 
common logjirithms. If the expeditious methods for calcula- 
ti*ig hyperbolic logarithms ex])lained in the foregoing articles*, 
had been known to IVIr, Briggs, his trouble M-^ould have been 
comparatively trivial with that which he must have experi¬ 
enced in his operations. • 

Akt. l(i. 4t has lurii already determined that the hyper¬ 
bolic logarithiirt of 5 ^is 1.(501)4379127, and that of 2 is 

cV.()93 14710054 , and therefore the sum of these logarithms, 
viz. 2.30250509324 is the hyperbolic logarithm of 10. -If, 
therefore, for the sake of illustration, as in article 14, we 
suppose (1 +g)^ 10, and allow, in addition to the hypo- 


tliCvsis there formed, that 

m 


2 3 

m VI 


-» &c. denote common 

VI 


0 

logarithms, then (5/—2.30250500324, and - rr 1 ; and the 

m 


ratio for redi.cingthe hvperbolic logarithm ofany number to the 
common logarithm oftlie same number, is that of 2.30250509324 
to 1- 'Hius in order to find the common logsirithm of 2, 

2.30250509324 : 1 : : 0459314710054 : 0.301029995(5, the 
common logixrithm of 2. The common logarithms of 10 and 
• 2 being known, wc obtain the common logarithm of 5, by 
subtracting the common logarithm of 2 from 1, the common 
logarithm of 10 ; for 10 being divided by 2, the quotient is 5. 
Hence the common logarithm of 5 is 0.0909700044. Again, 
to find the common logarithm of 3, 2.30258509324 : 1 : : 
1.0915(512288(54: 0.4771212540 the common logarithm of3- 
Art. 17- As the constant ratio, for the reduction of hyper¬ 
bolic to common logarithms, is tliat of 2.30258509324 to 1, it 
is evident that the reduction may be made by multiplying tbc 
hyperbolic logarithm, of the number whose common logarithm 


1 


is l.y g^^5;ji5^=.J342044818. 

Thus L94591014899 the hyperbolic logarithm of 7, being 
multiplied by .4342944818, the product, viz. .8450980373* 
&c. is the common logarithm 6^ 7* 


* • Soiiic of Ihf principal particulars of tlio foregoing motliods wen- iliscover- 
cH by the ivlebrateil Tliomas Simpson. See also Mr. llcUin’s Matiiematical 
Essays publi&ticd in 17SH. 
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The common logarithms of prime numbers being derived 
from the hyperbolic, the common logarithms of other num¬ 
bers may be obtained from those so denved, merely bj, addi¬ 
tion or subtraction. For addition of logarithms, in any set 
or kind, answers to the multiplication of the natural numljcrs 
to which they belong, and consequently subtraction of lo|^- 
rithms to the division of the natural numbers. Hyperbolic 
logarithms are not^only useful as a mediup through which 
commonjogarithms may be obtained: they are absolutely ne¬ 
cessary for tinding the fluents of many fluxio^al expressions 
of the highest importance. 

It is deemed unnecessary in this place to ^ow the utilii.y 
of logarithms by examples. Being once calculated and ar¬ 
ranged in tables, not only for common numbers, but also for 
natural sines, tangents, and secants, it is manifest that a com¬ 
puter may save himself much time, and a great deal of la¬ 
bour, by means of their assistance; as otherwise multiplica¬ 
tions and divisions of high numbers, or of decimals to a con¬ 
siderable number of places, would enter into his inquiries. 

The writer of the foregoing articles now considers the de¬ 
sign with which he set out as completed. He has endeavour¬ 
ed to explain, with perspicuity, the first principle's of loga¬ 
rithms, and their relations to one 'another when of diffcrenl; 
sets or kinds; and he has laid before the young mathematical 
student the most improved and expeditious methods by which 
they may be calculated. If the reader should be desirous of 
fartiicT information on the subject, he may meet with full 
gratification by the perusal of the history of discoveries and 
writings relating to logarithms, prefixed to Dri Hutton’s 
Mathematical Tables. He will also find the Tables of Loga¬ 
rithms, contained in that volume, the most useful for ealcu- 
latioii, if in his computations he does not go beyond degrees 
and minutes: if he aims at a higher degree of accuracy, he 
will have recourse to Taylor's Tables, in which the Logarith¬ 
mic Sines and Tangents are calculated to every second of the 
Quadrant. . 

A. ROBERTSON, 

SAVILIAN fROFESSOIl OK ASTIIONOMT, 
OXFORD. 



SIWERICAL TIUGONOMETRy. 

, DEFINITIONS. 

I. Thk pole of a (jrcJc of the sphere is a ppint in the super¬ 
ficies of the spliercj from which all straight lines drawn to 
the circumfejence of the circle are equal. 

II. great circle of thfe sphere is any whose plane passes 
through the centre of the sphere, and whose centre therefore 
is the same with that of the sphere. 

« 

III. A spherical triangle is a figure upon the superficies of a 
sphere comprehended by three arches of three great circles* 
each of which is less than a semicircle. 

IV- A spherical angle is that which on the superficies of a 
sjiherc is curtained by two arches of great circles, and is 
the same with the inclination of the planes of thcise great 
circles. • 


PROPOSITION I. 

• Great circles bisect one another^ 

As they have a common centre, their common section will 
be a diameter of each \vhich will bisect them. 

PIIOPOSITION II. 

The arch of a great circle betwixt the pole and the cirenm-- 

ference of another is a quadrant* 

Let Alu: be a great circle, and D its pole: if a great circle 
DC pass through D, and meet ABC iti C, the 
aAh D(3 will be a quadrant. 

Let the great circle CD meet ABC again 
in A, and Ift AC be the common section of 
the great circles^ which will pass -iJiroiigh 
E, the centre of the sphere : join DE^ DA, 

Dt:: by Def. 1 • DA, I^C arc ccpuil, and AE, EC' are also equal, 
and DE is coinimm ; therefore* the angles DEA, I)EC are j. 
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equal; wherefore the arches DA, DC are equal, and conse¬ 
quently each of them is a quadrant, q. e. x>. ^ 

PROPOSITION III. 

JJ a great circle be described viectiug two great cifcles All, 
AC passmg through its pole A /// 15, C, the angle at the cvn~ 

^ tre of the sphere upon the circuvifvrcncefiAC.y is the same with 

the spherical angle BAC, and the arch BC is called the mea¬ 
sure of the spherical angle BAC. , 

Let the planes of the great circles AB, JVC-, intcTsect. one 
another in the straight line AI), passing 
through D their common centre: join DB, 

DC. 

Since A is the pole of BC ; AB, AC will be 
*quadrants, and the angles ADB, ADC right 
♦GDeflll. angles; therefore* the angle CT)B is the in¬ 
clination of the planes of the circles AB, AC; that is (dcf. 4-), 
the spherical angle BAC. o. e. n. 

CoROLLAKv. If through the points A, two quadrants A B, 
AC be drawn, the point A will be the pole of the great circle 
BC, passing through their extren.itles B, C. * 

Join AC, and draw AE a straight line to any other,point 
E, in BC; join DE ; since AC, AB arc quadrants, the angles 
ADB, ADC are riglit angles, and AD will he perjiendiculiii* to 
the plane of BC : therefore the angle ADE is a riglit angle, 
ami AD, DC are equal to AD, DE, each to each; there¬ 
fore AE, AC are equal, and A is the jiole of BC, by Def. 1. 
Q. E. D. 

PROPOSITION IV. 


A 



Jn isosceles spherical triangles^ the angles at the base arc 

equal. 

Let ABC be an isosceles triangle, and AC, (JB tlie^ equal 
sides; the angles BAC, AB(', at the base AB, arc equal. * 
Let D be the centre of the sphere, and join DA, DB, DC ; 
in DA take any point E, from which draw, in the plane ADC, 
the straight line EK at right angles to ED, meeting CD in F, 
and draw in the plane ADB, EO at right angles to the Vame 
•fiDef.H. ED; tlicrcfore the rectilineal angle F^O * is the inclination 
of the planes ADC, ADB, and therefore is the same with the 
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Fig.P7: 



*4. 11. 


* ’S. 11. 


sf;lierical angle BAC : from F draw FH perpendicular to DB, 
and fcormll draw, iji the plane ADB, the straight line HG at 
right angles to Hl>, meeting EG in G, and join GF. Because 
Dl> is at right angles to EF and EG^ it is 
perpendicular to the plane FEG *, and 
tlferefore the plane FEG is perpendicular 
to the plane ADJB, in which 1)E * is: iy 
the ssinie manner, the plane FHG is per- 
])Ciulicular to the plane ADB ; and therefore GF, the com¬ 
mon section of the planes FEG, FUG, is perpendicular to the 
plane ADB *;*and be<?ausc the angle FHG is the inclination * 19.11. 
of the planes BD(', BDA, it is the same with the spherical 
angle ABC; and the sides AG, CB of the spherical triangle 
being equal, tlie angles EDF, HDF, which stand upon them 
at the centre of the sphere, are equal; and in the triangles 
EDF, HDF, the side DF is common, and the angles DEF, 

DllF are right angles; therefore EF, FH are equal: and in 
the triangles FEG, FHG the side GF is common, and the sides 
EG, GH * will he equal; and therefore the angle FEG is • 47.1- 
equal to FHvi *; that is, the spherical angle BAC is equal ♦ 6.1. 
to the spherical angle ABC, 


PROPOSITION V. 


//, i)i a spherical triangle ABC, tivo of the angles BAC, ABC Sec fig. 27. 

Le eipialj the sides BC, AC, ojiposHe to them arc equal. 

Read the construction and demonstration of the preceding 
proposition^ unto tljc words, “ and the sides AC, CB*", &c. 
and the rest of the demonstration will be as follows, viz, 

AnjJ the spherical angles BAC, ABC being equal, the recti¬ 
lineal angles FEG, FHG, wliich arc the same with them, arc 
equal; and in the triangles FGE, FGH, the angles at G areTight 
angles, and the side FG opposite to two of the equal angles is 
common; therefore* EF is equal to FH; and in the right ♦26.1. 
angled triangles DEF, DHF, the side DF is common; where- 
* fore** ED is equal to DH, and the angles EDF, HDF are ♦ 47 . 1 . 
therefore equal *, and consequently the sides AC, BC, of the • 4. 1. 
spherical triangle are equal. 

^ PROPOSITION VI. 

Any ftvo sides of 41 spherical trianglp arc greater than the 

third. 
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• 20 . 11 . 


See fig. 28- 

* 21 , 11 . 


• 5. of this. 

* 6. of this. 


Let ABC be a spherical triangle: any two sides AB, BC 
will be greater than the other side AC. ^ 

Let D be the centre of the sphere: join 
DA, DB, DC- 

The solid angle at D is contained by three 
plane angles^ APB, ADC, BDC ; and * any 
two of them ADB, BDC, are greater than the 
third ADC ; that is*, any two sides AB, BC* of the spherical 
triangle ABC, are greater than the third AC. 

PROPOSITION VJI. • 

The three sides of a spherical triangle are less than a circle. 

Let ABC be a spherical triangle as before: the three sides # 
AB, BC, AC are less than a circle. 

Let D be the centre of the sphere; the solid angle at D is 
contained by tlirec plane angles BDA, BDC, ADC, wliich to¬ 
gether * are less than four right angles; therefore the sides 

AB, BC, AC together, will be less than four quadrants, that 
is, less than a circle. 

PROPOSITION Vlir. 

y 

In a spherical triangle^ the greater angle is opposite to the 

greater side; and eoneersebj. 

Let ABC be a spherical triangle: the greater angle A is op¬ 
posite to the greater side BC. 

Let the angle BAD be made equal to the 
angle B, and then BD, DA will be equal 
and therefore AD, DC are equal to BC ; but ^ 

AD, DC are greater than AC *, therefore BC is greatef than 

AC, that is, the greater angle A is opposite to the greater 
side Be. The converse is demonstrated as Prop. 19. 1. El. 

Q, £. D. 




PROPOSITION IX. 

In any spherical triangle ABC, if the sum of the sides AB, BC, 
be greater^ equals or less than a semicircle^ the internal angle 
at the base AC, will he grefiter^ equal, or less than the ex^ 
ternal and opposite BCD ; and therefore the <ium of tire 
angles A and ACB will be greater, equal, or less than two 
right angles. 
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^Let AC, AB produced meet in D. 

1. If a 6, BC be equal to a semicircle, that is, to AD; BC, 
BD w^ll 5c equal, thht is ♦, the angle D, or the angle A, will 
be equal to the angle BCD. 

If AB, BC together be greater 
tl^pn a semicircle, that is, gresxter than 
ABd, BC will be greater than BD; 
and therefore *, 4he angle D, that is, 
the angle A, is greater than the angle 
BCD. « 

3. In the ^gme manner it is shewn, that if AB, BC to¬ 
gether be less than a semicircle, the angle A is less than the 
angle BCD, And since the angles BCD, BCA are equal -to 
two right angles, if the angle A be greater than BCD, A and 
ACB together will be greater than two right angles. If A be 
equal to BCD, A and AC'B together will be equal to two right 
angles ; and if A be less than BCD, A and ACB will be less 
than two right angles, q. e. d. 

PROPOSITION X. 

Jf the at}gvlar points A, B, C q/* the S 2 )herical triangle ABC. 
. be the poles of three great circles^ these great circles by their 
intersections mil form another triangle FDE, which is called 
^ siij)j)lemcn(al to the former; that is, the sides FD, DE, EF 
are the snjyplements of the measures of the opposite angles 
C, B, A of the triangle ABC, and the measures of the angles 
F, D, E of the triangle FDE, will he the suiiplcmcnts^f the 
sales ACT, BC, BA in the iria^iglc ABC. 

Le<^ AB produced meet DE, EF, in O, M ; and AC meet 
FD, FE, in K, L; and BC meet FD, DE, in N, H. 

Since A is the pole of FE, and the circle AC passes through 
A, EF will pass through the pole of AC ♦ ; 
and since AC passes through C, the pole of mg. 

FDv ?D will pass through the jMile of AC; 
therefore the pole of A(’ is in the point F, in 
wliicli the arches DE, EF intersect each other. 

In the same manner D is the pole of BC, and 
E flic pole of AB. • 

And since F, E are the poles of AL, AM, FL and EM arc 
quadrants, and FPj, EM together, that is, FE and Mli to- 




4. of this. 


:f this. 


* 2. gf this. 
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gcther, are equal to a semicircle. But since A is the pole ,of 
ML, ML is the measure of the angle BAG, consequently FE is 
the supplement of the measure of the angle BAG. I f^’the 
same manner, ED,*I)Farc the supplements of the measures of 
the angles ABG, BGA. 

Since likewise CN, BH are quadrants, CN, BH together, 
that is, NH, BC together, are equal to a semicircle; and since 
• Mij Pis the pole ofNIi, NH is the measure of^ the angle FDE, 
therefore the measure of the angle FDE is the supplement of 
the side BC. In the same manner, it is shewn lhat the mea¬ 
sures of the angles DEF, EFD, arc the 8uppleme?its of the sides 
AB, AC, in the triangle ABC- g. e , o. 


PROPOSITION XL 

The three angles of a spherical iriangl<% arc greater than ifvo 
right angles^ and less than six right angles. 

See fig. 31. The measures of the angles A, B, C in the triangle ABC, 
together with the three sides of the supplemental triangle 
* 10 . of this. DEF, are* equal to three semicircles; but the three sides of 
•7. ofthip. the triangle FDE, 're* less than two semicircles ; therefore 
the measures of the angles A, B, C, arc greater than a semi¬ 
circle ; and hence the angles A, B, C are greater than two 
right angles. 

All the external and internal angles of any triangle are 
equal to six right angles; therefore all the internal angles arc 
less than six right angles. 

PROPOSITION XII. ^ 

If from any point C, which is not the pole of the great circle 
ABD, there he drawn arches of great circles CA, CD, CE, 
* GF, the greatest of these is CA, which 2 )asscs through II, 
the pole of ABD, and CB, the remainder of ACB is the leasts 
and of any others CD, CE, CF, ^c*. CD, which is ncafer to 
CA, is greater than CE, which is more remote. 

Let the common section of the planes of the great circles 
ACB, ADB, be AB ; and froth C, draw CG perpendicular to 
• 4 Def. 11. AB, which will also he perpendicular to the plane ADB *; 
join GD, GE, GF, CD, CE, CF, CA, CB. 
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pf all the straight lines drawn from G to the circumference 
ADB, OA is the greatest, and GB the least * ; and GD, which ' 7- S. 
is neaj'r to GA, is greater than GE, which 
is more remote- The triangles CGA, CGD 
are right-angled at G, and they have the 
coRimon side CG ; therefore the squares of 
CO, GA together, that is, the square of CA 
is greater than th« squares of CG, GD to¬ 
gether, that is^thc square of CD : and CA 
is greater thax CD, and therefore the arch CA is greater than 
CD. In the sa«ic manycr, since GD is greater than GE, and 
Gl? than GF, &c- it is shewn that CD is greater than CE, 
and CE than CF, S:c., and consequently, the arch CD greater 
^thau tne arch CE, and the arch CE greater than the arch CF, 

&c. And since <jA is the greatest, and GB the least of all 
the straight lines drawn from (5 to the circumference ADB, it 
is manifest that C-A is the greatest, and CB the least of all the 
straight lines drawn from C to the circumference : and there¬ 
fore the arch CA is the greatest, and CB the least of all the 
circles drawn through C, meeting ADB. q , f ,, d. 

j 

, rnoPOSiTiON xiii. 

In a right-angled spherical trianglcy the sides arc of the same 
affectum with the opposite angles; that isy if the sides be 
• greater or less than quadraniSy the op^wsiie angles rvill be 
greater or less than right angles. 

Let ABC be a spherical triangle, right-angled at A: any 
side AB, wiH be of the same affection with the opposite angle 
ACB. 

Case 4. Let AB be less than a quad¬ 
rant, let AE be a quadrant, and let 
EC be a great circle passing through 
E, C. Since A is a right angle, and 
AE a quadrant, £ is the pole of the 

greaPcircle AC, and ECA a right angle; but EGA is greater 
- than BCA, therefore BCA is less than a right angle. Q, e. d. 

Case 2. Let AB^ be greater than a 
quadrant, make AE a quadrant, and 
let^a great circle pass through C^ E, 

ECA is a rig&t angle as before, and 
BCA is greater thdn ECA, that is, 
greater than a right angle, q. k. o. 
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PROPOSITION XIV. 

K 

If the two sides of a right-angled spherical triangle ht of the 
same affectioUj the hifpothenusc mil be less ihan a quadrant ; 
and if they be of different affection, the hypothenuse mil be 
greater ihan a quadrant, 

'■ Let ABC he a r>j;ht-angled spherical triangle: if the two 
sides AB, AC be of the same or of different affection, the 
hypothenuse BC will be less or greater than a ^ladraiit. 

See fig. 33. Case 1. Let AB, AC be each less than, a quadrant- Let 

AE, AGr be quadrants -; G will be the pole of AB, and E the 
pole of AC, and EC a quadrant; but by Prop. 12, CE is 
greater than CB, since CB is farther off from COD than CE. 
In the same manner it is shewn, that CB in the triangle CBI), 
where the two sides CB, BD are each greater than a quadrant, 
is less than CE, that is, less than a quadrant, o* 

See fig. 34. Case 2. Let AC be less, and AB greater than a quadrant; 

then the hypothenuse BC will be greater than a quadrant: for 
let AE be a quadrant, then E is the pole of AC, and EC will 
be a quadrant. But CB is greater than CE by Prop. 12, since 
AC passes through the pole of ABD. q . e. n. 

PROPOSITION XV. 

If the hypothenuse of a right-angled spherical triangle be 
greater or less than a quadra7it, the sides will be of different 
or the same affection. 

This is the converse of the preceding, and demonstrated in 
the same manner. 


PROPOSITION XVI. 


In any spherical triangle ABC, if the perpendicular AD from 
A, on the base BC,fall within the triangle, the angles B and 
C at the base will he of the same affection ; and if the per¬ 
pendicular fall without the triangle, the angles B and C will 
be of different affection. 


13. of this. 


1. Lot AD fall within the triangle; th^;n*^, 
since ADB, ADC arc right-angled spherical tri- ^ 
angles, the angles B, C must each be of the same 
affection as AD. 





13. of this 2. Let AD fall without the triangle, then * the angle B is 
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of Ulo same ^iffection as AD ; and by the same 
the ang^c ACD is of the same affection to AD; 
therefoi% the angle ACB and AD are of different 
affection, and the Angles B and ACB of different 
' affectios. 

Ofiiu Hence if the angles B and C be of the 
same affection, the perpendicular will fall wdthin 
the base; for, if if did not*, B and C would be of different • 
affocCion. And if the angles B and C be of opposite affcctiun, 
the ]>erpendicufar will fall without the triangle; for, if it did 
not^ the angled B and'C would be of the same affection, *ic. ofth'w, 
contrary to the supposition. 

i ^ PROPOSITION XVII. 

In right^-art^led spherical IriangleSj the sine of either of the 
sides aboHt the right angle^ to the radius of the sjiherc^ as 
the tangent of the remaining side is to the tangent of the 
angle ojyposite to that side. 



Let ABC bo a triangle, having the right angle at A; and 
let AB he either of the sides : the sine of the side AB will be 
to the radiu:j(^ as the tangent'of the other side AC to the tan¬ 
gent of the angle ABC, opposite to AC. 

Let D be the centre of the sphere; join Al), BD, CD, and 
lct*\K be drawn perpendicular to BD, which therefore Avill 
be the sine of the arcli AB; and from the 
point E, let there be drawn in the plane 
BDC, the straight line KF at right angles 
to BD, meeting DC in F, and let AF he 
joined. Since therefore the straight line 
DE is at right angles to both KA and EF, 
it will also be at right angles to the plane 
AEF * ; wherefore the plane ABD, which 
passes through DE, is perpendicular to the plane AEF*, and • la. ll. 
the plane AEF perpendicular to ABD : the plane ACD or AFD 
is tUso perpendicular to the same ABD; therefore the common 
section, viz. the straight line AF, is at right angles to the 
plane ABD*; and FAB, FAD are right angles*; therefore •J9.li. 
AF is the tangent of the arch AC, and in the rectilineal tri- * ^ 
angIe*AEF having a right angle at A, A£ will be to the radius 
as AF to the tangent o^thc angle AEF*; but A£ is the sine 
of the arch AB, and AF the tangent of the arch AC, and the 

U 11 
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*6Def. 11. angle AEF is the inclination of the planes CBTX, ABT)\ or 
the spherical angle ABC: therefore the sine of the arch AB 
is to the radius, <is the tangent of the arch AC to the tangent 
of the opposite angle ABC- * # 

Con. 1. If therefore of the two sides, and an ang’e oppo- “ 
site to one of them, any two be given, the third will aUo be 


given. ^ 

Cor. 2. And since by this proposition the sine of the side 
AB is to the radius, as the tangent of the other side AC fo the 
tangent of the angle ABC opposite to that side; and as the 
radius is to the cotangent of the angle ABC,^so is the tangent 
•Cor.2Def. .of the same angle ABC to the radius *, by equality, the sine 
VI Tngr. AB is to the cotangent of the angle ABC adjacent 

to it, as the tangent of the other side AC to the radius. i 


PROPOSITION XVIII. 


In right-angled spherical triangles, the sine of the hypolhenuse 
is to the radius, as the sine of either side is to the sine if 
the angk opposite to that side, ^ 

See fig. 37. Let the triangle ABC be right-angled at A, and let AC be 
either of the sides: the sine of the hypothenuse BC will be 
to the radius, as the sine of the arch AC is to the sine of the 
angle ABC, 

Let D be the centre of the sphere, and let CG be drr.wn 
perpendicular to DB, which will therefore be the sine of the 
hypothenuse BC; and from the point G, let there be drawn 
in the plane ABD, the straight line GH perpendicular to 1>B, 
and let CH be joined; CH will be at right angles to the plane 
ABD, as was shewn in the preceding proposition of tjie straight 
line FA: wherefore CHD, CHG are right angles, and CII is the 
sine of the arch AC; and in the triangle CHG, having the right 
angle CHG, CG is to the radius as CH to the sine of the angle 

• 1. PL Trig- CGH *: but since CG, HG are at right angles to DGB, which 

is the common section of the planes CBD, ABD, tl\e angle 

• 6 Def. 11. CGII will be equal to the inclination of these planes *, thaf 

to the spherical angle ABC- The sine jthcrefore of the hypo¬ 
thenuse CB, is to the radius as the sine of the side AC is to 
the sine of the opposite Single ABC- o, e. z>. 

Cob. Of these three, viz. the hypothenusfc, a side, aVid the 
angle opposite to that side, any twe being given, the third 
also is given by Prop. 2. 


•A 
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PROPOSITION XIX. 

w * ^ 

hi ri^ht-angled f^herical triangles^ the cosine of the hypo-- 
ihenuse is to the radius^ as the cotangent of either of the 
ajfgles is to the tangent of the remaining angh. 

liOt ABC be a spherical triangle, having a right angle at A : 
the cosine of the h’yjiothcnuse BC will be to the radius, as the 
cotangent of the angle ABO to the tangent of the angle ACB. 

Describe th? circle DE, of which B is the pole, and let it 
meet AC in F, %nd theeircle BC in E ; and since the circle 
BD passes through the pole B of the circle 
DF, DF^will also pass through the j)ole of 
%?D. (13. 15. 1-Thcod, Sph.) And since 
AC is perpendicular to 1>B, AC w'ill also 
pass through the pole of BD ; wherefore 
the pole of the circle BD will be found in 
tlic point where the circles AG, DE meet, 
that is, in the point F: the arches FA, 

FD arc therefok>c quadrants, and likewise the arches BD» BE; 
in the triangle CEF, right-angled at the point E, CE is the 
C 0 Tnplemcnt*of the hypothcKuse BC of the triangle ABC, EF is 
the complement of the arch ED, which is the measure of the 
angle ABC, and FC the hypothenuse of the triangle CEF, is 
tl]« complement of AC, and the arch AD, which is the measure 
of the angle CFE, is the complement of AB. 

But * in the triangle CEF, the* sine of the side CE is*to 
the radius as the tangent of the other side is to the tangent of 
the angle ECF opposite to it, that is, in the triangle ABC, the 
cosine of the hypothenuse BC is to the radius, as the cotangent 
of the angle ABC is to the tangent of the angle ACB. q. k. d. 

Cor. 1. Of these three, viz. the hypothenuse and the two 
angles, any two being given, the third will also be given. 

Coiu 2. And since by this proposition the cosine of the 
hy}M)thcnusc BC is to the radius, as the cotangent of the angle 
ABC' to {he tangent of the angle ACB ; but as the radius is 
to the cotangent of the angle ACB, so is the tangent of the 
same to the radius ^; and, ex sequo, the cosine of the hypo- 
thenusc BC is to the cotangent of thm angle ACB, as the cotan- 
gcnt*of the angle ABC to the radius. 
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PROPOSITION XX. 

r f 

In r\ght~angltd^ fiphcncal triangles^ the cosine of untangle is 
to the rarf/Ms, as the tangent of the side adjacent to that 
anglcy is to the tangent of the hypofhvnuse, “ 

t. 

Tlic same construction remaining ; in the triangle CEF 
the sine of the siUe £F is to the radius, the tangent of the 
other side CIE is to the tangent of the angle CFE opposite t(» 
it; that is, in the triangle ABC, the cosine of the angle ABC 
is to the radius as (the cotangent of the hypothenuse BC to 
the cotangent of the side AB, adjacent to ABC, or as) the tan¬ 
gent of the side AB to the tangent of the hypothenuse, since 
the tangents of two arches arc reciprocally proportional 
their cotangents *. 

Cor. And since by this proposition, the cosine of the angle 
ABC is to the radius, as the tangent of the side AB is to the 
tangent of the hypothenuse BC ; and as the radius is to the 
cotangent of BC, so is the tangent of BC to the radius; by 
equality, the cosine of the angle ABC will be to the cotangent 
of the hypothenuse BC, as the tangent of the side AB, adja¬ 
cent to the angle ABC, to the ra lius. • 


PROPOSITION XXI. 

In right-•angled spherical triangleSy the cosine <f either oftdhe 
sides is to (he radius, as (he cosine of the hypothenuse is to 
"the cosine of the other side. 

Sec fig, 38. The same construction remaining; in the triangle CEF, the 

sine of the hyjmthenuse CF is to the radius, as the sine of the 

• 18 of this, side CE to the sine of the opposite angle CFE tha^ is, in the 
triangle ABC, the cosine of the side CA is to the radius, as the 
cosine of the hypothenuse BC to the cosine of the other side 
£A. Q, E. D, 

PROPOSITION XXII. 

• * • 

In right-angled spherical triangles, the cosine of either of thii 
sides is to the radius, as the cosine of the angle opj)osife to 
that side is to the sine of the other angle. 

Sea fig,38. The same construction remaining; in the triangle CEF, the 
sine of the hypothenuse CF is to the r&dius, as the sine of the 
side EF is to the sine of the angle ECF opposite to it; that is, 

/ 
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in liic triangle ABC, the cosine of the side CA is to the 
radius, fis Uie cosine the angle ABC opposite to it, is to 
the siiii? of the other angle. ' v* Js. /). 

4 


OF T^IE CIRCULAR FARTS. 

In any right-angled spherical triangle ABC, the complement 
of the hypothenuse, the complements of the angles, and the 
two jiidcs, are called the dircuiar parts of (he triangle, as if it 
were following each other in a circular order, from whateven 
nart wrt begin; thus, if we begin at the complement of the 
Lypothenuse, and proceed towards the side BA, the parts 
following in order will be the complement of 
the hypothenuse, the complement of the angle Fig.39. 

B, the side BA, the side AC, (for the right angle 
at A is not reckoned among the parts,) and, 
lastly, the complement of the angle C. And 
thus, at whatever part we begin, if any three of these five be 
taken, they citlier will be all contiguous or adjacent, or one of 
them will not he contiguciis to cither of the other two: in the 
first case, the part which is between the other two is called the 
Middle part, and the otlicr two arc called Adjacent extremes, 
IiA*thc second case, the part which is not contiguous to either 
of the other two is called the Middle pari, and the other two 
Opposite extremes. For example, if the three parts be the 
complement of the liypothenuse BC, the complement of the 
angle B, and the side BA ; since these three arc contiguous 
to each other, the complement of the angle B will be the 
middle part, and the complement of the hypothenuse BC and 
the side BA will he adjacent extremes: but if the comple¬ 
ment of the hypothenuse BC and the sides BA, AC be taken, 
since tlie complement of the hypothenuse is not adjacent to 
cither *of the sides, viz. on account of the complements of the 
,two angles B and (’ intervening between it and the sides, the 
complement of tlie Jiypothoinisc BC will he the middle part, 
and thq sides BA, AC opposite extremes. The most acute and 
ingenious Raron Naj>er, the invciXor of Logvirithms, con¬ 
trived the tv'rt) following rules eoncerniug these parts, hy 
means of which all tlic cases of right*-angled spherical tri¬ 
angles arc resolved with the greatest case. 
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RULE L 

The rectangle cor^tained by the radius and the sine of t{c mid¬ 
dle part, is eqzial to the rectangle contauml by the tangents 
of the adjacent part, ^ 

RULE II. 


The rectangle coitltined by the radhis and tke svie of the mid¬ 
dle part, is equal to the rectangle contained by the cosines 
of the opposite parts, « 

These rules are demonstrated in thfc followfng manner:* 
First, let either of the sides, as BA be the middle part, and 
therefore the comjdenient of the angle B, and the side A(!, 
will be adjacent extremes. And by Cor. 2. 

Prop. 17. of this, S, BA, is to the Co-T, B, as irig4o 
T, AC is to the radius, and therefore R X S, 

BA=:Co.T, BXT, AC. 

The same side BA being the middle part, 
the complement of the hypothcniise, and the complement of 
the angle C, are opposite extremes: and by Prop. 18, S, BC 
is to the radius, as S, BA to S, 0; therefore II XS, BAizS, 
BC X S, C. . * 

Secondly, let the complement of one of the angles, as B, 
bo the middle part, and the complement of the hypothcniise, 
and the side BA will be adjacent extremes: and by Ctir. 
Prop. 20. Co-S, B is to Co-T, BC as T, BA is to the radius, 
and*therefore RxCo-S, B:rCo-T, BCXT, BA. 

Again, let the complement of the angle B be tlic middle 
part, and the complement of the angle C, and the side AC 
will be opposite extremes: and by Prop. 22. Co-S„AC is to 
the radius, as Co-S, B is to S, C; and therefore R X Co-S. Bz: 
Co-^, ACXS, C. 

Thirdly, let the complement of the hypothcniise be the 
middle part, and the complements of tlie angles B, C,, will be 
adjacent extremes: but by Cor. 2. Prop. 19. Co-S, Bt is to 
Co-T, C as Co-T, B to the radius: therefore RXCo-S, BC= « 
Co-T, CXCo T, B. 

Again, let the complement of the hypothcnusc be the mid¬ 
dle part, and the sides Afti, AC will be opposite extremes: 
but by Prop. 21. Co-S, A(' is to the radius, fts Co-S, iffc to 
Co-S, BA; therefore RXCo-S, BCz;Co-S, BAX Co-S, AC, 

V. £. i). 
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Sol'^jtiDn of the Sixteen Cases of Right-angled 
* Spherical Triangle^: 


liENERAL PROPOSITION. 


hi a ri^hhan^lcd Spherical iriatigk, of the three sides and 
three anghs^ amp two bemg given, besides the right angle, 
the other thr^c map bejmnd. 

In the following Tables the solutions are derived from the 
I prcce&ing propositions. It is obvious that the same solutions 
may be derived from Baron Naper’s two rules above demon¬ 
strated, which, as they are easily remembered are commonly 
used in practice. 


Case. Given. Sought. 


J AC, C 



jK;CoS, AC::iS, C : (US, B ; and R Isj See Hg 40. 
if the same species with CA, by 22. 
lUid 13. 


AC, R fAC : R:: Co8, B : S, C ; by^ 22. 

S, C : CoS, B :: R : CoS, AC^; by 22. 
B, C AC and AC is of the same species with B. 

13. 


BA, AC 


R : CoS, BA :: CoS, AC : CoS, lU’. 21. 
And if both AB, AC be greater or less 
tha]] a quadrant, BC will be less than a 
quadrant. But if they be of different 
affection, BC will be greater than a qua¬ 
drant. 14. 


BA, BC 



CoS, BA ; R :: CoS, BC : CoS, AC. 21. 
And if BC be greater or less than a 
jquadrant, BA, A(' will be of different 
lor the samit^ affection. 15. 


BA, AC 


S, BA:R::T,CA:T,B. 17. AndB 
is of the same affection with AC. 13. 
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Case. Given. SougliU 

Hi H 1 Af R : 1*A : : T, U : T, AC. X7. Ami 

ijA, 15 ! Al/ -Cl n* • • 1 ' TO 

A(" IS of the tiiRie aifcction witli 15e 

8 I B 1 BA T, B : K :: T, CA :% BA. 17.^ 

U : CoS, C :: T, BC : T, CA. 20. ifj 
BC, C ; AC’ grevater than a quadrant, 

C and B will be of the same or different 
laffection. ]/>. 18. | 

CoS, C : 11 ;: T, AC : T, J5C. 20. And 

10 AC C ■ BC greater than a quadraiit, 

* ' according as C and A or C and B are ofi 

c’ I 

the same or different afflictions. 14. If). 


BC, CA ; 


12 BC, B ; AC 


T, BC : B :: T, CA : CoS, C. 20. If 
BC; be less or greater tluui a quadrant, 
(■A and An, and therefore (!A and C 
are of the same or different uffectimis. 

ir>. i 

!U : S, BC :: S, B ; S, A(\ 18. And AC 
iis of the same uifection with B. , 


13 AC. B ; BC 1 S, B : s, AC :: II : S, BC. 13. 

* 1 t 


14 ! BC, AC 


B, C 


BC, C 


js, BC : R :: S, AC : S, B. 18. And B 
,is of the same affection with AC. i 

T, C : H :: CoT, B : CoS, BC. IS). And 
jaccording as the angles B and C arc of 
jdifferent or tlie same affection, IK) will 
il>c greater or less than a quadrant. 1 4. 

R : CoS, BC :: T, C ; CoT, B. 15). If 
^ iBC be less or greater than a quadrmt,! 

C and B will be of the same or different! 

* 

affection. 15. * I 


The second, eighth, and thirteenth cases, which are com¬ 
monly called ambiguous, admit of two solutions: fur in these 
it is not determined, whether the side or measure of the angle 
sought be greater or less than a quadrant. 
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PROPOSITION XXIII. 

Jn spherical iriangles, whether right-ajigVed or obUipic^aygleilj 
the. sines of the sides are proportional to the sines of the 
gt^s opposite to them. 


9 

F'irst, let ABC be a right-angled triangle^ having a right ^See^g. 40. 
angle at A; therefore, by Prop. 13. the sine of the hypothe- 
iiuse Bl' is to the radius (or the sine of the right angle at A) 
us the sine of the side AC to the sine of the angle B. And 
in like munnei, the sine of BC is to the sine of the angle A, 
as the sine of AB to tlie sine of the angle C ; wherefore * fhe • 11- 5. 
sine pf tlie side AC is to the sine of the angle B, as the sine 
of AB to the sine of the angle C. 

Secondly, let BCD be an oblique-angled triangle, the sine 
of either of the sides B(b 'vill be to the sine of either of the 
other two C-1), as the sine of the angle D op- 


jjosite to BC is to the sine of the angle B op- C 

]MJsite to the side Cl). Through the point C, 
h*t tliere bc-^ilrami an arcli of a great circle 
CA perpendicular upon BD ; and in the 
right-anj5i-*d triangle ABC ^ the sine of BC is 
to the radius as the sine of AC to the sine of 
the angle B ; and in the triangle AI)(: (by 18. 

^if this) : and, by inversitin, the radius is to 
the sine of DC as the sine of the angle D to 
the sine of AC: therefore, ex requo pertur- 
bato, the shie of BC is to the sine of DC, as the sine of the 
angle D to the sine of the angle B. B. 



* 18. of this. 


PROPOSITION XXIV. 

Jn oMi(]ue.~a7igled spherical irianglcSy having drawn a perpen^ 
dicnlar arch from any of the ajigles upon the opposite sidcy 
iha cashies of the angles at iJic base arc projjorlional to the 
sin^s of the r^ertical angles. 

Let B(l> be a triangle, and the arch CA perpendicular to Sec fig. 41. 
the base BD ; tin? cosine of the angle B will be to the cosine 
of tKc angle D, as the sine of tlie^angle BCA tto he sine of the 
asglc* DCA.^, 

, P'or by 22. the cpsinc of the angle B is to the sine of tlie 
angle BCA us (the cosine of the side AC is to the radius; that 
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is, by Prop. 22. as) the cosine of the angle D to tl\e sine of 
the angle DCA ; and, by permutation, the cosine of the rfigle 
B is to the cosine of-•the angle D, as the sine of the angle liCA 
to the sine of the angle DCA. q, e. d. * » 


See fig. 41. 
and 


■). of 
oft 


See %. 41. 
and 42. 


See fig. 41. 
and 42. 


IDe 


PROPOSITION XXV. * 

The same things ranainvig, the cosines of' ihs sides BC, CD, 
are proimTwnal to the cosines of the bases BA, AD. 

Fur by 2]. the cosine of BC is to the cosine ^f BA, as (the 
cosine of AC to the radius; that is, by 21. as) the cosine '’-f 
(JD‘ is to the cosine of AD: wherefore, by permutation, the 
cosines of the sides BC, CD are proportional to the cosin*!ls of 
the bases BA, AD. q. £. i). 

PROPOSITION XXVI. 

The same construction remaining^ the sines of the bases BA, 
AD are reciprocally proportional to the tangents of the an-- 
gles B and D at the basCm ^ 

For by 17- the sine of BA is to the radius, as the tangent 
of AC to the tangent of the angle B; and by 17- and inver¬ 
sion, the radius is to the sine of AD, as the tangent of D to 
the tangent of AC : therefore, ex acqvo perturbato, the sine of 
BA is to the sine of AD, as the tangent of D to the tangent of 
B, Q. £. n. 

PROPOSITION XXVII. 

t 

The cosines (f the vertical angles arc recij)rocally i^Toportional 

to the tangents if the sides. • 

For by Prop. 20. the cosine of the angle BCA is to the ra¬ 
dius as the tangent of CA is to the tangent of BC; and by the 
same Prop. 20, and by inversion, the radius is to the cosine 
of the angle DCA, as the tangent of DC to the tangent of JJA: 
therefore, ex aiquo perturbato, the cosine of the angle licA is 
to the cosine of the angle DCA, as the tangent of DC is to the 
tangent of BC. e. £. n. 

/ 

LEMMA. 

In right-angled plane triangleSj the kyjxUhenuse is to the ra¬ 
dius, as the excess of' the hypothenuse above either of' 'Ac 
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sides t6 the versed sine of the acute angle adjacent to that 
.v/J/e, %r as the stl^n of the hypothenuse and either of the sides 
t^lhc versed sme oj' the exterior angle of the triangle^ 

Let the triangle ABC have a right angle at B: AC will be 
ft) the radius as the excess of AC above AB to the versed sine 
of the angle A ^adjacent to AB; or as the sum of AC, AB t^ 
the versed sine of the exterior anjjlc CAK, 

With any radius I)E, let a circle be 
described; and from D the centre, let 
IJF be drawn^to the "circumference, ma¬ 
king the angle £DF equal to the angle 
ItAC, and from thtt point F, let FG be 
drawn perpendicular to DE : let All, AK 
be made equal to AC, and DL to DE: 

DO therefore is the cosine of the angle 
EDF or BAC, and GE its versed sine: 
and because of the equiangular triangles ACB, DFG, AC or 
AH is to DF or DE, as AB to DO : therefore * AC is to the ra- * 19.5- 
clius DE, it., BIl to OK, the versed sine of the angle EDF or 
BAC: and since All is to DE as AB to DO*, AH or AC will * 13. 5. 
be to th? radius DE a& KB to LO, the versed sine of the angle 
LDF or KAC. Q. £. n. 

• PROPOSITION XXVIII. 

In any spherical triangle, the rectangle contained by the sines 
of tiro Abides is to the square of the radius, as the excess of 
the ref\s'cd sines of the third side or base, and the arch which 
is the excess of the sides, is to the versed sine of' the angle 
opposite to the base. 

Let ABC be a spherical triangle: the rectangle contained 
by the sines of AB, BC will be to the square of the radius as 
the excess of the versed sines of the base AC, and of the arch, 

^ whicji is the excess of AB, BC to the versed sine of the angle 
AB(I o])positc to the base. 

Let D be the centre of the sphere, and let AD, BD, CB be 
joiiu^d, and let the sines AE, CF, CG of the arches AB, BC, 

AC ]^e drawn; let the side BC%e greater than BA, and let 
BIl be maffc equal to BC ; All will therefore be the excess of 
the sides BC, BA,* let IIK be drawn perpendicular to AD, and 
s'oee AO is tbc versed sine of the base AC, and AK the versed 
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f. O’ 
ofl 



8g 

an 


Sc 

an 


sine of tlie arcli All, KO is tlic excess of the versed sines of 
the base AC, and of tlie arch AH, which is^thc exccssrof the 
sides BC, BA: let (fli likewise be drawn parallel to KII, and 
let it meet FH in L, let CL, DU be joined, and let AD, HI 
meet each other in M. 

Since therefore in the triangles 
ViDF, HDF, the sides .DC, DH arc 
equal, DF is common, and the an¬ 
gle KDC equal to the angle FDH, 

Iiecausc of the equal arches B(’, 

BIJ, the base 11F will be equal to 
the base FC, and the angle IIFD 
equal to the right angle CFD: the 
^ 1 1 L straight line DF therefore * is at 
riglit angles to the plane Cf'H; 
wherefore the ])lanc CFH is at 
right angles to the plane BDII, 

*i8. II. which passes through DF*. In 
like manner, since DO is at right 
angles to both GC and GL, DO 
will be perpendicular to the plane 
CGL: therefore the plane CGL is at right angles to the 
])lane BDH, which passes through DO: and it was shewn 
that the plane CFII or CFL Avas perpendicular to the same 
plane BDIf: therefore the common section of the planes (U*'L, * 
CGL, viz. the straight line CL, is perpendicular to the plane 
•19.11. BDA*, and therefore CLF is a right angle: in the Iriaiiglo 
CFL liaving the right angle (^LF, by the Lemma, Cl' is to the 
radius as Lll, the excess, viz. of CF or FII above FL, is to the 
versed sine of the angle CFL; but tho angle CFL is the in¬ 
clination of the planes BCD, BAD, since VC, FIj arc drawn in 
them at right angles to the common sectiim BF: the splieri- 
cal angle ABC is therefore the same with the angle CFL; and 
therefore CF is to the radius as LH to the versed sine of the 
sphcriciil angle ABC; and since the triangle AKD is equisn- 
gular (to the triangle MFD, and therefore) to the triangle 
MGL, AE will be to the radius of the sphere AD (as MG to 
ML; that is, because of the parallels) as GK to LU: the ra¬ 
tio therefore which is conipoujided of tho ratios of AK to the 
radius, and of CF to the same radius: that is*, L.e ratio ol‘ 
the rectangle contained by AE, CF, tothe^quarc of tlic ra¬ 
dius, is the same with the ratio compounded of the ratio 4f 
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* OK to I/4I, and the ratio of LH to the versed sine of the an¬ 
gle ; that is,* the same with the ratio of GK to the versed 
sinciof the angle ABC; therefore, the rOetangle contained by 
A^'CF the ^^nes of the sides AB, BC, is to the square of the 
radius as (iK, the excess of the versed sines AG, AK, of the 
5)ase AC, and the arch All, which is the excess of the sides 
of the versed syne of the angle ABC opposite to the base AC. 
g. K. o. 


PROPOSITION XXIX. 

The rectangle amtained by half of the raiVniSy and the excess 
(4 the versed sbws of two nrcheSy is equal to the rectangle 
contained by (he sines of half' the sinn^ and hay the differ- 
cnee of the same arches^ 

Lot ATI, AC beany two arches, and let AD be made equal 
to At- the less; the arch DH therefore is the suin> and the 
arch CD the difference of AC,AB: through 
K lllc centre of the circle, let there be 
drawn a diameter DEF, and AE joined, 
and Cr^ likewise perpendicular to it in 
(jr, and let BIl be perpendicular to AE, 
and All will be the versed sine of the 
arch AB, and AO the versed sine of AC, 
and yo the excess of these versed sines: 
let BD, BC, BF be joined, and FC also meeting BH in K, 
Since, jlicrefore, BH, CG are parallel, the alternate angles 
BKC, KCG will be equal; but KCG is in a semicircle, and 
thcnrforc a righj: angle; therefore BKC is a right angle; 
and in the triangles DFB, CBK, the angles FDB, BCK in the 
same segment arc equal, and FBD, BKC arc right angles; the 
triangles DFB, CBK are therefore equiangular; wherefore 
DF is to DB, as BC to CK, or HG; and therefore the rect« 
angle contained by the diameter DF and UG, is equal to that 
contained by DB, BC; wherefore the rectangle contained by 
a fourth part of^the diameter and HG, is equal to that con¬ 
tained by the halves of DB, BC: but half the chord DB is 
the siuo^of half the arch DA B^ that is, half the sum of the 
Srclics Ali#AC; and half the chord of BC is the sine of half 
%\h) arch BC, which is the difference of AB, AC. Whence the 
lYoposition is manifest. 
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PROPOSITION XXX. 

The rectangle contained hy half of the radius and the vii\^"d 
sine if any archy is equal to the square of the sine of half 
the same arch. 

Let AB be an arch'of a circle, C its centre, and AC, CB, 
BA, being joined, let AB be bisected in D, and let CD be 
joined, which will be perpendicular to BA, 

• 4-. I. and bisect it in E *, BE or AE tlierefore is tlie it, 

Vi'j (f 

sine of the arch DB or AD, the half of AB: 
let BF be perpendicular to AC, and AF wdll 
be the versed sine of the arch BA; but, be¬ 
cause of the similar triangles CAE, BAF, CA 
is to AE as AB, that is, twice AE to AF; and 
by halving the antecedents, half of tlic radius CA is to AE 
the sine of the arch AD, as the same AK to AF tlie versed 

• 16. 6- sine of the arch AB. Wherefore*, the proposition is mani¬ 

fest. 



PROPOSITION 3^XXI. 

4 

In a spherical irianglcy the rectangle contained hy the sines of 
the two sideSy is to the square of the radius, as the reel-- 
angle confatned hy the sine of the. arch vdiich is half the 
sum of the base and the excess of the sides, and the skie if 
the arch, which is half the difference of the same to the 
square of the sine of half the angle opposite to the base. 


Let ABC be a spherical triangle, of which the two sides arc 

AB, BC, and base AC, and let the less side BA be prodticcd, 
so that BD shall be equal to BC : AD therefore 
is the excess of BC, BA; and it is to.be shewn 
that the rectangle contained by the sines of BC, 

BA is to the square of the radius, as the rect¬ 
angle contained by the sine of half the sum of 

AC, AD, and the sine of half the difference^ of 

the same AC, AD to the square of the sine of half the apglc 
ABC opposite to the base AG^ ^ 

Since by Prop. 28, the rectangle contained by vhe sines df 
the sides BC, BA is to the square of the radius, as the excess 
of the versed sines of the base AC and AD, to the versed sipe 
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^ the ai^leiB; that is* as the rectangle contained by half • 1.6. 
the ftidms, and thift excess, to the rectangle contained by half 
th^dius, and the versed sine of B; Aerefore *, the rect- • 29 . and 
angle containefl by the sines of the sides BC, BA is to the SO. of this. 


^tiafre of the radios, as the rectangle contained by the sine 
« the arch tvhicli is half the sum of AC, AD, and the sine of 
the arch which js half the difference of, the same AC, AD ic 
to the square of the sine of half the angle ABC. q. e. d. 
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MO.of this. 


16. of tins. 


Solution of thk Twelvk Cases of Obli iur-ANCLEi# 

SpiieKIOAL TaiANGLEt''.. 


GENERAL T HO POSI TIO M, 


In an oblique-angled spherical triangle, of (he three sideband 
three angles^ any three being given, the other three may 


found. 


Cases. 



1 I B, I>, and! C. 
iHC, two angles 
inul a side o]»- 
positc to one 
of them. 


CoS, BC ; R :: CoT, li : T, li( A. 
19- Likewise by 24. CoS, B; S, BCA 
: : CoS, D : S, DCA ; wlierefore B(’I> 
is the sum or difference of the ainsles 
DCA, BCA according as the j)erpen- 
dicular CA falls within or wiriioutj 
the triangle BCD; that is*, accoru-i 
jing as the angles B, D are of lIic same! 
(»r different affection. ! 


B, C, and 
BC, two an- 
'glcs, and the 
jside between 
them. 


BC, CD, and 
B. 


D. i CoS, BC : R : : CoT, B : T, B(’A.i 
19, and also by 24. S, BCA : S, DCA 
:: CoS, B : CoS, D; and according as| 
the angle BCA is less or greater t}ian| 
BCD, the perpendicular ' CA falls| 
within or without the triangle BCD ; 
’and therefore*, the angles B, uill 
'be of the same or different affection. 

I 

f 

Bl>.| K : CoS, B :: Tj BC : T, BA. 20. 
and CoS, BC : CoS, BA :: CoS, DC :! 
CoS, DA. 25. and BD is the sum or 
difference of BA, DA. " j 


BC, DB, and CD. U : CoS, B :: T, BC : T, BA. 20. 
15 . |and i'oS, BA : CoS, BC :; C-oS, D'A : 

CoS, DC. 2i). and according as DA, 
AC are of the same or different affcc- 
jtion, DC will be less or greater than 
|a quadrant. 14. ’ 
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Cases. ^ (|iven. SougliU 


^5 

• B, 1>, and 
BC. 

DB. 

• 

R: CoS, B : : T, BC : T, BA. 20. 
and T, D : T,Ti :: S, BA : S, DA. 26. 
and BD is the sum or difference of 
BA, DA. 

() 

BC, BD, and 
B. • 

D. 

R : CoS, B :: T, BC : T, 20. 

and S, DA : S, BA :: T, B : T, D ; 
and according as BD is greater or less 
than BA, the angles B, D are of the 


4 


same or different affection. 16- 

7 

BC, lie, and 

C. 

CoS, BC : R : : CoT, B : T, BCA. 

• 

B. ' 


19- and T, DC : T, BC :: CoS, Bt^A : 
CoS, DCA. 27- the sum or difference 
of the angles BCA, DCA is equal to 
the angle BCD. 

|{ 

It, <J, and lie. 

DC. 

CoS, BC : R : : CoT, B : T, BCA, 
19. also by 27- CoS, DCA ; CoS, 

«» 

1 



B(^A ; : T, JiC : T, DC. 27- if DCA 
and B be of the same affection ; that 


ft 

• 

• 

is (13), if AD and CA be similar, DC 
ivill be less than a quadrant; 14. 
and if AD, CA be not of the same 
affection, DC is greater than a quad- 



- 1 

rant. 14. 

9 jnc,l>C,andB. 

"~a • 

D. 

S, CD : S, B : : S, BC : S, D. 

JO 

B, I>, and BC'. 

DC. 

S, D : S, BC : : S, B : S, DC. 

11* 

BC, BA, AC. 

* 

** j 

B. 

S, ABXS, BC : Ro: : 

, ^ AO—AD_ ABC 
+ g - ^7 2 • AD being 

the difference of the sides BC, BA. 

'is 

1 

A, B, C. 

The 

sides 

In the triangle DEF, DE, EF, FD 
arc respectively the supplements of 
the measures of the given angles B, 
A, C,«n the triangle BAC ; the sides 
of the triangle DEF arc therefore 
given, and by the preceding case, the 
angles D, E, F, may be found ; and 
the sides BC, BA, AC arc the supple¬ 
ments of the measures of thc^e angles. 


Sec fig. 49. 


Sec fjg. 31« 
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The 3tl, fith, 7tli, 9th, and lOth cases,'which ari*^ coKunonly 
called ambiguous, admit of two solutions, eitllcr of which Will 
answer the condition# required ; for, in these cases, the m a- 
surc of the angle or side sought, may be either gi eater or less 
than a quadrant, and the two solutions will be supplemef-ts 
* Cor, Pef, to each other *. 

IVig * any of the arglcs of an oblique-angled spherical tri¬ 

angle, a ]ierpendicular arch be drawn upon the opposite side, 
most of the cases of oblique-angled triangles may Ik* resolved 
by Napier’s rules. 


iiiK 


Ci”. \Vi»odfall, PriiUrr, Angd Couri, Skinmr strccU 
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Knglish Languages, in two Parts—French and Knglish, and Knglish and 
French ; containing all Words of general use, and authorizo<1 by the best 
Writers; as also the several Paris of Speech, the Genderi. id' tht- French 
Nouns ; the Accents of the Knglisli Words ; tlie Naval and Military Terms; 
two Alphabetical Lists of the most Uaeful Cliristian and IVopcr Ni ues; ;Ad 
of the most remarkable Places in the World. New Kdition,^ carefully rcy 
vised and enlarged. By T. Nugent, LL.D. To which are now added many 
idiomatical Phrases, all the new words inserted ui, iVIountaincre's and Lc 
Clerc’s last Kdition of the National French Dictionaiy,- -with tlio Irregu¬ 
larities of the Knglish Verbs and Nouns, and the ctymoli^gt^al Paradigms. 
By J. OuisxAU, A.M. Square 12rao. *7s.M. bd. 

AN ABRIDGMENT of the Above, in a pocket volume, 

very neatly pririced. 55. ChL bd. ^ 

LES A VENTURES dc TELEMAQUE. Nouvcllc edit. 

Par Gros. l2mo. 45. bd. 

LES v^ENT URES de TELEMAQUE," Fils 

d’Ulysse. Par M. FENEiiON. Nouvelle Kdition, avec la signification dos 
Mots les plus diffjciles en Anglois au bas dc chaqne page; a luquellc €jn 
ajoute un petit Dictionnaire Mythologique et Geographique, pour facilitcr 
rintelligcnce de cet ouvrage. Le tout soigncuscmeiil revu ct corrige d’';nrc- 
les meilleures editions de Paris. Par N. Wanostkocht, Docleur en l' 

12ino. 4s. bd. 

RECUEIL CHOTSI, being a Select Collection of iJi.v-# 

torical Trails and 'J Tales, with the signification In Kxiglibh at the bottorn ^ 
of each page. By N. Wanostkocht. 12nio. Ss, bd. 

SEQUEL to the Above. 12mo. 4j. bd. 

GRAMMAR of the FRENCH LANGUAGE. By N. 

Wanostkocht. 12mo«H 45. Sd. bd. 

VOCABULARY of the FRENCH LANGUAO^.. BjJL- 

the Same. J2tno. Ss. bd. 

LA LITURGIE, SELON L’USA^E je L'EGLlS^ 

ANGLICANE. Edited by the Same. 8*mo. bd. ^ 








